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1 Unifying Two Viewsof Events

An experimentalistcollectseventsabouta physicalsystem. A theoristsbuilds a modelto describewhat patternsof
eventswithin a systemmight generatehe experimentalists dataset. With hardwork andluck, thetwo will agree!

Eventsare handledmathematicallyas 4-vectors. They canbe addedor subtractedrom anothey or multiplied by a
scalar Nothing elsecanbe done. A theoristcanimport very powerful tools to generatepatterns like metricsand
grouptheory Theoristsin physicshave beenableto constructhe mostaccuratenodelsof naturein all of science.

| hopeto bring the full power of mathematicglown to the level of the eventsthemseles. This may be doneby
representingventsasthe mathematicafield of quaternionsAll the standardoolsfor creatingmathematicapatterns
- multiplication, trigonometricfunctions,transcendentdlinctions,infinite series,the specialfunctionsof physics-
shouldbeavailablefor quaternionsNow atheoristcancreatepatternsof eventswith events.This mayleadto abetter
unificationbetweerthework of atheoristandthework of anexperimentalist.

An Overview of Doing Physicswith Quaternions

It hasbeensaid that one reasonphysicssucceedss becausell the termsin an equationare tensorsof the same
rank. This work challengeghat assumptionproposinginsteadan integratedset of equationswhich are all based
on the same4-dimensionamathematicafield of quaternions.Mostly this documentshows in cookbookstyle how
guaterniorequationsareequivalentto approachealreadyin use.As Feynmanpointedout, "whateverwe areallowed
to imaginein sciencemustbe consistentvith everythingelsewe know’ Freshperspectiesarisebecausein essence,
tensorof differentrankcanmix within thesameequation.Thefour Maxwell equationdecomeonenonhomogeneous
guaterniorwave equation,andthe Klein-Gordonequationis part of a quaternionsimple harmonicoscillator There
is hopeof integratinggeneralrelativity with the restof physicsbecausehe affine parametemnaturally ariseswhen
thinking aboutlengthsof intervals wherethe origin moves. Sinceall of the tools usedare woven from the same
mathematicalabric,theinterrelationshipdecomemoreclearto my eye. Hopeyou enjoy.
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2 A Brief History of Quaternions

Complex numberswere a hot subjectfor researctin the early eighteenhundreds.An obvious questionwasthat if
arule for multiplying two numbergogethemwasknown, whataboutmultiplying threenumbers?For over a decade,
this simplequestiorhadbotheredHamilton,the big mathematiciarf his day. The pressuréo find a solutionwasnot
merelyfrom within. Hamiltonwroteto his son:

"Every morningin the early partof the above-citedmonth[Oct. 1843]on my comingdown to breakfst,your brother
William Edwin andyourselfusedto askme, ' Well, Papa,canyou multiply triplets?’ Wheretol wasalwaysobligedto
reply, with asadshale of thehead,No, | canonly addandsubtracthem’”

We canguesshow Hollywoodwould handlethe BroughamBridge scenen Dublin. Strolling alongthe Royal Canal
with Mrs. H-, herealizesthe solutionto the problem,jots it down in a notebook.Soexcited, he took out a knife and
canedtheanswerin the stoneof the bridge.

Hamilton had found a long sought-aftersolution, but it was weird, very weird, it was4D. One of the first things
Hamiltondid wasgetrid of thefourth dimension settingit equalto zero,andcalling theresulta”properquaterniori.
He spenttherestof hislife trying to find a usefor quaternionsBy theendof the nineteentltentury quaternionsvere
viewedasanoversoldnovelty.

In the early yearsof this century Prof. Gibbsof Yale found a usefor properquaternionsy reducingthe extra fluid
surroundingHamilton’swork andaddingkey ingredientdrom Rodriguesconcerninghe applicationto therotationof
spheresHe endedup with thevectordot productandcrossproductwe know today Thiswasausefulandpotentbrew.
Ourinvestmenin vectorsis enormousegclipsingtheir placeof birth (Harvard had>1000referencesinder”v ector”,
about20 under’quaternions” mostof thosewritten beforethe turn of thecentury).

In the early yearsof this century Albert Einsteinfound a usefor four dimensions.In orderto make the speedof
light constanfor all inertial obsenrers,spaceandtime hadto be united. Herewasa topic tailor-madefor a 4D tool,
but Albert wasnot a mathbuff, andbuilt a machinethat worked from locally available parts. We cansaynow that
EinsteindiscoveredMinkowski spacetimeand the Lorentz transformation the tools requiredto solve problemsin
specialrelatiity.

Today quaternionsare of interestto historiansof mathematics. Vector analysisperformsthe daily mathematical
routinethatcouldalsobe donewith quaternionsl personallythink thattheremaybe 4D roadsin physicsthatcanbe
efficiently traveledonly by quaternionsandthatis the pathwhichis laid outin thesewebpages.
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3 Multiplying Quaternionsthe EasyWay

Multiplying two complex numbersa+ b | andc + d | is straightforvard.
(a, b) (c,d) = (ac - bd, ad + bc)

For two quaternionsp | andd | becomethe 3-vectorsB andD, whereB = x | + y J + z K andsimilarly for D.
Multiplication of quaternionss like comple numbersput with theadditionof the crossproduct.

(a.8)(c. B) = [ac - B.B, aB+ Be + BxD)
Notethatthelastterm,thecrossproduct,would changsits signif theorderof multiplicationwerereversedunlike all
theotherterms).Thatis why quaternionsn generaddo not commute.

If ais the operatord/dt, andB is the del operatoyor d/dx | + d/dy J + d/dzK (all partial derivatives),thenthese
operatorsacton the scalarfunctionc andthe 3-vectorfunctionD in thefollowing manner:

N o | ~ s dD - o~ 4
(i, v) (c, D) = lg—tc -v.D 3—?+VC+VX DJ

This onequaternioncontainsthe time derivativesof the scalarand 3-vectorfunctions,alongwith the divergence the
gradientandthe curl. Densenotation:-)
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4 Scalars,Vectors, Tensorsand All That

Accordingto my mathdictionary atensors ...

"An abstracbbjecthaving adefinitelyspecifiedsystemof component#n every coordinatesystemunderconsideration
and suchthat, undertransformationof coordinatesthe component®of the objectundegoesa transformationof a
certainnature'

To male this introductionlessabstract,| will confinethe discussiorto the simplesttensorsunderrotationaltrans-
formations. A rank-Otensoris known asa scalar It doesnot changeat all undera rotation. It containsexactly one
numbernever moreor less. Thereis a zeroindex for ascalar A rank-1tensoris avector A vectordoeschangeunder
rotation. Vectorshave oneindex which canrun from 1 to the numberof dimensionof thefield, sothereis noway to
know a priori how mary numbers(or operatorspr ...) arein avector n-ranktensorshave n indices. The numberof
numberseededs the numberof dimensionsn thevectorspaceaisedby therank. Symmetrycanoftensimplify the
numberof numbersactuallyneededo describeatensor

Therearea variety of importantspin-ofs of a standardvector Dual vectors,whenmultiplied by its corresponding
vector, generatea real number by systematicallymultiplying eachcomponentfrom the dual vectorandthe vector
togetherandsummingthetotal. If the spaceavectorlivesin is shrunk,a contravariantvectorshrinks,but a covariant
vectorgetslarger. A tangentvectoris, well, tangento a vectorfunction.

Physicsequationgnvolve tensorsof the samerank. Thereare scalarequationspolar vectorequationsaxial vector
equationsandequationgor higherranktensors Sincethesameranktensorsareonbothsidestheidentityis presered
underarotationaltransformationOnecoulddecideto arbitrarily combinetensorequation®f differentrank,andthey
would still bevalid underthetransformation.

Thereare waysto switch ranks. If therearetwo vectorsand onewantsa resultthatis a scalar that requiresthe
interventionof a metricto broker the transaction.This processn known asaninnertensorproductor a contraction.
The vectorsin questionmusthave the samenumberof dimensions.The metric defineshow to form a scalarasthe
indicesareexaminedone-by-one Metricsin mathcanbe anything, but natureimposesconstrainton which onesare
importantin physics.An aside:mathematiciansequirethe distances non-neyative, but physicistsdo not. | will be
usingthephysicsnotionof ametric. In looking ateventsin spacetimda 4-dimensionalector),the axiomsof special
relativity requirethe Minkowski metric,whichis a4x4realmatrix which hasdown thediagonall, -1, -1, -1 andzeros
elsevhere. Somepeoplepreferthe signsto beflipped, but to be consistentvith everythingelseon this site, | choose
this corvention. Anotherpopularchoiceis the Euclideanmetric, which is the sameasanidentity matrix. The result
of generakelatiity for a sphericallysymmetric,non-rotatingmasss the Schwarzschildmetric,which has’non-one”
termsdown the diagonal,zeroselsavhere,andbecomeghe Minkowski metricin the limit of the massgoingto zero
or theradiusgoingto infinity.

An outertensorproductis a way to increasehe rank of tensors.The tensorproductof two vectorswill be a 2-rank
tensor A vectorcanbeviewedasthetensorproductof a setof basisvectors.

What Ar e Quaternions?

Quaternioncould be viewed asthe outertensorproductof a scalaranda 3-vector Underrotationfor an eventin
spacetimeepresentetdy a quaterniontime is unchangedput the 3-vectorfor spacewvould berotated. Thetreatment
of scalards the sameasabove, but the notion of vectorsis far morerestrictive, asrestrictve asthe notion of scalars.
Quaternionsan only handle3-vectors. To thosefamiliar to playing with higher dimensionsthis may appeartoo
restrictive to be of interest. Yet physicson boththe quantumandcosmologicakcaless confinedto 3-spatialdimen-
sions. Note thatthe infinite Hilbert spacesn quantummechanics function of the principle gquantumnumbern, not
thespatialdimensionsAn infinite collectionof quaternion®f theform (En, Pn)couldrepresena quantumstate.The
Hilbert spaces formedusingthe Euclideanproduct(q* q').
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A dualquaternioris formedby takingthe conjugatepecause* q = ("2 + X.X, 0). A tangentguaternioris created
by having anoperatoracton aquaternion-aluedfunction

(ait, 'v‘) (@, F@) - [Z—I AN +$xﬁ]
Whatwould happerto thesdivetermsif spacevereshrunk?The 3-vectorF wouldgetshrunk.aswouldthedivisorsin
theDel operatormakingfunctionsactedon by Del getlarger. Thescalartermsarecompletelyunafectedby shrinking
space pecausealf/dt hasnothingto shrink,andthe Del andF canceleachother Thetime derivative of the 3-vector
is a contravariantvector, becausd- would getsmaller The gradientof the scalarfield is a covariantvector, because
of thework of the Del operatorin the divisor makesit larger. The curl at first glancemight appearasa draw, but it
is a covariantvectorcapacitybecausef the right-anglenatureof the crossproduct.Notethatif time whereto shrink
exactly asmuchasspacenothingin thetangentjuaterniorwould change.

A quaterniorequationrmustgeneratehe samecollectionof tensorson bothsides.Consideithe productof two events,
gandq’:

(t,?)(t', >‘<")= (tt' XX, tX +3‘<t'+3‘<x>_<")

scalars :t, t’, tt " - X, X
polar vectors : 3\(, X, tX + Xt
axial vectors : XxX'

Whereis the axial vectorfor theleft handside?It is imbeddedn the multiplicationoperationhonest-)
(t’, >?) (t, 3‘() - (t’t SXUX UX e Xt s >‘<"x3‘<)

= (tt' XX, X e Xt - ?xf(\')

Theaxial vectoris theonethatflips signsif the orderis reversed.

Termscancontinueto getmorecomplicatedln aquaterniortriple producttherewill betermsof theform (XxX’).X".
Thisis calleda pseudo-scalabecausét doesnot changeunderarotation,but it will changesignsundera reflection,
dueto the crossproduct. You cancorvince yourselfof this by noting thatthe crossproductinvolvesthe sineof an
angleandthe dot productinvolvesthe cosineof anangle.Neitherof thesewill changeunderarotation,andaneven
functiontimesanoddfunctionis odd. If theorderof quaterniortriple productis changedthis scalawill changesigns
for ateachstepin thepermutation.

It hasbeenmy experiencethatary tensorin physicscanbe expressedisingquaternionsSometimest takesa bit of
effort, butit canbedone.

Individual partscanbeisolatedif onechoosesCombination®f conjugationoperatorsvhichflip thesignof avector,
andsymmetricandantisymmetrigoroductscanisolateany particularterm. Hereareall thetermsof the examplefrom
above

(t,?)(t', >’<")= (tt' XX, X +3‘<t'+3‘<x>'<")

L. _0+g* ,_9+q” ,_-‘-‘,_QQ'+(QQ')*
scalars :t = 5 t’ = > it X.X_i2
L _a9-9f a9 -9
polar vectors : X = > , X = >
tg,”?t,:(qq+<qq))—4(qq+(qq))
axial vectors :?(x)?’:%

Themetricfor quaternionss imbeddedn Hamilton's rule for thefield.
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=y 2 a2 -y 2 (RN

) = ) - (0777
Thislookslik e away to generatescalardrom vectors but it is morethanthat. It alsosaysimplicitly thati j =k, j k =
i, andi, j, k musthaveinversesThisis animportantobsenation,becausé& meanghatinnerandoutertensomproducts

canoccurin the sameoperation.Whentwo quaternionsare multiplied together a new scalar(innertensorproduct)
andvector(outertensormproduct)areformed.

How canthemetricbegeneralizedor arbitrarytransformationsThetraditionalapproactwould involve playingwith
Hamilton’s rulesfor thefield. | think thatwould be a mistale, sincethat rule involvesthe fundamentalefinition of
a quaternion.Changethe rule of whata quaternionis in onecontext andit will not be possibleto compareit to a
guaternionin anothercontext. InsteadconsideranarbitrarytransformationT whichtakesqinto ¢’

qa—0q =Tq

T isalsoaquaternionin factit is equalto g’ g"-1. Thisis guaranteetb work locally, within neighborhoodsf gandq'.
Thereis no promisethatit will work globally, thatoneT will work for ary q. Undercertaincircumstancest will work
for ary g. Theimportantthingto know is thatatransformatiorm necessarilgxistsbecauseguaternionsreafield. The
two mostimportanttheoriesin physics,generalrelativity andthe standardnodel,involve local transformationgbut
thetechnicaldefinition of local transformationis differentthantheideapresentederebecausét involvesgroups).

Thisquaterniordefinitionof atransformatiorcreatesninterestingelationshippbetweertheMinkowski andEuclidean
metrics.

Let T = |, the identity matrix

lglg+ (tgla)~ _
5 =

(g)*lq= (t2+3\(. X, 0)

(t2-%% o)

In orderto changdrom wrist watchtime (theinterval in spacetimejo thenormof aHilbert spacedoesnotrequireary
changen thetransformatioruaterniononly a changein the multiplication step. Thereforea transformatiorwhich
generateshe Schwarzschildinterval of generalrelativity shouldbe easilyportableto a Hilbert spaceandthatmight
bethestartof a quantumtheoryof gravity.

SoWhat Is the Difference?

| think it is subtlebut significant. It goesbackto somethingd learnedin a graduatdevel classon the foundationsof
calculus.To make calculusrigorousrequiresthatit is definedover a mathematicafield. Physicistsdo this be saying
thatthe scalarsyectorsandtensorshey work with aredefinedoverthefield of realor comple< numbers.

Whatarethe numbersusedby nature?Thereare events,which consistof the scalartime andthe 3-vectorof space.
Thereis mass,which is definedby the scalarenegy andthe 3-vectorof momentum. Thereis the electromagnetic
potential,which hasa scalarfield phi anda 3-vectorpotentialA.

To do calculuswith only informationcontainedn eventsrequiresthata scalaranda 3-vectorform afield. Accord-
ing to a theoremby Frobeniuson finite dimensionalfields, the only fields that fit areisomorphicto the quaternions
(isomorphicis a sophisticatedhotion of equality whosesubtletiesareappreciateanly by peoplewith a deepunder
standingof mathematics)To do calculuswith amassor anelectromagnetipotentialhasanidenticalrequiremenand
anidenticalsolution. Thisis thelogical foundationfor doing physicswith quaternions.

Canphysicsbhe donewithout quaternions®f courseit can! Eventscanbe definedoverthefield of realnumbersand
thenthe Minkowski metricandthe Lorentzgroupcanbe deployedto getevery resultever confirmedby experiment.
Quantummechanicxanbe definedusinga Hilbert spacedefinedover the field of complex numbersandreturnwith

everyresultmeasuredo date.
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Doing physicswith quaternionss unnecessarynlessphysicsrunsinto a compatibility issue. Constraininggeneral
relativity andquantummechanicgo work within the sametopologicalalgebraicfield may be the way to unite these
two separatelysuccessfulreas.
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5 Inner and Outer Productsof Quaternions

A goodfriend of minehaswonderedvhatis meango multiply two quaterniongogether(this questionwasahottopic

in the nineteentltentury).| caremoreaboutwhat multiplying two quaterniondogethercando. Therearetwo basic
waysto do this: just multiply one quaternionby anothey or first take the transposef onethenmultiply it with the

other Eachof theseproductscanbeseparateihto two parts:asymmetrig(innerproduct)andanantisymmetridouter

product)componentsThe symmetriccomponentvill remainunchangedby exchanginghe placesof thequaternions,
while the antisymmetriccomponentvill changeits sign. Togetherthey addup to the product. In this section,both

typesof innerandouterproductswill beformedandthenrelatedto physics.

The Grassmanlinner and Outer Products

Therearetwo basicwaysto multiply quaterniongogether Thereis thedirectapproach.
(t. %) (¢, >?) = (e XX, t)?’+32t’+32x5(")

| call this the Grassmamroduct(l don’t know if anyoneelsedoes,but | needalabel). Theinnerproductcanalsobe
calledthe symmetricproduct,becausét doesnotchangesignsif thetermsarereversed.

even ((t, X), (t, X)) =
= RV X); (X)X =t -XX e R

| have definedthe anticommutato(the bold curly braces)n a non-standaravay, includinga factorof two sol do not
have to keeprememberingo write it. The first termwould be the Lorentzinvariantinterval if the two quaternions
representethe samedifferencebetweentwo eventsin spacetimdi.e. t1=t2=deltat,...). Theinvariantinterval plays
acentralrole in specialrelativity. The vectortermsareaframe-dependensymmetricproductof spacewith time and
doesnot appeaion the stageof physics but is still avalid measurement.

The Grassmarmuterproductis antisymmetricandis formedwith a commutator
odd ((t, X), (t", >?)) =

O/ O
Thisis the crossproductdefinedfor two 3-vectors.It is unchangedor quaternions.

The Euclidean Inner and Outer Products

Anotherimportantway to multiply a pair of quaternionsnvolvesfirst taking the transposef oneof the quaternions.
For areal-valuedmatrix representatiorthis is equivalentto multiplication by the conjugatewhich involvesflipping
thesignof the 3-vector

[0 %) (%) - 1 %) (o 7]
- (t t + X X, t)?—?t'—?x)?’)
Formthe Euclideaninnerproduct.
S R0 ) M B )

Thefirst termis the Euclideannormif the two quaternionsarethe same(this wasthe reasorfor usingthe adjectve
"Euclidean”). The Euclideaninnerproductis alsothe standardiefinition of a dot product.
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Formthe Euclideanouterproduct.
(0 N S LT PP

Thefirsttermis zero. The vectortermsareanantisymmetrigoroductof spacewith time andthe negative of the cross
product.

Implications

Whenmultiplying vectorsin physics,one normally only considergshe Euclideaninner product,or dot product,and
the Grassmarouter product,or crossproduct. Yet, the Grassmarinner product,becausét naturally generateshe
invariantinterval, appeargo play a role in specialrelativity. Whatis interestingto speculateaboutis the role of the
Euclideanouterproduct.lt is possiblethatthe antisymmetricyectornatureof the space/timgroductcouldberelated
to spin. Whatever theinterpretationthe GrassmarandEuclideaninner andouterproductsseemdestineto do useful
work in physics.
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6 Quaternion Analysis

Complex numbersarea subfieldof quaternionsMy hypothesiss thatcomplex analysisshouldbe self-evidentwithin
the structureof quaternioranalysis.

Thechallengads to definethederivative in anon-singulaway, sothataleft derivative alwaysequalsaright derivative.
If quaternionsvould only commute...Well, the scalarpartof a quaternionrdoescommute.If, in thelimit, the differ-
ential elementconvergedto a scalar thenit would commute.This ideacanbe definedprecisely All thatis required
is thatthe magnitudeof the vectorgoesto zerofasterthanthe scalar This mightinitially appearsasanunreasonable
constraint.However, thereis animportantapplicationin physics.Considera setof quaternionghatrepresengvents
in spacetime.If the magnitudeof the 3-spacevectoris lessthanthe time scalar eventsare separatedy a timelike
interval. It requiresa speedessthanthe speedof light to connectthe events. This is true no matterwhat coordinate
systemis chosen.

Defining a Quaternion

A quaterniorhas4 degreesof freedom soit needs4 real-valuedvariableso be defined:

q = (ag, a1, a,, az)

Imaginewe wantto do a simplebinary operationsuchassubtractionwithout having to specifythe coordinatesystem
chosen. Subtractionwill only work if the coordinatesystemsare the same,whetherit is Cartesian,sphericalor
otherwise Let €0,el,e2,ande3bethesharedbut unspecifiedbasis.Now we candefinethe differencebetweertwo
guaterniorg andq’ thatis independendf the coordinatesystemusedfor the measurement.

dg =
Q" - =((ay -ag)ey, (a1 -a;)e /3, (ay” -ay)e,/ 3, (az’ -az)ez/ 3)

Whatis unusualaboutthis definition arethe factorsof a third. They will be necessarfaterin orderto definea holo-
nomicequationaterin this section.Hamilton gave eachelementparity with the others,avery reasonabl@pproachl
have foundthatit is importantto give the scalarandthe sumof the 3-vectorparity. Withoutthis "scale” factoron the
3-vector changen thescalaris not givenits properweight.

If dgis squaredthescalampartof theresultingquaterniorformsa metric.

( e.2 e.2 0.2
dg2 = Ldaozeo2 + dalzf * d""zz% + dagz%,

\
2 daodaleo%, 2 daodazeo%, 2 daoda3e0e3—3J

Whatshouldthe connectiorbe betweerthe square®f the basisvectors?The amountof intrinsic curvatureshouldbe
equal,sothata transformatiorbetweentwo basis3-vectorsdoesnot containa hiddenbump. Shouldtime betreated
exactly like space?The Schwarzschildmetric of generalrelatiity suggestotherwise. Let el,e2,ande3 form an
independentjimensionlessprthogonabasisfor the 3-vectorsuchthat:

1 1 1 )

-_-— =_-—s == =8
2 2 2 0
€ €2

This unusualelationshipbetweerthe basisvectorsis consistenwith Hamilton’s choiceof 1,1, j, k if e0"2= 1. For
thatcase calculatethe squareof dq:
da; da, daa\

( 2 2
dg? = |daj2e,? - —1, - —2, - 2 2day,—2%, 2da,—2, 2da,—>
q lao €0 . 2 e,? 303 803 303 J
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The scalarpartis known in physicsasthe Minkowski interval betweerntwo eventsin flat spacetimelf e0"2doesnot
equalone,thenthe metricwould applyto a non-flatspacetimeA metricthathasbeenmeasuredxperimentallyis the
Schwarzchildmetricof generarelatvity. Sete0"2= (1 - 2 GM/c"2 R), andcalculatethe squareof dq:

c2R 2GM 3 3 3

( )
dg? = [day? (1 - ZGM) . OUAdA , 2da0da1, 2daoda2, 2dao&
91 - 28¥)

This is the Schwarzchild metric of generalrelativity. Notice thatthe 3-vectoris unchangedthis may be a defining
characteristic).Therearevery few opportunitiesfor freedomin basicmathematicablefinitions. | have chosenthis
unusuakelationshipdetweerthe square®of the basisvectorsto make a resultfrom physicseasyto express.Physics
guidesmy choicesin mathematicatlefinitions:-)

An Automorphic Basisfor Quaternion Analysis

A quaterniorhas4 degreesof freedom.To completelyspecifya quaterniorfunction, it mustalsohave four degrees
of freedom. Threeotherlinearly-independentariablesinvolving q canbe definedusing conjugatessombinedwith
rotations:

q* = (ageq, -a, €4/ 3, -a, e,/ 3, -az e,/ 3)
a*l = (-ageq, a; e,/ 3, -a,e,/ 3, —ages/ 3) = (e;qeq)*
q*2 = (-apeq, -a; €,/ 3, +a,e€,/ 3, —azes/ 3) = (e,qe€,)*

The conjugateasit is usuallydefined(q*) flips the signof all but the scalar The g*1 flips the signsof all but the el
term,andqg*2 all but thee2term. Thesetq, g*, g*1, g*2 form the basisfor quaternioranalysis.The conjugateof a
conjugateshouldgive backthe original quaternion.

*1)*1 *2)*2

@**=d, (q =0, (9 =q

Somethingsubtlebut perhapdirectly relatedto spinhappensooking athow the conjugate®ffect products:
(@gq)* =9~ g
(@g)*t=-q*tql, (qq)*2=-q*2q*2
(@gqaa’)*t = q*tgrtart gt
The conjugateappliedto a productbringsthe resultdirectly backto the reverseorderof the elements.Thefirst and

secondconjugategoint thingsin exactly the oppositeway. The propertyof going "half way around”is reminiscent
of spin. A tighterlink will needto be examined.

Futur e Timelike Derivative

Insteadof the standardapproacho quaternionanalysiswhich focuseson left versusright derivatives,| concentrate
ontheratio of scalardo 3-vectors.This is naturalwhenthinking aboutthe structureof Minkowski spacetimewhere
theratio of the changein time to the changein 3-spacedefinesfive separataegions: timelike past,timelike future,
lightlike past,lightlike future,andspacelile. Thereareno continuous_orentztransformationgo link theseregions.
Eachregionwill requirea separatelefinition of the derivative, andthey will eachhave distinctproperties.| will start
with the simplestcaseandlook ata seriesof examplesn detail.

Definition: Thefuturetimelike derivative:

Considera covariantquaternionfunctionf with a domainof H anda rangeof H. A future timelike derivative to be
defined,the 3-vector mustapproachzero fasterthanthe positive scalar If this is not the case,thenthis definition
cannotbe used. Implementingtheserequirementsnvolvestwo limit processesppliedsequentiallyto a differential



6 QUATERNIONANALYSIS 14

quaterniorD. Firstthelimit of the threevectoris takenasit goesto zero, (D - D*)/2 -> 0. Secondthelimit of the
scalaris taken, (D + D*)/2 -> +0 (theplus zeroindicatesthatit mustbe approachedvith atime greaterthanzero,in
otherwords,from thefuture). The neteffect of thesetwo limit processess thatD->0.

af (a, g%, g*, g*%) _
aq h

= limit as (d, 6)_ >

+0 (limit  as (d, D)- >
(0.8)(1(a+ (0. 8). a0 02) -1 a0 @ 0 (0, B) )
Thedefinitionis invariantundera passie transformatiorof the basis.

The4 realvariablesa0,al,a2,a3canberepresentely functionsusingthe conjugatesasabasis.

f(q, g% g*}, g*2) =a, = w
foa, =00 (@+qT)e
o203 (-2/3)
foa = ez(q+q*2) ) (q+q*2)e2
27 T (C213) (<27 3)
f oo (940740 +g”)  (q+9*+q*+q*)ey
s (2/3) (2/3)
Begin with asimpleexample:
f(a, 9%, q*1, q*?) = a4 = w
da; _
aq
22 =i i D * * =y -1 )
aq* = lim (llm ((90((Q+ (d, D) +q )' (q +q )))(2 (d, D)) )) - %0
day _ dag _
ot T aq? ~

Thedefinitiongivesthe expectedresult.

A simpleapproacto atrickier example:

f=al=%
da; _ da; _
ﬁ‘aqd =
lim (Iim ((el((q+ (d, B) +q*1) _ (q+q*1))) ((_2/3) (d, 5))—1)) =_3:1
da, oda,
aq* ~ aq*?

Sofar, thefang/ doublelimit processasbeenirrelevantfor theseidentity functions,becausehe differentialelement
hasbeeneliminated.Thatchangesvith thefollowing example,atricky approactto the sameresult.

* *1 *2y\ _ _ (q+q*l)e1
@ gn o g =a = =5
da, _ da, _
aq - aq*l -

=tim (im (((a+(d. B) +a*) - @+a™)e; (-2/3) (d, B)) 7))

= lim (im ((d, B)e, (-2/3) (d, B))'l)) -
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=tim ((d, 0)e, ((-2/3) (d, 9)) 1) =_3:1

Becausehe 3-vectorgoesto zerofasterthanthe scalarfor the differentialelement,after the first limit processthe
remainingdifferentialis a scalarsoit commuteswith arny quaternion.Thisis whatis requiredto dancearoundthe el
andleadto the cancellation.

Theinitial hypothesisvasthatcomplex analysisshouldbe a self-evidentsubsebf quaternioranalysis.Sothis quater
nion derivative shouldmatchup with the complex casewhichis:

zZ=a+bi, b= (Z-2zZ%/2i
ob i ab

9z 2 " az*
Thesearethesameresultup to two subedits Quaternionhave threeimaginaryaxes,which createghefactorof three.
Theconjugateof a complex numberis really doingthe work of thefirst quaterniorconjugateg*1 (which equals-z*),
because* flips the signof thefirst 3-vectorcomponentput no others.

Thederwative of a quaterniorappliesequallywell to polynomials.

let f =q?

20 eim im (((a+ {6 3))" o) 0 8] -

lim (Iim ((q2 +q(d, 'D‘) + (d, 'D‘)q + (d, 'D‘)2 -q2) (d, B)'l)) -
iim (im (q + (d. B)a(a, B)'l + (4. 9))) -

iim (2q + (d, 6)) = 2q

This is the expectedresultfor this polynomial. It would be straightforward to showv thatall polynomialsgave the
expectedresults.

Mathematiciansnightbeconcernedy this result,becauséf the 3-vectorD goesto -D nothingwill changeaboutthe
guaternionderivative. This is actuallyconsistenwith principlesof specialrelatiity. For timelike separatedvents,
right andleft dependon theinertial referencdrame,soatimelike derivative shouldnot dependbon thedirectionof the
3-vector

Analytic Functions

Thereare4 typesof quaterniorderivativesand4 componenfunctions.Thefollowing tabledescribeshe 16 derivatives
for this set

\ a, a, a, as
S & & €2 Cs
6q 2 -2/13 -2/3 2/3

° & 0o ==
ag* 2 2/'3

o 0 e [=8)

3 %*1 -2/3 2/'3
Y 0 0 €2 €3
aq*? -2/3 2/3

This tablewill be usedextensiely to evaluateif afunctionis analyticusingthe chainrule. Let’s seeif the identity
functionw = ¢ is analytic.

e e e
Let w=q = (aoeo, algl, aZ?Z, a3?3)

Usethechainrule to calculatethederivative will respecto eachterm:

owoa, e 1

da, 89 %2 2
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owoa; € € 1
da; 6q 3 (-2/3) 2
owda, e e 1
da, 8q 3 (-2/3) 2
dwoda; ez €3 1

2

oa; 69 3 (2/3)

Usecombination®f thesetermsto calculatethe four quaterniorderivativesusingthe chainrule.
ow
aq

ow oa, owadoa; OHwoda, owada; 1 1 1 1
———+ —— ——— + —— — % ¢ —— =+ -+ ---=1
dag 69 o0a; 6q da, 6q ©Haz 6q 2 2 2 2
ow dwada, Oowodaz 1 1 0
= —_— + —— =— - — =
8gq* daygoq* odoazoq* 2 2
ow ow éa; oOwda; 1 1 0
= — + — =5 -5 =
aq*l ~da;8q* odazeql 2 2
ow ow da, ow da; 1 1 0
= _— + — =— - — =
aq*2 da,a8q*? dazaq? 2 2

This hasthederivativesexpectedf w=q is analyticin g.

Anothertestinvolvesthe Cauchy-RiemanequationsThe presencef the threebasisvectorschangeshingsslightly.

Let u = (age,, 0,0, 0), V = (0, al%, az%, aa%)

due, oV _ oue, o8V _  due; oV
A 3 - €or > 2 = €or 3, 3 = €o
day 3 da, day 3 da, day 3 day

This alsosolvesa holonomicequation.

(ou a8V a8V aV)

Scalar — — =—— =—— | (€g, €1, €5, € =
uaao oa, oa, da, | S0 f1 &2 3)J

s
3

€2

epey + Lo+
0€o 1% 3

3 €y +

€3 = 0
Thereareno off diagonaltermsto compare.

This exercisecanberepeatedor the otheridentity functions.Onenoticeablechangés thattherole thatthe conjugate
mustplay. Consideitheidentity functionw = g*1. To show thatthisis analyticin g*1 requiresthatonealwaysworks
with basisvectorsof theg*1 variety.

V] €1 € €3
Let u = (-apey, 0,0,0), V= (O, 31?’ ‘32?’ ‘33?)
au( el)_ave oue, oV _  oue; oV
da,\ 3/ oa; ” 8ag 3 oda, ° da; 3 9day

This alsosolvesa first conjugateholonomicequation.

(ou 8V oV aV) )
Scalar || —, =—, =—, =—| (€0, €1, €3, €3) =
da, oa, oa, da,

€ -€ -€3
-eg (-€g) + 361~ 3 -3 €=

Pawverfunctionscanbe analyzedn exactly the sameway:
( 2

2 24 2 28° 2857 2€3
Let w = g° = Lao o+ a” g+ & g+ ag" -,

e e e
1 2 3
2 aga;eq 3 2 aga,eq 3 2 agazeq 3
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c
n

2 2 2 \
e e e
[ag2ey? + alzf + aZZ% + aaz%, 0,0, 0]|

v

e e e
(O, 2aoa1eo?1, 2aoa2eo?2, 2aoa3eo?3)

2 -
due; 2apee; oV

— - i _ =—¢@e
da, 3 3 da; ©
oue, 2age%e, oV
— 220 2 - — ¢,
day 3 3 da,

<l

2
ou e; 2apgez” 9

0a; 3 3  da

Thistime therearecrosstermsinvolved.

au _2aeqe;’ _ ° (V)l €
da; ° 9 " oa, 3
ou . _ 2a,e4e,? _a(v)zez
da, ° 9 " 8a, 3
aue _ 2azeqe;3? _a(v)ses
dag ° 9 " 8a, 3

At first glance,one might think theseare incorrect, sincethe signsof the derivatives are supposeo be opposite.
Actually they are, but it is hiddenin an accountingtrick :-) For example,the derivative of u with respecto al has
afactorof e1°2,which makesit negative. The derivative of the first componenf V with respectto a0is positive.
Keepingall theinformationaboutsignsin the e’s makesthingslook non-standardyut they arenot.

Notethatthesearethreescalarequalities. TheotherCauchy-Riemanequationgvaluateto asingle3-vectorequation.
This represent$our constraintson the four degreesof freedomfoundin quaterniongo find outif afunctionhappens
to beanalytic.

This alsosolvesa holonomicequation.

({ou 8V oV aV)

\
Scalar v o == = | (€g, €1, €5, € =
uaao da,’ o0a, das (€0 €1 € 3)J

2a,e0e 2 apgeqe 2apeqe

030 le1+ 030 2ez+ 030 3
Sincepower seriescanbe analytic, this shouldopenthe doorto all forms of analysis.(l have donethe casefor the
cubeof g, andit toois analyticin q).

3
=2agey” + e;=0

4 Other Derivatives

Sofar, thiswork hasonly involvedfuturetimelike derivatives. Therearefive otherregionsof spacetimeo cover. The
simplestnext caseis for pasttimelike derivatives. The only changeis in the limit, wherethe scalarapproachegero
from below. Thiswill make mary derivativeslook time symmetricwhich is the casefor mostlaws of physics.

A more complicatedcaseinvolvesspacelile derivatives. In the spacelile region, changesn time go to zerofaster
thanthe absolutevalue of the 3-vector Thereforethe orderof the limit processess reversed. This time the scalar
approachesgero,thenthe3-vector Thiscreates problem becauseafterthefirstlimit processthedifferentialelement
is (0, D), whichwill notcommutewith mostquaternionsThatwill leadto thedifferentialelementiotcancelling.The
way aroundthisis to take its norm,whichis ascalar

A spacelile differentialelemenis definedby takingtheratio of adifferentialquaterniorelementD to its 3-vector D -
D*. Letthenormof D approactzero.To bedefined thethreevectormustapproactzerofasterthanits corresponding



6 QUATERNIONANALYSIS 18

scalar To make the definition non-singulareverywhere multiply by the conjugate.In thelimit D D*/((D - D*)(D -
D*))* approache§l, 0), ascalar

af(d, g%, g*1, g*?) af (q, g*, g*, g*H)"
aq aq B

= limit as (0, 5)— >0(Iimit as (d, B)- > (0, B)
((f (q + (d, —D‘) q*, q*1’ q*z) -f(q, g%, q*1’ q*z)) (d, B)
(1(as (0.8) o o ) -t qa an o a) (. 8)7))

N

To make this concreteconsiderasimpleexample,f = 2. Apply thedefinition:
Norm[a—q] limit - >O(Iimit as (d, 5)— > (0, _15)

(@ 8) « (q 6))2-

B) 7 (((28) + (4.8))"- (2. 8)) (0. B) 7)) -

) + (0. B) (a. B) (0. -B) /norm (0. B)) « (0. B))

(a B) + (0. D) (a B) (0. _B)/norm((o, D))+ (0. D)) = =

The secondandfifth termsareunitary rotationsof the 3-vectorB. Sincethe differentialelementD could be pointed
arywhere thisis anarbitraryrotation.Define:

(a &) = (0. B) (= B) (0. -B) /nom ({0, B))

Substituteandcontinue:

Zim ((( 8) « (2 B) + (0. 9)) [ B) + 2 B) + 0. B))) -

= lim (4aA2 +2B.B +2B. B +2D. B +2D. TB", 6)

)

o

(@
=1lim (((a B
(

- (422 + 2B.B +2B. B, 0) <= |2q/?
Look athow wonderfullystrangehisis! Thearbitraryrotationof the 3-vectorB meanghatthis derivativeis boundby
aninequality If D isin directionof B, thenit will beanequality but D couldalsobein the oppositedirection,leading
to a destructionof a contritution from the 3-vector The spacelile derivative canthereforeinterferewith itself. This

is quite a naturalthing to doin quantummechanicsThe spacelile derivative is positive definite,andcouldbe usedto
definea Banachspace.

Defining the lightlik e derivative, wherethe changein time is equalto the changein spacewill requiremore study
It may turn out that this derivative is singulareverywhere but it will requiresomeskill to find a technicallyviable
compromisébetweerthe spacelile andtimelike derivative to synthesighelightlik e derivative.
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7 Topological Propertiesof Quaternions

(sectionunderdevelopment)

Topological Space

If we chooseo work systematicalljthroughWald's "GeneralRelativity”, thestartingpointis "Appendix A, Topolog-
ical Spaces”Roughly topologyis the structureof relationshipghatdo notchangef aspacads distorted.Someof the
resultsof topologyarerequiredto make calculusrigorous.

In this section,| will work consistentlywith the setof quaternionsH™1, or justH for short. The differencebetween
therealnumbersR andH is thatH is notatotally orderedsetandmultiplicationis notcommutatve. Thesedifferences
arenotimportantfor basictopologicalpropertiessostatementandproofsinvolving H areoftenidenticalto thosefor
R.

Firstanopenball of quaternionsieedgo bedefinedto setthestagefor anopenset. Defineanopenballin H of radius
(r, 0) centerecarounda point (y, Y) [note: smalllettersare scalars capitallettersare 3-vectors]consistingof points
(%, X) suchthat

V((x-y, X-V)*(x-y, X-Y)) < (r, 0)
An opensetin H is ary setwhich canbe expressedisa unionof openballs.

[p. 423translated]A quaterniortopologicalspace(H,T) consistsof the setH togethemwith a collectionT of subsets
of H with theseproperties:

1.Theunionof anarbitrarycollectionof subsetseachin T, isin T
2.Theintersectiorof afinite numberof subset®f T isin T
3.TheentiresetH andtheemptysetarein T

T is the topologyon H. The subsetof H in T are opensets. Quaternionform a topology becausehey arewhat

mathematiciansall a metric space sinceq* q evaluatesto a real positive numberor equalszeroonly if q is zero.

Note: thisis notthemeaningof metricusedby physicists.For example the Minkowski metriccanbenegative or zero

evenif apointis not zero. To keepthe sameword with two meaningdistinct, | will referto oneasthe topological

metric,theotherasaninterval metric. Thesedescriptve labelsarenotusedn generabkincecontext usuallydetermines
which oneis in play.

An importantcomponento standardapproacheto generalelatity is productspacesThisis how atopologyfor R"n

is created Eventsin spacetimeequireR™4, oneplacefor time, threefor space Mathematiciangetto make choices:
whatwould changef work wasdonein R"2,R"3, or R"5? The precisionof this notion, togethemwith the freedomto

male choicesmakesexploring thesedecisionsun (for thosefew who canunderstanavhatis goingon :-)

By working with H, productspacesareunnecessaryEventsin spacetimeanbe memberof anopensetin H. Time
is thescalar spacehe 3-vector Thereis no choiceto bemade.

Open Sets

The edgesf setswill beexaminedby definingboundariesppenandclosedsets,andtheinterior andclosureof a set.

| am a practicalguy who likes pragmaticdefinitions. Let the real numbersL andU represengrbitrary lower and
upperboundsrespectiely suchthatL < U. For thequaterniortopologicalspacgH, T), consideranarbitraryinduced
topology(A, t) wherex anda areelementf A. Useinequalitiesto define:
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anopenset : (L, 0) < (x-a)*(x-a) < (U, 0)

aclosed set : (L, 0) <= (x-a)*(x-a) <= (U, 0)

ahalf openset : (L, 0) <= (x-a)*(x-a) < (U, 0)

or (L, 0) < (x-a)*(x-a)<=(, 0)

aboundary : (L, 0) = (x-a)*(x-a)
Theunionof anarbitrarycollectionof opensetsis open.
Theintersectiorof a finite numberof opensetsis open.
Theunionof afinite numberof closedsetsis closed.
Theintersectiorof anarbitrarynumberof closedsetsis closed.
Clearlythereareconnectiondbetweerthe above definitions

open set union boundary - > closed set
This createsomplementarydeas.[Wald, p.424]
Theinterior of A is theunionof all opensetscontainedwithin A.
TheinteriorequalsA if andonly if A is open.
Theclosureof A is theintersectiorof all closedsetscontainingA.
Theclosureof A equalsA if andonly if A is closed.

Definea point setasthe setwherethe lower boundequalsthe upperbound. The only opensetthatis a point setis
thenull set. The closedpoint setis H. A point setfor therealnumbershasonly oneelementwhich is identicalto the
boundary A point setfor quaterniondiasaninfinite numberof elementspneof themidenticalto the boundary

Whataretheimplicationsfor physics?
With quaternionsthe existencean opensetof eventshasnothingto do with the causalityof thatcollectionof events.
anopenset : (L, 0) < (x —a)*(x-a) < (U, 0)
timelike events :scalar ((x -a)?) > (0, 0)
lightlike events :scalar ((x -a)?) = (0, 0)
spacelike events : scalar ((x -a)?) < (0, 0)

A propertime canhave exactly the sameabsolutevalueasa purespacelile separationso thesetwo will beincluded
in the samesets whetheropen,closedor onaboundary

Thereis no correlationthe reverseway either Take for examplea collectionof lightlik e events.Eventhoughthey all
shareexactly the samenterval - namelyzero- their absolutevaluecanvary all overthemap,not stayingwithin limits.

Althoughindependenthesetwo ideascanbe combinedsynenistically. ConsideranopensetS of timelike intervals.

S={x, aeH, afixed ; U,
LeR| (L, 0) < (x-a)*(x -a) < (U, 0), and scalar ((x -a)?) >0}

ThesetS coulddepictaclassicalworld historysincethey arecausallylinkedandhave goodtopologicalproperties A
closedsetof lightlik e eventscouldbe a focusof quantumelectrodynamicsTopologyplus causalitycould be the key
for subdviding differentregionsof physics.

Hausdorf Topology
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This propertyis usedto analyzecompactnesssomethingyital for rigorously establishinglifferentiationandintegra-
tion.

[Wald p424] The quaterniortopologicalspace(H, T) is Hausdorf becauséor eachpair of distinctpointsa,b EH, a
notequalto b, onecanfind opensetsOa,Ob E T suchthata E Oa,b | Obandtheintersectiorof OaandObis thenull
set.

For example find the half-way point betweera andb. Let thatbetheradiusof anopenball aroundthe pointsa andb:
let (r,0)=(a-b)*(a-b)/4
Oa={a, xeH, ais fixed ,reR|(a-x)*(a-Xx)<r}
Ob={b, xeH, bis fixed ,reR|(b-x)*(b-x)<r}

Neithersetquitereacheshe other, sotheirintersectioris null.

Compact Sets

In this section,| will begin aninvestigationof compactsetsof quaternionsl hopeto sharesomeof my insightsinto
this subtlebut significanttopic.

Firstwe needthe definitionof acompactsetof quaternions.

[Translationof Wald p. 424] Let A be a subsetof the quaterniondH. SetA could be openedclosedor neither An
opencoverof A is theunionof opensets{ Oa} thatcontainsA. A unionof opensetsis openandcouldhave aninfinite
numberof membersA subsebf {Oa} thatstill coversA is calleda subcwer. If the subcaver hasa finite numberof
elementst is calledafinite subcwer. ThesetA subsebf H is compactf every opencover of A hasafinite subcwer.

Let's find an exampleof a compactsetof quaternions.Considera setS composedf pointswith a finite numberof
absolutevalues:

S={x1,x2,...,xneH; al, a2, ..., aneR,
nis finite | (x1 %*x1)0.5=(al, 0), (x2%*x2)°0.5= (a2, 0), ...}

The setS hasaninfinite numberof memberssincefor ary of the equalities specifyingthe absolutevaluestill leaves
threedegreesof freedom(if the domainhadbeenx E R, thenS would have hada finite numberof elements) The set
S canbe coveredby anopenset{O} which could have aninfinite numberof members Thereexistsa subset{C} of
{O} thatis finite andstill coversS. Thesubset{ C} would have onememberfor eachabsolutevalue.

C= {ye {0}, eeR e>0l (al -e) <vy*y < (al +e, 0),

(a2 -e) <Vy*y< (a2 +e, 0), ..., oneyexists for each inequality }

Every setof quaterniongomposeaf afinite numberof absolutevalueslik e the setSis compact.

NoticethatthesetSis closedbecausdt consistof aboundarywithoutaninterior. Thelink betweercompactclosed
andboundsetis important,andwill be examinednext

A compactsetis a statementboutthe ability to find a finite numberof opensetsthat cover a set, given ary open
cover. A closedsetis theinterior of a setplusthe boundaryof thatset. A setis boundif thereexistsarealnumberMv
suchthatthe distancebetweera pointandany memberof the setis lessthanM.

For quaternionsvith thestandardopology, in orderto have afinite numberof opensetsthatcovertheset,the setmust
necessarilyncludeits boundaryandbe bound.In otherwords,to be compacts to be closedandbound,to be closed
andboundis to be compact.

[Wald p. 425] Theoreml (Heine-Borel).A closedinterval of quaternionss:
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S= {er, a, beR a<b! (a, 0) <= Vx*x <= (b, 0)}
with the standardopologyonH is compact.

Wald doesnot provide a proof sinceit appearsn mary bookson analysis. Invariably the Heine-BorelTheorem
employs the domainof therealnumbersx E R. However, nothingin that proof changedy usingquaternionsasthe
domain.

[Wald p. 425] Theorem?. Let thetopology(H, T) be Hausdorf andlet the setA subsebf H becompact.ThenA is
closed.

Theorem3. Let thetopology(H, T) becompaciandlet the setA subsebf H beclosed.ThenA is compact.
Combinethesetheoremso createa strongerstatemenbn the compactnesef subset®f quaternionsd.
Theoremd. A subsetA of quaternionss compactf andonly if it is closedandbounded.

The propertyof compactness easilyprovedto be preseredundercontinuousmnaps.

Theoremb. Let (H, T) and(H’, T') betopologicalspacesSuppose€H, T) is compactandthefunctionf: H -> H’ is
continuousThef[H] = {h’ EH’ | h’ = f(h)} is compact.This createsa corollary by theorermd.

Theorem6. A continuoudunctionfrom a compactopologicalspaceinto H is boundandits absolutevalueattainsa
maximumandminimumvalues.

[endtranslationof Wald]

R™1 versusR™n

It is importantto note that thesetheoremsfor quaternionsare build directly on top of theoremsfor real numbers,
R™1. Only the domainneedsto be changedo H™1. Wald continueswith theoremson productspacesspecifically
Tychonof’s Theoremsothatthe above theoremsanbe extendedto R™n. In particular the productspaceR™4 should
have the sametopologyasthe quaternions.

Hopefully, subtletymattersin the discussiorof the logical foundationsof generalrelatvity. Both R™1 andH"1 have
a rule for multiplication, but H"1 hasan antisymmetriccomponent.This is a descriptionof a difference.R"4 does
not comeequippedwith a rule for multiplication, soit is qualitatively different,evenif topologically similar to the
guaternions.
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8 Newton’s SecondLaw

The form of Newton’s secondlaw for threeseparatecaseswill be generatedising quaternionoperatorsacting on
positionquaternionsln classicamechanicstime andspaceredecoupledOnewaythatcanbeachiezedalgebraically
is by having a time operatorcat only on spaceor by spaceoperatoronly acton a scalarfunction. | call this the "2
zero”rule: if therearetwo zerosin thegeneratoof alaw in physicsthelaw is classical.

Newton’s 2nd Law for an Inertial ReferenceFrame in Cartesian Coordinates

Definea positionquaterniorasa functionof time.
R = (t, 'ﬁ)
Operateon this oncewith the differentialoperatorto getthe velocity quaternion.
d = N N
V= (E’ 0) (t, R) - (1, R)
Operateonthevelocity to gettheclassicalnertial acceleratiomuaternion.
d - - Y
A= (E’ o) (1, R) - (o, R)
Thisis thestandardorm for acceleratiofin Newton'ssecondaw in aninertial referencdrame.Becausehereference
frameis inertial, thefirst termis zero.

Newton’s 2nd Law in Polar Coordinatesfor a Central Forcein a Plane

Repeathis processhut this time startwith polarcoordinates.
R= (t, r Cos[e], r Sin [6], 0)

Thevelocityin aplane.
V = (% 6) (t, r Cos[e], r Sin [e], 0) =
= (1, r Cos[®] -r Sin [6]6, I Sin [6] +r Cos[el6, 0)

Accelerationin aplane.

A= (%, 6) (1, t Cos[e] -r Sin [0]8, I Sin [6] +1 Cos[e]&, 0) =

= (O, -2t Sin [e]16-r Cos[e6] (éa)2 +T Cos[e] -r Sin [e] e,
2f Cos[6]16-r Sin [6] ('6)2 + 7 Sin [6] +1 Cos[e] 6, 0)

Not a pretty sight. For a centralforce,® = L/mr2, and @ = 0. Make thesesubstitutionandrotatethe quaterniorto
getrid of thethetadependence.

2
A= (Cos[e], 0, 0, -Sin [6]) (% O) (t, r Cos[e], r Sin [e], 0) =

0 L2 <~ 2Lt
=0, 55 +T, —&,
l ner 3 mr 2

Thesecondermis the accelerationn the radial direction,the third is accelerationn the thetadirectionfor a central
forcein polarcoordinates.

d
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Newton’s 2nd Law in a Noninertial, Rotating Frame

Considerthe"noninertial” case with theframerotatingat an angularspeedomega. The differentialtime operatoris
putinto thefirst term of the quaternionandthe threedirectionsfor the angularspeedareputin the next terms. This
guaternionis thenmultiplied by the positionquaterniorto getthe velocity in a rotatingreferencdrame. Unlike the
previous exampleswheret did notinterferewith the calculationsthis time it mustbe setexplicitly to zero(I wonder
whatthatmeans?).

V- (4 8) (0. R) = (- 3R R4 5xR)
Operateonthevelocity quaterniorwith the sameoperator

A= (%,Z})(-B.ﬁ,ﬁ»rwa):

Thefirst threetermsof the 3-vectorarethetranslationalcoriolis,andazimuthalalterationgespectiely. Thelastterm
of the 3-vectormaynotlook lik e the centrifugalforce, but usinga vectoridentity it canbe rewritten:

bR = -ox(axR) + (3)°R
If theangularvelocity antheradiusareorthogonalthen

ox (axR) = (3)°Rift 2. R=0
The scalartermis not zero. Whatthis impliesis not yet clear, but it may be relatedto the factthatthe frameis not
inertial.

Implications

Threeformsof Newton’s secondaw weregeneratedby choosingappropriateoperatorguaternionsctingon position
guaternionsThedifferentialtime operatowasdecoupledrom ary differentialspaceoperatorsThis maybe viewed
asanoperationalefinition of "classical”physics.



9 OSCILLATORSAND WAVES 26

9 Oscillators and Waves

A professorof mine oncesaidthateverythingin physicsis a simpleharmonicoscillator Thereforeit is necessaryo
getahandleon everything.

The Simple Harmonic Oscillator (SHO)

Thedifferentialequationfor a simpleharmonicoscillatorin onedimensioncanbe expresswith quaternioroperators.

d =\2 K [ d2x kx )
(&’ o) 0, x, 0, 0) + (o, X, 0, o) =Lo, Gzt m O 0J=o

This equationcanbesolveddirectly.

.\/_

x->C[2] Cos[ ] C[1] Sin [ ]

Find thevelocity by takingthe derivative with respecto time.

VK CI1] Cos[ ] K C[2] Sin [ ]
A/m A/m

X=->

The Damped Simple Harmonic Oscillator
Generatahe differentialequationfor adampedsimpleharmonicoscillatorasdoneabove.
d d = k
(dt o) (0, x, 0, 0) + (E' o) (0,bx, 0, 0) + (o, % 0 o) =

( 2
0dx bdx kx

\
=l,dt—2+ Gt O 0J=o
Solve the equation.
( \ [ \
bmVakmbZ i | t b meV_ak mib? FJ t
x->C[1l]e Zm +C[2]e Zm
The Wave Equation

Considerawave traveling alongthe x direction. The equatiorwhich governsits motionis givenby

d d 2
(W’ &, 0, O) (O, O,f[tV + X1, O) =

( (g2 a2 ) 2d2f [t v+x])
=l0' %, l_dx72+dt2v2Jf[tv+X]' dt dx v J

The third termis the one dimensionalwave equation. The forth termis the instantaneoupower transmittedby the
wave.
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Implications

Usingthe appropriatecombinationsof quaternioroperatorsthe classicalsimpleharmonicoscillatorandwave equa-
tion werewritten outandsolved. Thefunctionaldefinitionof classicaphysicsemployedhereis thatthetime operator
is decoupledrom ary spaceoperator Thereis noreasorwhy asimilar combinatiorof operatorsannoteusedwhen
time and spaceoperatorsare not decoupled.In fact, the four Maxwell equationsappearto be onenonhomogeneous
guaterniorwave equationandthe structureof the simpleharmonicoscillatorappearsn theKlein-Gordonequation.
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10 Four Testsfor a Consewative Force

Therearefour well-known, equivalentteststo determindf aforceis consenrative: thecurlis zero,apotentialfunction
whosegradients theforceexists,all closedpathintegralsarezero,andthe pathintegral betweerary two pointsis the
sameno matterwhatthe pathchosenln this notebook guaternioroperatorperformthesetestson quaternion-alued
forces.

1. The Curl Is Zero

To make thediscussiorconcretedefinea force quaternior
F=(0, -kx, -ky, 0)
Thecurl is thecommutatorof the differentialoperatorandtheforce. If thisis zero,theforceis conserative.
d =\ =
[(R’ v), F| =0
Let thedifferentialoperatorquaternioracton theforce,andtestif the vectorcomponentgqualzero.

d
(R' V)F = (2k, 0, 0, 0)

2. There Exists a Potential Function for the Force

Operateon force quaternionusingintegration. Take the negative of the gradientof the first component.If the field
guaternionis thesametheforceis conserative.

F =J.F(dt,dx, dy, dz) =
= J(kxdx +kydy, -kxdt + kydz, -kydt - kxdz, 0) =

_ l(kx2 ky2

\
_\ >t 5 -kt x+kyz, -kty-kxz, 0)|=

d =\ (kx? ky? =)
— | | = - -
(dt’ )L >t 5 , 0l = (0, -kx, -ky, 0)

)

Thisis thesameforceaswe startedwith, sothescalarinsidetheintegral is the scalampotentialof thisvectorfield. The
vectortermsinsidetheintegral ariseasconstant®f integration. They arezeroif t=z=0. Whatrole thesevectorterms
in the potentialquaterniormayplay, if ary, is unknovn to me.

3. The Line Integral of Any ClosedLoop Is Zero

Useary parameterizatiom theline integral, makingsureit comeshackto go.

path = (0, r Cos(t), r Sin (t), 0)

27
J Fdt =0
0
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4. The Line Integral Along Different Paths Is the Same

Chooseary two parameterizationsom A to B, andtestthatthey arethe same.Thesepathsarefrom (0, r, 0, 0) to (0,
-r,2r, 0).

pathl = (0, r Cos(t), 2r Sin (%) 0)

2n
J dt =-2kr?
0

path2 = (0, -tr +r, tr, 0)

2
J Fdt = -2kr2
0

Thesame!

Implications

The four standardestsfor a conserative force canbe donewith operatorquaternions.Onenew avenueopenedup
is for doing pathintegrals. It would beinterestingto attemptfour dimensionapathintegralsto seewherethatmight
lead!
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11 Rotationsand Dilations Createthe Lorentz Group

In 1905,Einsteinproposedhe principlesof specialrelativity without a deepknowledgeof the mathematicastructure
behindthe work. He hadto rely on his old mathteachemMinkowski to learnthe theoryof transformationg! do not
know thedetailsof Einsteins educationbut it couldmake aninterestingdiscussion-) Eventually Einsteinunderstood
generatransformationsembodiedn thework of Riemannwell enoughto formulategenerakelativity.

A. W. ConwayandL. Silbersteirproposeddifferentmathematicastructurebehindspeciakelativity in 1911and1912
respectiely (a copy of Silbersteins work is ontheweh HenryBaker hasmadeit availableat ftp:/ftp.netcom.com/-
pub/hb/hbakr/quaternias/).Cayley hadobsenedbackin 1854thatrotationsin 3D couldbeachievedusinga pair of
guaternionsvith anormof one:

g’ = agb where a*a = b*b = 1

If thisworksin 3D spacewhy not do the 4D transformation®f specialrelativity? It turnsoutthata andb mustbe
comple-valuedquaternionsgr biquaternionsls this sobad?Let mequoteP.A.M. Dirac (Proc.Royal Irish Academy
A, 1945,50,p. 261):

"Quaternionghemselesoccupy auniqueplacein mathematicén thatthey arethe mostgeneraluantitieshatsatisfy
the division axiom—thatthe productof two factorscannotvanishwithout eitherfactorvanishing. Biquaternionsdo
not satisfythis axiom,anddo not have ary fundamentapropertywhich distinguisheshemfrom otherhypercomplex
numbersAlso, they have eightcomponentsyhichis rathertoo mary for asimpleschemdor describingquantitiesn

space-timé.

Justfor therecord: plenty of fine work hasbeendonewith biquaternionsandl do notdery thevalidity of ary of it.

Much effort hasbeendirectedtoward”other hypercomplex numbers” suchasClifford algebrasFor therecord,| am
makinga choiceto focuson quaterniongor reason®utlinedby Dirac.

Dirac took a Mobiustransformatiorfrom comple< analysisandtried to developa quaternioranalog.The approachs
too generalandmustberestrictedo grafttheresultsto theLorentzgroup.| personallyhave foundthis approacthard
to follow, andhave yetto build aworking modelof it in Mathematical neededsomethingsimpler:-)

Rotation + Dilation

Multiplication of complex numberscanbethoughtof asarotationandadilation. Conway andSilbersteins proposals
only have therotationcomponentAn additionaldilation termmight allow quaterniongo do the necessarwork.

C. Moller wrote a generalform for a Lorentztransformatiorusingvectors("The Theoryof Relatvity”, QC6 F521,
1952,eq. 25). For fixed collinearcoordinatesystems:

-

)_(k’=?+ (7—1)(?/.3\() = - ytv
VI
=yt - (VX
where c =1, y = ;
V1 - (v/c)2

If V isonlyin thei direction,then
X = (3X - ¥t V)i +yj +zk
o= vt - (VX

Theadditionalcomplicationto the X' equationhandlesvelocitiesin differentdirectionsthani.



11 ROTATIONSAND DILATIONS CREATE THE LORENTZ GROUP 32

This hasa vectorequationand a scalarequation. A quaternionequationthat would generatehesetermsmustbe

devoid of any termsinvolving crossproducts.The symmetricproduct(anti-commutator)acksthe crossproduct;
qg’ +9q v I -
f=(tt—x.x,tX+Xt)

Mboller's equationlookslik e it shouldinvolve two terms,oneof theform AgA (arotation),theotherBq (adilation).

even (q, q°) =

even (even ((T\/)’r q), V)

q =q+ (y - 1) + yeven((v

}
—
*
Qo
*
P
I

1
o
+
—~
<
1
[N
-

(6%) + - 1)[t, (H)N—vﬁ] ([ R), )

This is the generalform of the Lorentztransformatiorpresentedy Moller. Realquaternionsareusedin a rotation
andadilation to performthework of the Lorentzgroup.

Implications

Is this resultat all interesting?A straightrewrite of Moller's equationwould have beendull. Whatis interestingis
the equationwhich generateshe Lorentz transformation. Notice how the Lorentz transformationrdependdinearly
on g, but the generatodepend®n q andg*. Thatmay have interestinginterpretations.The generatotinvolvesonly
symmetricproducts.Therehasbeensomequestionin the literatureaboutwhetherspecialrelatvity handlesotations
correctly Thisis probablyoneof the moreconfusingtopicsin physics,sol will justlettheobsenationstandby itself.

Two waysexist to usequaterniongo do Lorentztransformationgto be discussedn the next web page). The other
techniquerelieson the propertyof a division algebra.Thereexistsa quaterniorlL suchthat:

g’ = Lgsuch that
scalar (q’, g’) = scalar (g, q) =t?- X. X

For aboostalongthei direction,

i’ - ((Tt _var _YVt +7X1 yr Z)(t! -X, _yr _Z)) -

L =
q (t2+X2+y2+ 22)

(¥t2 -2yt vx+ yx? +y2+22, yv(-t?+ x?),
ty -Xz - yt(y +Vvz) + ¥yX(Vy + z),
tz+xy + yt (VY - z) + yX(-y +vz))/(t2+ X2+ y2 + z2)

if x=y=2z=0,ten L= (y, -yv, 0, 0)

if t =y=12 0, then L = (y, yv, 0, 0)

The quaternionL dependson the velocity and candependon locationin spacetimg85% of the type of problems
assignedindegraduatesn specialrelativity useanL thatdoesnot dependon locationin spacetime).Somepeople
view thatasabug, but | seeit asa modernfeaturefoundin the standardnodelandgeneralrelativity asthe demand
thatall symmetryis local. The existenceof two approachemaybe of interestin itself.
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12 An Alter native Algebra for Lor entz Boosts

Marny problemsin physicsareexpressecfficiently asdifferentialequationsvhosesolutionsaredictatedby calculus.
The foundationsof calculuswereshown in turn to rely on the propertiesof fields (the mathematicalariety, not the
onesin physics). Accordingto the theoremof Frobenius,thereare only threefinite dimensionalfields: the real

numberq1D), the complex numberg2D), andthe quaterniong4D). Specialrelatiity stresseshe importanceof 4-

dimensionaMinkowski spacesspacetimegnegy-momentumandthe electromagnetipotential. In this notebook,
eventsin spacetimeavill betreatedasthe 4-dimensionafield of quaternionsit will be shovn thatproblemsinvolving

boostsalonganaxis of areferencdramecanbe solvedwith this approach.

The Toolsof SpecialRelativity

Threemathematicatools are requiredto solve problemsthat arisein specialrelativity. Eventsarerepresentecs
4-vectors,which canbe add or subtractedpr multiplied by a scalar To form aninner productbetweentwo vectors
requireshe Minkowski metric, which canberepresentedly thefollowing matrix (wherec = 1).
1 0 0 O
v 0 1 0 o
9% =10 o -1 o
0 0 0 -1

{t, x,y,z}.9,7. {t,x, y, z} =t?-x2-y%-z?

The Lorentzgroupis definedasthe setof matricesthat preseresthe inner productof two 4-vectors. A memberof
this groupis for boostsalongthex axis,which canbe easilydefined.
1

- —

( YIBl  -B¥[Bl 0 O,

A - |-BYIBl ¥[Bl 0 O |

X'L 0 o 1 oJ
0 0 0 1

heboosted4-vectoris
t X B X tB
{ 7 7’ 7 7Y Z}
Vi-p7 V1-p% V1-5" V1-8
To demonstrat¢hattheinterval hasbeenpresered,calculatetheinnerproduct.

A {t, X, Y, 2} =

2 2

A {t, Xy, 2} 9, A {t, X, y, 2} =tZ-x2-y2_7

Startingfrom a 4-vector, this is the only way to boosta referenceframe along the x axis to another4-vectorand
preseretheinnerproduct.However, it is notclearwhy onemustnecessarilstartfrom a 4-vector

Using Quaternionsin SpecialRelativity

Eventsaretreatedasquaternionsa skew field or division algebrathatis 4 dimensional Any tool built to manipulate
quaternionwill alsobea quaternionln thisway, althougheventsplay a differentrole from operatorsthey aremade
of identicalmathematicafabric.

asquaredjuaternionis

[t %)7= (12-% % 20 %)
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Thefirst term of squaringa quaternionis the invariantinterval squared.Thereis implicitly, a form of the Mink owski
metricthatis partof therulesof quaterniormultiplication. Thevectorportionis frame-dependentf a setof quater
nionscanbefoundthatdo not alterthe interval, thenthat setwould sene the samerole asthe Lorentzgroup,acting
on quaternionsnot on 4-vectors. If two 4-vectorsx andx’ areknown to have the propertythat their intervals are
identical thenthefirst termof squaringg[x] andqg[x’] will beidentical. Becausejuaternionsreadivisionring, there
mustexist a quaterniorl suchthatL q[x] = q[x’] sinceL = q[x’] q[x]"-1. Theinverseof aquaternions its transpose
over the squareof the norm (which is the first termof transposef a quaterniortimesitself). Apply this approacto
determinelL for 4-vectorsboostedalongthex axis.

L= (vt -B¥X, -B¥t +¥X, y, 2)(t, x, y, )7} =

= (wt2+ yx2 -2y Bt x+ (y2+2%), yB(-t2+x?),
t Byz+y (1-%)) -X(¥yBY +Z (1 -¥)),
t (¥BY+Z (1-%)) +x (¥BZ+Y (1L - ¥)))

/(t2+x2+y2+22)

Definethe LorentzboostquaterniorL alongx usingthis equations.L depend®n therelative velocity and position,
makingit "local” in asenseSeeif L q[x] = q[x].

LIt, x, y, z, BI(t, X, ¥y, z) = (yt - ¥BX, -¥yBt + ¥X, Yy, 2)

This is a quaternioncomposedf the boostedd-vector At this point, it canbe saidthat _any_ problemthat canbe
solvedusing4-vectors the Minkowski metricanda Lorentzboostalongthe x axis canalsobe solvedusingtheabove
guaterniorfor boostingthe eventquaternion.Thisis becausdothtechniquegransformthe samesetof 4 numbergo
the samenaw setof 4 numberausingthe samevariablebeta. To seethis work in practice pleaseaxaminethe problem
sets.

Confirmtheinterval is unchanged.
(Lt x, y, 2))%=
2 2 (t2B+x%2B-1t X (1+/32))’ 2y (t —x/3)’ 2z (t -xls)\
-1+’ V1 - B2 V1 - g2

Thefirst termis conseredasexpected.The vectorportion of the squards framedependent.

2 2

= [t2-x

-y

Using Quaternionsin Practice

The boostquaternionL is too complex for simple calculations.Mathematicadoesthe grungework. A greatmary
problemsin specialrelativity do notinvolve angulairmomentumwhichin effectsetsy = z = 0. Further it is oftenthe
casethatt = 0, or x = 0, or for Dopplershift problemsx = t. In thesecasesthe boostquaterniornL becomes very
simple.

If t=0,then

L=y(1, B8, 0, 0)

q->4q = Lq

(0, x, 0, 0) -> (t’, x’, 0, 0) = (-¥yBX, ¥X, 0, 0)
If x =0,then

L=v¥(1, -8 0, 0)

q->0q = Lq

(t. 6)_> (t’, x, 0, 0) = (¥t, -yBt, 0, 0)
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If t =X, then
L=y(1-B, 0, 0, 0)
q->49 = Lq
(t,x, 0, 0)->(t’, x’, 0, 0) =¥(1-B) (t,x, 0, 0)
Note: thisis for blueshifts.Redshiftshave a plusinsteadof the minus.

Over50 problemdn asophomore-leel relativistic mechanicelasshave beensolvedusingquaternions90%required
this very simpleform for the boostquaternion.

Implications

Problemsin specialrelativity canbe solved either using 4-vectors,the Minkowski metric and the Lorentz group,
or using quaternions.No experimentaldifferencebetweenthe two methodshasbeenpresented.At this point the
differences in themathematicaloundations.

An immenseamountof work hasgoneinto the studyof metrics,particularin thefield of generalrelatiity. A large
effort hasgoneinto grouptheoryandits applicationgo particlephysics.Yetattemptgo unitethesetwo areasof study
havefailed.

Thereis no division betweenevents,metricsand operatorsvhensolving problemsusing quaternions.One mustbe
judiciousin choosingquaternionghatwill be relevantto a particularproblemin physicsandthereinlies the skill.
Yet this createshopethat by usingquaternionsthe long division betweemmetrics(the Grassmarinner product)and
groupsof transformationgsetsof quaternionghat presere the Grassmaiinner product)maybe bridged.
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13 ClassicalElectrodynamics

Maxwell speculatedhatsomedayquaternionsvould be usefulin the analysisof electromagnetisnHopefully aftera

130yearwait, in this notebookwe canbegin thatprocessThis approactrelieson ajudicioususeof commutator&nd
anticommutators.

The Maxwell Equations

The Maxwell equationsare formed from a combinationsof commutatorsand anticommutatorof the differential
operatorandthe electricandmagnetidields E andB respectiely (for isolatedchagesin avacuum.

even ((2.%). (0.8)) +oaa ({5, 7). (0.B)) -

[ o L . oE -
lv E VXB——J=47r(p J)
t
where even (A, B) = AB + BA, odd (A, B) = AB; BA

Thefirst quaterniorequationembodiegshe homogeneouMaxwell equations.The scalarterm saysthatthereareno
magnetianonopolesThevectortermis Faradayslaw. Thesecondjuaterniorequations thesourceterm. Thescalar
equationis Gauss’'law. Thevectortermis Ampereslaw, with Maxwell’s correction.

The 4-Potential A

Theelectricandmagnetidields areoftenviewedasarisingfrom the same4-potentialA. Thesecanalsobe expressed
easilyusingquaternions.

e = vector (even ((6%’ —3), (¢, —K))) = [0, _zT_A\ -V

6 - odd ({57, ), (o )] - (0. 9x7)

The electricfield E is the vector part of the anticommutatorf the conjugatesof the differential operatorand the
4-potential. The magnetidfield B involvesthe commutator

Theseformscanbedirectly placedinto the Maxwell equations.
0 - o N -
even ((a_t V), odd ((a_t —v), (d:, —A))) +
o = o - -
odd ((g V), vector (even ((E —v), (¢, —A)))
v A - 3
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[ o & o~ A ~ 4 o 32A ove)
=|-V-Vé¢-V.-—, VXVXA + — ﬂl:
{ t ot t)
[ o L L oE) -
lv E, VXB - a—J=4n(p,J)

The homogeneoutermsareformedfrom the sumof both ordersof the commutatorandanticommutatarThe source
termsarisefrom the differenceof two commutatorandtwo anticommutators.

The Lor entz Force

ThelLorentzforceis generategimilarly to the sourcetermof the Maxwell equationsbut therea smallgamerequired
to getthesignscorrectfor the 4-force.

odd ([v, ¥B). (0. B)) ~even ((-v. v3), (0. E)) = (v8-B.+E + vB xB)

Thisis thecovariantform of the Lorentzforce. Theadditionalminussignrequiredmaybe a corventionhandeddown
throughtheages.

Consewation Laws
Thecontinuityequation—conseationof chaige—isformedby applyingthe conjugateof thedifferentialoperatotto the
sourcetermsof the Maxwell equations.
|(6"(""""a\ N aa )
scalar L(a—t,_v)Lv. 2 xB- G| - l—v BTGB o)
o - - = Op
= scalar ((5 —V),47r(p,J))=47r(V J+§’ 0)

Theupperis zero,sothedot productof the E field andthe currentdensityplustherateof changeof thechagedensity
mustequalzero. Thatmeanghatchageis consered.

Poynting’stheoremfor enegy conserationis formedin a very similar way, exceptthatthe conjugateof electricfield
is usedinsteadof the conjugateof the differentialoperator

( sy (o o oo V£\©'oo(Lo o4 N \

scalar |(0, —E)IV-E, VXB- || =|E-VXB-E. ==, 0]

{ { J) A )

= scalar ((0 —E), 47 (p, 3)) =47r($ . j, O)
Additional vectoridentitiesarerequiredbeforethefinal form is reached.

B (9X8) B ()5 (BxE)

2

Q

vs)

=
—_—

Q

vs)
—

Usetheseequationgo simplify to thefollowing.

3412

I\.)H—‘
l\)\H

(
4n(E-3, o) - L- v. EXB

\__/
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Thisis Poynting’s equation.

Implications

The foundationsof classicalelectrodynamicsare the Maxwell equationsthe Lorentz force, and the conseration

laws. In this notebook,thesebasicelementshave beenwritten as quaternionequations gxploiting the actionsof

commutatorsand anticommutators.Thereis an interestinglink betweenthe E field and a differential operatorfor

generatingconseration laws. More importantly the meansto generategheseequationausing quaternionoperators
hasbeendisplayed.This approachooksindependentrom the usualmethodwhich relieson anantisymmetri2-rank
field tensoranda U(1) connection.
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14 Electromagneticfield gauges

A gaugds ameasuref distance Gaugesareoftenchoserto make solvinga particularproblemeasier A few arewell
known: the Coulombgaugefor classicalelectromagnetisnthe Lorenz gaugewhich makeselectromagnetisnook
like a simpleharmonicoscillator andthe gaugeinvariantform which is usedin the Maxwell equations.In all these
casesthe E andB field is the sameponly theway it is measureds different. In this notebooktheseareall generated
usingadifferentialquaternioroperatoranda quaterniorelectromagnetipotential.

The Field TensorF in Different Gauges

The anti-symmetric2-rank electromagnetidield tensorF has3 properties:its traceis zero, it is antisymmetricand
it containsall the component®f the E andB fields. The field usedin deriving the Maxwell equationshadthe same
informationwritten asa quaternion:

6] - - 0 - ( a,_& - = _\\
(E —v) (¢ -A) - (o, A) (g' v) - lo, - —v¢+vXAJ
What makes this form gauge-iwariant, so no matterwhat the choiceof gauge(involving dphi/dt and Del.A), the

resultingequationis identical?It is thework of the zero! Whatever the scalarfield is in thefirst termof the generator
getssubtractedway in theseconderm.

A mathematicahside:a friend of mine callsthis a "conjugator”. The well-known commutatoiinvolvescommuting
two termsandthen subtractingthemfrom the startingterms. In this case the two termswere conjugatecandthen
subtractedrom the original. Any quaternionexpressiorthatgetsactedon by a conjugatoresultsin a 0 scalaranda
3-vector An anti-conjugatodoesthe oppositetask. By addingtogethersomethingwith its conjugatepnly the scalar
remains.The conjugatomwill beusedoftenhere.

Generatinghefield tensorF in the Lorenzgaugestartingfrom the gauge-ivariantfrom involvesswappingthefields
in thefollowing way:

o o)
V¢+VXAJ

ng

|
This looks morecomplicatedhanit is. Thefirst term of the generatoinvolvesthe scalarfield only, (phi, 0), andthe

seconderminvolvesthe 3-vectorfield only, (0, A).

Thefield tensorF in the Coulombgaugeis generatedy subtractingaway the divergenceof A, which explainswhy
the secondandthird termsinvolve only A, eventhoughDel . A is zero:-)

(g —v) (6, -A)+

Thefield tensorf in thetemporalgaugeis quite similar to the Coulombgauge but someof the signshave changedo
targetthe dphi/dtterm.
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Whatis the simplestexpressiorthatall of thesegeneratoshare? call it thefield tensorF in thelight gauge:

a - N ~a B8R L . )
(5, —v) (¢, —A)=Lg-v.A, -a-v¢+VXAJ

Thelight gauges onesigndifferentfrom the Lorenzgaugebut its generatois a simpleasit gets.

Implications

In the quaterniorrepresentatiorthe gaugeis a scalargeneratedn sucha way asto not alterthe 3-vector In alists
of gaugesn graduate-leel quantumfield theorywritten by Kaku, the light gaugedid not make thelist of thetop 6

gauges.Thereis a reasonfor this. Gaugesare presentedasa choicefor a physicistto make. The mostinteresting
gaugeshave to do with a long-runningpopularity contest. The relationshipbetweengaugess guessednot written
explicitly aswasdonehere. The termthatdid not make the cut standsout. Perhapsomeof the technicalissuesn

qguantuntield theorymight betackledin this gaugeusingquaternions.
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15 The Maxwell Equationsin the Light Gauge: QED?

Whatmakesatheorynon-classical?seanoperationabefinition: a classicabpproachmeatlyseparatethescalarand
vectortermsof aquaternion Recallhow theelectricfield wasdefinedwhere{A, B} is theevenor symmetricproduct
over2,and[A, B] is theodd,antisymmetrigoroductover two or crossproduct).

vector (even ((%, 3) (¢, —7&))) lO -Ve- ]
odd (5 ). (¢ 3)) - (0. 3x4)

Thescalarinformationis explicitly discardedrom the E field quaternionin this notebookthe scalarfield thatarises
will beexaminedandshown to bethefield which givesriseto gaugesymmetry Thecommutatorsandanticommutators
of this scalarandvectorfield do notalterthehomogeneougermsof the Maxwell equationsbut mayexplain why light
is aquantizedtrans\ersewave.

e

oA
at

B

The E and B Fields, and the Gaugewith No Name

In thepreviousnotebookthe electricfield wasgeneratedlifferentlyfrom themagnetidield, sincethescalarfield was
discard.This time thatwill notbedone.

o -en ((2.3). (0. -3)) - 25 &, -67*-%]

B = odd ((at , v) (4 A)) = (0, vXA)
Whatis the nameof the scalarfield, d phi/dt - Del.A which looks like somesort of gauge?It is not the Lorenzor

Landaugaugewhich hasa plus signbetweerthe two. It is noneof the populargauges:Coulomb(Del.A = 0), axial
(Az = 0), temporal(phi = 0), Feynman,unitary...

[specialnote: | amnow testingthe interpretatiorthatthis gaugeconstituteshe gravitationalfield. Seethe sectionon
Einsteins Vision]

Thestandardlefinitionof a gaugestartswith anarbitraryscalarfunctionpsi. Thefollowing substitutionglo not effect
theresultingequations.

l¢]
$-> ¢ -¢>——"’

A-> A’=A+Vzlf

This canbewritten asonequaterniortransformation.

2 Y < oy =
(0. 3) = (¢ %) - (0. 3) « (- 5% 5]
Thegoalhereis to find anarbitraryscalaranda 3-vectorthatdoesthe samework asthe scalarfunctionpsi. Let

oy
P=a

Look at how the gaugesymmetrychangedy takingits derivative.

o = o =~
(a' V)( ot V‘”)

and a = V¥
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Thisis the gaugewith no name! Call it thelight gauge”. Thatnamewaschoserbecauséf therateof changen the
scalarpotentialphi is equalto the spatialchangeof the 3-vectorpotential A asshouldbe the casefor a photon,the
distancds zero.

The Maxwell Equationsin the Light Gauge

The homogeneougermsof the Maxwell equationsare formedfrom the sumof both ordersof the commutatorand
anticommutatar

a - a - =N
even ((E V), odd ((5 V), (¢, A)))+
a - a - =y
odd ((E V), even ((E —V), (¢, —A))) =
- (-7 -9xA, -7x79) - (0. D)
The sourcetermsarisefrom of two commutatorsandtwo anticommutators.In the classicalcasediscussedn the

previous notebook,this involved a difference. Herea sumwill be usedbecausét generates simpler differential
equation.

on{[3-3) on((2-5) 9]
e e
A A

—_—— /——\

8%¢ _\ 2 32A 24 -
67 —atz—(V) AJ=47r(p,J)
Notice how the scalarandvectorpartshave neatlypartitionedthemseles. Thisis a wave equationgxceptthata sign
is flipped. Hereis the equatiorfor alongitudinalwave like sound.
W =2\2
o2 " (V) w =0
Thesecondime derivative of w mustbethe sameasDel 2 w. This hasa solutionwhich depend®n sinesandcosines
(for simplicity, the detailsof initial andboundaryconditionsareskipped,andtheinfinite sumhasbeenmadefinite).

W = ZCos[nnt]Sin [n7R]
n=0

8, 8, W-9858gW =0

Hit w with two time derivatives,andoutcomes-n"2 pi"2 w. Take Del"2, andthatcreategshe sameresults.Thusevery
valueof n will satisfythelongitudinalwave equation.

Now to find the solutionfor the sumof the secondiime derivative andDel 2. Oneof the signsmustbe switchedby
doingsomeoperatiortwice. Sounddike ajob for i! With quaternionsthe squareof a normalized3-vectorequals(-1,
0),anditisi if y = z = 0. Thesolutionto Maxwell's equationsn thelight gaugeis

W = iCos[nnt 1Sin [nnRV]
n=0

a2 - -
it (V)" = -1, then o, o, W+ogazW =0

Hit this two time derivativesyields-n"2 pi"2 w. Del"2 w hasall of this andthe normalizedphasefactorV"2 = (-1, 0).
V actslike animaginaryphasefactorthatrotatesthe spatialcomponent.The sumfor ary n is zero(the detailsof the
solutiondependn theinitial andboundaryconditions).
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Implications

The solutionto the Maxwell equationsn the light gaugeis a superpositiorof waves—eactwith a separatevalue of
n—-wherethe spatialpartgetsrotatedby the 3D analogueof i. Thatis a quantizedtrans\ersewave. That's fortunate,
becausdight is aquantizedrans\ersewave. Theequationsveregeneratedby takingtheclassicaMaxwell equations,
andmakingthemsimpler
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16 The LorentzForce

TheLorentzforceactson amoving chage. The covariantform of this law is, whereW is work andP is momentum:

( P) o a s a4 A
d—W,d—P =ye(B.E, E +B x B)
dt' dz

In the classicalcasefor a point chage, betais zeroandthe E = k e/r"2,sothe Lorentzforce simplifiesto Coulombs
law. Rewrite thisin termsof the potentialsphi andA.

= )’8[/3.

In this notebook, will look for a quaternionequationthat cangeneratehis covariantform of the Lorentzforcein
the Lorenzgauge.By usingpotentialsandoperatorsit maybe possibleto createotherlaws lik e the Lorentzforce,in
particular onefor gravity.

8A =) A o o .
—E—V¢J,—E—V¢+BX(VXA)

dw dP
dz’ drz

A Quaternion Equation for the Lorentz Force

TheLorentzforceis composeaf two parts.First, thereis the E andB fields. Generatéhosejust aswasdonefor the
Maxwell equations

4 - N (8¢ = 2 8A =~ a4
(E' v)(¢, A)=|kg-v-A,E+v¢+VXA)I

Anothercomponents the 4-velocity
V= (7, ‘(B)
Multiplying thesetwo termstogethercreateghirteenterms,only 5 of whombelongto the Lorentzforce. Thatshould

not be surprisingsincea bit of algebrawas neededo selectonly the covarianttermsthat appearin the Maxwell
equationsAfter somesearchingl foundthe combinationof termsrequiredto generateéhe Lorentzforce.

(o0 5 (o A) (v %) - (v =v8) (7 5) (0. 3) -

[~ ( 6A ~) 6A = = ;4 ) TN
=7lfs . L_E_WJ' —or - Vo BX(VXA)J = 7e(/3. E.E+B x B)
This combinationof differential quaternionoperator quaternionpotentialand quaternion4-velocity generateghe
covariantform of the Lorentzoperatotrin the Lorenzgauge minusa factorof the chage e which operatesasa scalar
multiplier.

Implications

By writing the covariantform of the Lorentzforce asan operatoractingon a potential,it may be possibleto create
otherlaws like the Lorentz force. For point sourcesin the classicallimit, thesenew laws must have the form of
Coulombslaw, F = k ee’/r"2. An obviouscandidatés Newton'slaw of gravity, F = - G m m’/r"2. Thiswould require
adifferenttype of scalampotential,onethatalwayshadthe samesign.
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17 The StressTensorof the ElectromagneticField

I will outlineawayto generatehetermsof the symmetric2-rankstress-momentunensorof anelectromagnetiéield
usingquaternionsThis methodmay provide someinsightinto whatinformationthe stresgensorcontains.

Any equationwritten with 4-vectorscanberewritten with quaternionsA straighttranslationof termscould probably
be automatedvith a computemprogram.Whatis moreinterestingis whenan equationis generatedy the productof
operatorsactingon quaterniorfields. | have foundthatgeneratoequationftenyield usefulinsights.

A tensoris a bookkeepingdevice designedo keeptogetherelementshat transformin a similar way. Peoplecan
choosealternative bookkeepingsystemssolong asthetensorbehaesthe sameway undertransformationsUsingthe
termsasdefinedin "The classicaltheoryof fields” by LandauandLifshitz, the antisymmetri-rankfield tensorF is
usedto generatehe stresgensorT

Tk _ 417" SRR . %6ik =
| have a practicalsenseof an E field (the stuff that makesmy hair standon end)anda B field (the invisible hand
directinga compass)but have little senseof thefield tensorF, a particularcombinationof the othertwo. Therefore,

expresshestresgensorT in termsof the E andB fieldsonly:

W  Sx Sy Sz
SX mxx mxy myz |
Sy myx myy myz J
Sz mzx mzy mzz
w= g ((®) (B))

ik |(
T
L

Sa = %r(_E\xE\)
mab = %{(—EaEb - BaBb+ 0.55ab(('|§)2+ (B‘)z))

Togetherthe enegy density(W),Poynting’s vector(Sa)andthe Maxwell stressensor(m_ab) areall the components
of the stresgensorof theelectromagnetiéield.

Generatinga Symmetric 2-TensorUsing Quaternions

How shouldonerationally go aboutto find a generatoequationthat createshesetermsinsteadof usingthe month-
long hunt-and-peckechniqueactuallyused?Everythingis symmetric,so usethe symmetricproduct:

even (4, q°) =W= (tt’—s‘(.f(\', t)?’+32t’)

ThefieldsE andB arekeptseparatexceptfor thecrossproductin thePoynting vector Individual directionsof afield
canbeselectedy usingaunit vectorUa:

even (ﬁ Ux) = (-Ex, 0) where Ux = (0, 1, 0, 0)

Thefollowing doublesumgeneratesll thetermsof the stresgensor:

Tk —gy2 g2 =
a=x =b=x Z 3 2

21 [(even (Ua, Ub) 1) ((0, )2+ (0, B)?)
-even (e, Ua)even (e, Ub) - even (B, Ua)even (B, Ub) -
- even (odd (e, B), Ua) - even (odd (e, B), Ub) =

= (-ExEy - EXEz - EyEz - BxBy - BxBz - ByBz
+EyBz - EzBy + EzBx - ExXBz + EXBy - EyBx, 0)/ 2
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Thefirst line generateshe enegy densityW, andpartof the +0.5 delta(a,b)(E"2 + B"2) term of the Maxwell stress
tensor The restof that tensoris generatedy the secondline. The third line createsthe Poynting vector Using
guaternionsthenetsumof thesetermsendsupin thescalar

Doesthe generatoequationhave the correctpropertiesSwitchingthe orderof UaandUb leavesT unchangedsoit
is symmetric.Checkthetrace,whenUa= Ub

(even (Ua, Ua) ) ((0, e)2+ (0, B)?)
3 -1 2 h

)
even (e, Ua)2 - even (B, Ua)zJ =0

Thetraceequalszero,asit should.

Thegeneratois composedf threepartsthathave differentdependenciesn the unit vectors:thosetermsthatinvolve
Ua and Ub, thosethatinvolve Ua or Ub, andthosethat involve neither Theseare the Maxwell stresstensor the
Poynting vectorandthe enegy densityrespectiely. Changingthe basisvectorsUa and Ub will effect thesethree
componentslifferently.

Implications

Sowhatdoeghestresgensorepresent® lookslik e every combinatiorof the3-vectorsE andB thatavoidsquadratics
(like Ex"2) andover-countingcrossterms.| like whatl will callthe”net” stressquaternion:

net (T% ) =

= (-ExEy - ExEz - EyEz - BxBy - BxBz - By Bz
+EyBz - EzBy + EzBx - ExBz + ExBy - EyBx, 0)/2=n

This hasthe samepropertiesas an stresstensor Sincethe vectoris zero, it commuteswith any other quaternion
(this may be a reasonit is so useful). Switchingx termsfor y termswould flip the signsof the termsproducedby

the Poynting vectorasrequired,but not the others. Thereareno termsof the form Ex"2, which is equivalentto the

statementhatthetraceof thetensoris zero.

On apersonahote,| never thoughtl would understandvhata symmetric2-ranktensorwas, eventhoughl listenin
on a discussiorof thetopic. Yes,| could nod alongwith the algebrabut without ary senseof F, it felt hollow. Now
thatl have ageneratoanda netquaterniorexpressionijt looksquite elegantandstraightforwardto me.
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18 A Completelnner Product Spacewith Dirac’s Bracket Notation

A mathematicatonnectionbetweenthe braclet notationof quantummechanicsand quaterniongs detailed. It will
be aguedthat quaternionshave the propertiesof a completeinnerproductspace(a Banachspacefor the field of
guaternions)A centralissueis the definition of the squareof the norm. In quantummechanics:

lell? =<ele>
In this notebookthefollowing assertiorwill beexamined(* is the conjugate sothevectorflips signs):

R () (0 R) (%) ()
Theinnerproductof two quaternionss definedhereasthe transposéor conjugate)of thefirst quaterniormultiplied
by thesecond.Theinnerproductof afunctionwith itself is thenorm.

The Positive Definite Norm of a Quaternion
The squareof the norm of a quaternioncanonly be zeroif every elements zero,otherwiseit musthave a positive
value.
(t. %) (¢, X) = (t2+X X, 0)
Thisis the standardeuclideamormfor areal4-dimensional/ectorspace.

The Euclideaninnerproductof two quaternionscan take on ary value, asis the casein quantummechanicsfor
<phitheta>. The adjective "Euclidean”is usedto distinguishthis productfrom the Grassmarinnerproductwhich
playsa centralrole in specialrelativity (seealternatve algebrafor boosts).

Completeness

With thetopologyof a Euclideanmnormfor areal4-dimensional/ectorspaceguaternionsarecomplete.

Quaterniongarecompletdn amannerrequiredo form aBanachspacef thereexistsaneighborhooaf any quaternion
x suchthatthereis a setof quaterniony

lix -yl1?<ée
for somefixedvalueof epsilon.

Constructsucha neighborhood.
(%)= 500 %) (%) - 5 %)
(%) - 500 %) (0 %) -5 %) -

4
=[e— 0, 0, 0

4
16" <(e", 0, 0, 0)

An infinite numberof quaterniongxist in the neighborhood.

Any polynomialequationwith quaternioncoeficientshasa quaterniorsolutionin x (a proof doneby Eilenbeg and
Nivenin 1944 citedin Birkhoff andMac Lanes”A Surwey of ModernAlgebra’)
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Identities and Inequalities
Thefollowing identitiesandinequalitiesemanatdrom the propertiesof a Euclideannorm. They areworked out for
guaternionderein detailto solidify the connectiorbetweerthe machineryof quantummechanicg&ndquaternions.
The conjugateof the squareof the normequalsthe squareof the normof thetwo termsreversed.
<ple>* =<o|d>
For quaternions,
((t. %) (e ?)) = (tre X X, X+ Xt s ?(x)?)
(t’, )_(\’)*(t, 3‘() = (t’t P XX X=Xt ->_<\'x3‘<)
Theseareidentical,becausehetermsinvolving the crossproducewill flip signswhentheirorderchanges.
For productsof square®f normsin quantummechanics,
<epled>=<o0|lp><¢|¢>

Thisis alsothecasefor quaternions.
< (t. X) (v, ?)|(t X) (v, i) >
() e ) R (0 R)
- (e R) (LR (LX) (o R)

= (t’, )_(k’)*(t2+X2+y2+22, 0, 0, 0) (t',

=

(t2+x2+y2+22, 0, O, 0)(t', )_(\’)*(t',
) (R 7). 7)
=<(t,3\()i(t,3\()><(t’, )?)i(t)?)>

Thetriangleinequalityin guantummechanics:

%

<o+ dlo+ 7<= (<plo>+ <¢|¢>)?
For quaternions,

<t %) o (1 R (1 %)+ (1 %)>2 -
2

= ((t +t7, 3\(+)_(\')*(t +t7, 3\(4-)_(\’))

(17 et2e (X)74 (%) e 2 e2R %, 0)

(1) (%) 2y (LK) (R 0 R) () R).ofz -

(<t %) |t %) >0 < (1 %)t %) >)°
If the signsof eachpair of componentrethe samethetwo sideswill beequal.If the signsaredifferent(at anda-t

for example),thenthe crosstermswill cancelon theleft handside of the inequality makingit smallerthantheright
handsidewheretermsnever cancelbecause¢hereareonly squarederms.

— A
—

The Schwarzinequalityin quantummechanicss analogougo dot productsandcosinedn Euclideanspace.
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|<olé>|? <=<o|o><¢|¢>

Let athird wave function,chi, bethe sumof thesetwo with anarbitraryparametetambda.
X = o+Ad

Thenormof chiwill necessarilyoegreaterthanzero.
(P+2d)" (0+2A0) = @ 0+A0"d + A" 0 + A*A¢"¢ >= 0

Choosehevaluefor lambdathathelpscombineall thetermscontaininglambda.

A> _¢**<p

[

o 0P
*o - >=0
(%) o

Multiply throughby thedenominatorseparatehetwo resultingtermsanddo someminor rearranging.
(0*0)* 0™ <=0"p ¢" ¢

Thisis now the Schwarzinequality

Anotherinequality:
2Re <gp|¢p><=<p|ep>+<d|dp>

Examinethe squareof the norm of the differencebetweentwo quaternionswvhich is necessarilyequalto or greater
thanzero.

0 <=<(t, X) - (t', X) | (t. X) - 17, %) >
- ((t -t)2 4 (5‘(4’(‘) (3‘<->?) 6)
Thecrosstermscanbe putontheothersideof inequality changinghesign,andleaving the sumof two normsbehind.
(2t t7« % %), D) <= (124 (X)*+ 2« (%)°, )
2Re < (t, X) | (t7, X) ><=< (t, X) | (t. X) >+ < (t", X) | (v, %) >
Theinequalityholds.
Theparallelogramaw:
SP+d|d+0> + <0-¢|d-0>=2<0|ep> +2<¢|¢>
Testthequaterniomorm
< (t, 32) + (t’, >?)|
(60 %)+ (£ %) > o< (6 X) = (17 %) [ (0, X) - 27 %) >=
= ((t +1)2 ($‘<+>?) (?+>’<‘) 6) + ((t -t)2 (?-5(‘) (3‘(4’(‘) 6) =
-2(t2e (X)%e 124 (%)7,0) -
=2< (6, X)|(t. X) >+2< (17, X) | (v, X) >

Thisis twice the squareof the normsof thetwo separateomponents.
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Implications

In the casefor specialrelativity, it wasnoticedthatby simply squaringa quaternionthe resultingfirst termwasthe
Lorentzinvariantinterval. Fromthatsolitary obsenation,the power of a mathematicafield washarnessetb solve a
wide rangeof problemsin specialrelativity.

In a similar fashion,it is hopedthat becausehe productof a transposeof a quaternionwith a quaternionhasthe
propertiesof acompleteinnerproductspacethe power of the mathematicafield of quaternionganbe usedto solve
awide rangeof problemsin quantummechanicsThis is animportantareafor furtherresearch.

Note: this goalis differentfrom the one Stepherdler setsout in "QuaternionicQuantumMechanicsandQuantum
Fields” He triesto substitutequaternionsn the placeof complex numbersn the standardHilbert spaceformulation
of quantummechanicsThe analyticalpropertiesof quaternionglo not play a critical role. It is the propertiesof the
Hilbert spaceoverthefield of quaternionghatis harnessetb solve problems.It is my opinionthatsincethe product
of atransposef a quaternionwith a quaterniomalreadyhasthe propertiesof a normin a Hilbert spacethereis no
needto imbedquaternionggainwithin anotheHilbert spacel like a closeshasze with Occamsrazor
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19 Multiplying Quaternionsin Polar Coordinate Form

Any quaterniorcanbewritten in polarcoordinateform, which involvesa scalarmagnitudeandangle,anda 3-vector
I (whichin somecasesanbethemorefamiliari).

g =119l Exp [er] = q*q(Cos[e] + T Sin [e])
Thisrepresentatiocanbe usefuldueto the propertiesof the exponentiaffunction,cosinesandsines.

Theabsolutevalueof aquaternions the squareroot of the norm,which is thetranspos®f a quaterniormultiplied by
itself.

lal =va*q

Theangleis thearccosineof theratio of thefirst componenbf aquaternioroverthenorm.

6 = ArcCos (q * q*)
2191

Thevectorcomponents generatedby normalizingthe purequaternionthefinal threeterms)to the normof the pure
guaternion.

. _9-9"
219 - q*|
"2 equals-1justlikei"2. Let (0, V) = (q- g*)/2.
2_ 0. VO V) VLV Vv
1(0, V)11(0, V)| (V, 0)

It shouldbe possibleto do Fourieranalysiswith quaternionsandto form a Dirac deltafunction (or distribution). That
is aprojectfor thefuture. Thosetoolsarenecessarjor solvingproblemsin quantummechanics.

New method for multiplying quaternion exponentials

Multiplying two exponentialsis at the heartof modernanalysis,whetheroneworks with Fourier transformsor Lie
groups.GivenaLie algebraof aLie groupin asufficiently smallareatheidentity, the productof two exponentialscan
be definedusingthe Campbell-Hausdoffformula:

EXp [XIEXp[y]l = (X +Y) + %[X, YI (X +Y)

1
+E([[X, Y1, Y] - [[X YI, X)) (X+Y) +...

Thisformulais not easyto use,andis only applicablein a smallareaaroundunity. Quaternioranalysishatrelieson
this formulawould bevery limited.

| have developed(perhapsfor the first time) a simpler and generalway to expressthe productof two quaternion
exponentialsas the sumof two components.The productof two quaternionssplits into a commutingand an anti-

commutingpart. The rulesfor multiplying commutingquaternionsareidenticalto thosefor complex numbers.The
anticommutingpartneedso be purelyimaginary The Grassmamproduct(q gq’) of two quaternionexponentialsand
the Euclideanproduct(g* q’) shouldboth have theseproperties. Togetherthesedefinethe needsfor the productof

two quaterniorexponentials.

Let g= Exp[X] q° = ExpLY]

, . . (g, 9'1*
99 = (6 4"+ AbsLa, 017 Exp [F e ]

aq’ + q’* q*

where {qg, q"}* = 5

and [, 9’1" =dq” - g™ g*
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g*g’ = sameas above

where {g, 9} =g*q  +9g"*q and [g, 9] =9*q" -q*q

| call theseoperators'conjugators’becausehey involve taking the conjugateof the two elements.Andrew Millard
madethesuggestiorior the Grassmamroductthatunifiestheseapproachenicely. Whatis happenindnereis thatboth
commutingandanticommutingpartsscalethemselesappropriatelyBy usinganexponentialthathaspi/2 multiplied
by anormalizedquaternionthis alwayshasa zeroscalar asit mustto accuratelyrepresenainanticommutingpart.
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20 Commutators and the Uncertainty Principle

Commutatorsaandthe uncertaintyprinciple are centralto quantummechanics.Using quaternionsn theseroleshas
alreadybeenestablishedby others(Horwitz andBiedenharnAnnalsof Physics157:432,1984). Thefirst proof of the
uncertaintyprinciplel saw reliedsolelyon the propertieof comple« numbersnot on physics!in this notebool will
repeathat analysis,shoving how commutatorandan uncertaintyprinciple arisefrom the propertiesof quaternions
(or their subfieldthe complex numbers).

Commutators

Any quaterniorcanbewrittenin a polarform.
s \%
q=(s, V) =Va qExp —
i e | G )
Thisis identicalto Euler’'s formulaexceptthattheimaginaryunit vectori is replacedoy the normalized3-vector The
two areequivalentif j = k = 0. Any quaterniorcouldbethelimit of thesumof aninfinite numberof otherquaternions

expressedn a polarform. | hopeto shav that sucha quaternionrmathematicallybehaeslik e the wave function of
guantummechanicsevenif thenotationis different.

To simplify things,usea normalizedquaternionsothatg* q = 1. Collectthe normalized3-vectortogetherwith | =
VI(V* V)'.5.

Theangles/(g* q)".5is arealnumber Any realnumbercanbeviewedasthe productof two otherrealnumbers.This
seeminglyirrelevantobsenationlendsmuchof theflexibility seenin quantummechanics-) Hereis therewrite of q.

g = Exp[abl]
S \Y
where q*q =1, ab= —, | = —
Va*q VV*V
Theunit vectorl could alsobe viewed asthe productof two quaternions.br classicalquantummechanicsthis addi-

tional complicationis unnecessarylt may be requiredfor relativistic quantummechanicsso this shouldbe keptin
mind.

A point of clarificationon notation:thesameletterwill be used4 distinctways.ThereareoperatorsA hat, which act
on a quaterniorwave function by multiplying by a quaterniongcapital A. If the operatorA hatis anobsenable,then
it generates realnumber (a, 0), which commuteswith all quaternionswhatever their form. Thereis alsoa variable
with respecto acomponenbf a quaternionali, thatcanbe usedto form a differentialoperator

DefinealinearoperatorA hatthatmultipliesq by the quaterniorA.
:Aq = Aq

If the operatorA hatis an obsenable,thenthe quaternionA is a realnumber (a, 0). This will commutewith ary
guaternion. This equationis functionally equivalentto an eigervalue equation,with A hat as an eigervectorof q
and(a, 0) asthe eigervalue. However, all of the component®f this equationare quaternionsnot separatestructures
suchasan operatorbelongingto a groupanda vector This might make a subtlebut significantdifferencefor the
mathematicastructureof thetheory apointthatwill notbeinvestigatedere.

DefinealinearoperatoB hatthatmultipliesq by thequaterniorB. If B hatis anobsenable,thenthis operatorcanbe
definedin termsof the scalarvariablea.

- d
Let B = -1 ﬁ
- d Exp[abl]
Bq = -l —4q — =bd

OperatorA andB arelinear
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(A+B)q=Aq+Bq=aq+bq=(a+b)q

A(Q+Q)=Aq+AQ =aq+aq

Calculatethe commutatoffA, B], whichinvolvesthe scalara andthe derivative with respecto a.

- DU _ dq daq

[A, B]q_ (AB—BA)q_—aI e
dq dq da _

_—alﬁ+alﬁ+lqﬁ_lq

Thecommutatorctingon a quaternioris equivalentto multiplying thatquaterniorby the normalized3-vectorl.

The Uncertainty Principle

Usetheseoperatorgo constructhingsthatbehave lik e averagegexpectationvalues)andstandardieviations.

The scalara—generatedby the obsenable operatorA hat acting on the normalizedg—canbe calculatedusing the
Euclideanproduct.

a* (Ag) = g*ag =aqg'q =a

It is hardto shufle quaternion®r their operatorsaround.Realscalarscommutewith any quaterniorandaretheir own
conjugates Operatorghat generatesuchscalarscanmove around.Look at waysto expressthe expectationvalue of
A.

*

q" (Aq) = a"aq - aq"q - a'q"q = (Aq) q - a
Defineanew operatorA’ basecbn A whoseexpectatiorvalueis alwayszero.
Let A = A-0" (AQ)
a* (AMd)=0g" (A-0g*(Ag))g)=a-a=0
Definethe squareof the operatorin away designedo link up with the standardieviation.
Let DA2 = q* (A2q) - (q* (A ))° = q* (A2q)
An identicalsetof tools canbedefinedfor B.

In the sectionon braclet notation,the Schwarzinequalityfor quaternionsvasshown.
A*B + B*A
2

The Schwarzinequalityappliesto quaternionsnot quaternioroperatorslf theoperatorsA’ andB’ aresurroundedn
bothsidesby q andg*, thenthey will behaelike scalars.

[ 4] 1]
<= [A B
I

Theleft-handsideof the Schwarzinequalitycanberearrangedo form acommutator
q*(A*B + B*A)q =
q*A*B'q + g*B*A'g=q*a*B' q + q* (- )*dia Aq-=
=g"a'B'g- g (-l )f—aA'q= q* (A B - B A)g =q*[A, Blq
Theright-handsideof the Schwarzinequalitycanberearrangedo form thesquareof thestandardieviation operators.
q*|A'| IB'Iq = q*A* AB*B'q= q*A?B2q= q* DA2DB?q

Plugbothof thesebackinto the Schwarzinequality strippingthe primesandthe g’s which appearwon bothsidesalong
theway.
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[A’Z B] <= DA@ DB2

Thisis theuncertaintyprinciple for complementarpbsenableoperators.

Connectionsto Standard Notation

This quaterniorexercisecanbe mappedo the standarchotationusedin physics
bra : |y>— ¢

ket : <y| — g~

operator : A — A
imaginary : i — |
commutator : [A, B] — [A B]

norm : < y|y>— Qq*q

expectation of A: <y |Ay¥y> mapsto gq* Aq

Ais Hermitan — (O, 7&) is anti - Hermitan q* ((0 K) q) = ((O —7&) q)*q
The square of the standard deviation : 6A? =< y|A2 > - < y|Ay>> — DR

Onesubtletyto noteis thata quaternioroperatoris anti-Hermitianonly if the scalaris zero. Thisis probablythecase
for classicalquantummechanicshut quantumfield theory may requirefull quaternionoperators.The proof of the
uncertaintyprinciple showvn hereis independentf thisissue.l do notyetunderstandhe consequencef this point.

To getto the position-momentununcertaintyequationmake thesespecificmaps

A— X
. d
B P=1ia—
e | dx
I =[A Bl — i A[X P]
[A Bl I _~ X P1 18 _ o
5 _2<_DA?DBZ—>—2 = & <= 6XsP

The productof the squareof the standardieviation for positionandmomentumin the x-directionhasa lower bound
equalto half the expectationvalueof the commutatoiof thoseoperatorsTheproofis in the structureof quaternions.

Implications

Thereare mary interpretationsf the uncertaintyprinciple. | comeaway with two strangeobsenations. First, the

uncertaintyprincipleis aboutquaternion®f theform q = Exp[ab I]. With thisinsight,onecanseeby inspectiorthata

planewave Exp[((Et- PX)/hbarl], or wave pacletsthataresuperpositionsf planewaves,will have four uncertainty
relations,onefor the scalarEt and anotherthreefor the three-partscalarP.X. This perspectie shouldbe easyto

generalize.

Second,the uncertaintyprinciple and gravity are relatedto the samemathematicaproperties. This proof of the
uncertaintyrelation involved the Schwarz inequality It is fairly straightforvard to corvert that inequality to the
triangleinequality Findinggeodesicsvith quaternionsnvolvesthetriangleinequality If acompletetheoryof gravity
canbebuilt from thesegeodesicgit hasnt yet beendone:-) thentheinequalitiesmay openconnectionsvherenone
appearedbefore.
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21 Unifying the Representationof Spin and Angular Momentum

I will shov how to represenboth integral and half-integral spin within the samequaternionalgebraicfield. This
involvesusing quaternionautomorphisms First a sketch of why this might work will be provided. Second,small
rotationsin aplanearoundtwo axeswill beusedto shov how theresultingvectorpointsin anoppositewvay, depending
on which involution is usedto constructthe infinitesimalrotation. Finally, a generalidentity will be usedto look at
whathappensinderexchangeof two quaternionsn acommutator

Automorphism, Rotations, and Commutators

Quaternionsareformedfrom the direct productof a scalaranda 3-vector Rotationaloperatorghatacton eachof

the 3 component®f the 3-vectoractlike integral angularmomentum.l will shav thata rotationoperatorthat acts
differently on two of the threecomponent®f the 3-vectoractslik e half-integral spin. Whathappenswith the scalar
is irrelevantto this dimensionatounting. The samerotationmatrix actingon the samequaterniorbehaesdifferently
dependinglirectly on whatinvolutionsareinvolved.

Quaternionshave 4 degreesof freedom. If we wantto representjuaternionswith automorphisms4 are required:
They aretheidentity automorphismthe conjugateanti-automorphisnthefirst conjugateanti-automorphismandthe
seconctonjugateanti-automorphism:

l:g->q

“.g->q

*g->qg*t

2, q->q*2
where

q* = (e;qge;p)”

q* = (e,qey)”
el,e2,e3areorthogonabasisvectors
The mostimportantautomorphisnis the identity. Life is stablearoundsmall permutationsof the identity:-) The
conjugateflips the signsof the eachcomponentin the 3-vector Thesetwo automorphismsthe identity and the
conjugatetreatthe 3-vectorasaunit. Thefirst andsecondconjugatelip the signsof all termsbut thefirst andsecond
terms,respectiely. Thereforetheseoperatorsacton only thetwo of thethreecomponentsn the 3-vector By acting

on only two of threecomponentsa commutatomwill behave differently. This small differencein behaior insidea
commutatoiis whatcreateghe ability to represenintegral andhalf-integral spins.

Small Rotations

Smallrotationsaboutthe origin will now be calculated. Thesewill thenbe expressedn termsof the four automor
phismsdiscussedbove.

I will be following the approachusedin J. J. Sakurais book "Modern QuantumMechanics”,chapter3, making
modificationsnecessaryo accommodatguaternionsFirst, considerrotationsaboutthe origin in the z axis. Define:

. e
Re,-0 (@) = (cos (6) ey, 0, 0, sin (6) ?3)

if gq= (0, a; e?’—l, a, 83—2, 0)
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Re3=o (®) q=
q’ = (O, (aj cos (8) —a,sin (8)) eg 83—1, (a, cos () +ay sin (8)) eg %2, O)
Two technicalpoints. First, Sakuraiconsideredotationsaroundany point alongthe z axis. This analysisis confined
to the z axis at the origin, a significantbut not unreasonableonstraint. Second theserotationsare written with

generalizeccoordinatesnsteadof the very familiar and comfortablex, y, z. This extra effort will be usefulwhen

consideringhow rotationsareeffectedby curvedspacetimeThis machinenyis alsonecessaryo do quaternioranalysis
(pleaseseethatsection|t’s great:-)

Therearesimilar rotationsaroundthefirst andsecondaxesat the origin;
. e
Re,-0(8) = (cos (6) ey, sin (6) ?1 0, 0)
. e
Re,-0(8) = (cos (6) g, 0, sin (6) ?2 0)

Consideraninfinitesimalrotationfor thesethreerotationoperatorsTo secondorderin theta,

( 2
sin (6) = 6 + O(6%), cos (8) = Ll - % + 0(6%)
62 e; 3
Re,0(@<<1)=||1-= 80,9?,0,0 + O(e%)
62 e, 3
Re,-0(0<<1) = |1~ eO,O,e?,O + 0(6%)
62 ey 3
Reg=0(0<<1) = ||1- 7 |9 0,0, 82|+ O

Calculatethe commutatoiof thefirst two infinitesimalrotationoperatorgo seconcdbrderin theta:

€1

({ o2)
[Re;-0: Re,-0l = ul- *J €. 6 3

. ,o,o]{[l-f]eo,o,e?,o]_

—[{1—7Je0, 0, 9%2, OJ[ll—%]eo, eeg—l, 0, o] -

2y o2 881 €8 2167\ _
((1-0%) e 0°C2, 0202, - e2L72)
e e
=2(0, 0, 0, 92%) = 2(Ry,.0(6%) - R(0))

To secondorder, the commutatorof infinitesimal rotationsof rotationsaboutthe first two axes equalstwice one
rotationaboutthethird axis giventhe squaredangleminusa zerorotationaboutanarbitraryaxis (afang/ way to say
theidentity). Now | wantto write this resultusinganti-automorphiénvolutionsfor the smallrotationoperators.

N ({ 62) e, V([ e2) e,
[R*, -0 R*'ez_o]=|k|k1-7}|e(J -e?,o o}||k|k1-7}|e0 0 -e?,ol-
({ o2) e, V(I 2') N \
lll-7 e 0 -e OJlll—iJeo -e 0 0J=
_ 2 2 €0€1 _ €0% _2€1€3)
_((1-e)e0,—63,93,6 9)
2 2 €01 ) 2€1€2) _
((1-e)eo,-eT,-eT,-e 5 )_

=2(0, 0, 0, ezelgﬁ) = 2(R,,0 (6%) - R(0))

NothinghaschangedRepeathis exerciseonelasttime for thefirst conjugate:
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€pe e e
=((1—62)e02,—6 L - 032’62 192)_

2y o 2 €01 €082 _ 2€182) _
((1-e)eo,—e 3 —e—3o -0 )_

=2(0, 0, 0, 92%) = - 2(Ry,.0 (6%) -R(0))
This pointsexactly the oppositeway,evenfor aninfinitesimalangle!

This is the kernelrequiredto form a unified representatiomf integral and half integral spin. Imagineaddingup a
seriesof thesesmall rotations,say 2 pi of these. No doubtthe identity and conjugateswill bring you backexactly
whereyou started.Thefirst andsecondconjugatesn thecommutatomwill pointin the oppositedirection. To getback
on coursewill requireanother2 pi, becaus¢he minusof aminuswill generate plus.

Automorphic Commutator Identities

Thisis avery specificexample.ls therea generaldentity behindthis work? Hereit is:
[q’ q/] - [q*’ q/*] - [q*l’ qr*l]*l - [q*Z’ q/*2]*2

It is usuallya goodsignif a proposalgetsmoresubtleby generalization-) In this case the negative sign seenon the
z axis for thefirst conjugatecommutatotis dueto the actionof anadditionalfirst conjugate.For thefirst conjugate,
thefirst termwill havethecorrectsignaftera2 pi journey, but the scalar third andforth termswill pointthe opposite
way. A similar, but notidenticalstoryappliesfor the seconcconjugate.

With theidentity, we canseeexactly whathappensf q changegplaceswith g’ with acommutator Notice, | stopped
right at the commutator(notincludingary additionalconjugator).In thatcase:

-[9, 91 =19*, 9] = -[9"*, "] =

e,e eze
2€3 32
= (0, a3~ + a3 g

a9, 9’1

aga, 3% L a aalTe3, a,8,°1°2 L a,a, ezgel)
@, g1 = —1q*, gty =
= (0, a,a;—2-3 +a3az3Tez

-aza 39 - 1a3e19e a8 19e -8 1e29e1)

Underanexchangetheidentity andconjugatecommutatorgorm a distinctgroupfrom the commutatorgormedwith
thefirst andsecondconjugatesThe behaior in a commutatounderexchangeof theidentity automorphisnandthe
anti-automorphiconjugateareidentical. Thefirst andsecondconjugatesresimilar, but notidentical.

Therearealsocorrespondingdentitiesfor the anti-commutator:

*2

*1

{9, A’} = (9%, 9*}* = -{g*}, g"*1} {9*2, q"*?}
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At this point, | don't know how to usethem,but again,the identity andfirst conjugatesappeato behae differently
thatthefirst andsecondconjugates.

Implications

This is not a supersymmetricproposal. For thatwork, thereis a superpartnerparticlefor every currentlydetected
particle. At thistime, not oneof thoseparticleshasbeendetecteda seriousomission.

Threedifferent operatorshad to be blendedtogetherto performthis feat: commutatorsgconjugatesand rotations.
Theseinvolve issueof even/oddnessmirrors, androtations. In a commutatorunderexchangeof two quaternions,
the identity andthe conjugatebehave in a unitedway, while the first and secondconjugategorm a similar, but not

identicalset.Becausehis is ageneralquaternioridentity of automorphismghis shouldbevery widely applicable.



22 DERIVING A QUATERNIONANALOG TO THE SCHRODINGER EQUATION 62

22 Deriving A Quaternion Analog to the Schrodinger Equation

The Schibdingerequationgivesthe kinetic enegy plusthe potential(a sumalsoknown asthe HamiltonianH) of the
wave function psi, which containsall thedynamicalinformationabouta system Psiis a scalarfunctionwith comple
values.

ay -n?

L A e
Hy = - he = o v20 + V(0, X)¥

For thetime-independentase,enegy is written at the operator-i hbard/dt, andkinetic enegy asthe squareof the
momentunmoperatori hbarDel, over 2m. Giventhe potentialV(0, X) andsuitableboundaryconditions,solvingthis
differentialequationgeneratea wave function psi which containsall the propertiesof the system.

In this section,the quaternionanalogto the Schiddingerequationwill be derived from first principles. What is
interestingarethe constraintthat arerequiredfor the quaternioranalog. For example,thereis a factorwhich might
seneto damprunaway terms.

The Quaternion Wave Function

Thederivationstartsfrom a curiousplace:-) Write out classicakngularmomentunmwith quaternions.

(0.T) = (0. BB) = odd (0. R] (0. B))
Whatmakesthis "classical”arethe zeroedn the scalars Make theseinto completequaterniondy bringingin time to
go alongwith the space3-vectorR, andE with the 3-vectorP.

(tR) (e B) = (Bt -R B, eRu Bt + BxP)

Definea dimensionlessjuaterniorpsithatis this productover h bar.

t,R)(e. P I
= 7( )ﬁ( ) = (Bt -R P, eR+ Pt +RxP)/h
Thescalarpartof psiis alsoseenin planewave solutionsof quantummechanicsThe complicated3-vectoris a new
animal,but noticeit is composeaf all thepartsseerin thescalarjustdifferentpermutationghatevaluateto 3-vectors.

Onemightarguethatfor completenessll combinationof E, t, R andP shouldbeinvolvedin psi, asis thecasehere.

Any quaternioncanbe expressedn polarform:

-

| | arccos (Ig—l)%
q = lqle Vi
[

Expresspsiin polarform. To make thingssimpler assumehatpsiis normalized solpsi = 1. The 3-vectorof psiis
quitecomplicatedsodefineonesymbolto captureit;
- eﬁ + Tst + _R\X_Fs
B ie_R\ + Tst + ﬁxﬁi
Now rewrite psiin polarform with thesesimplifications:
(e R B)a

Thisis whatl call the quaterniorwave function. Unlike previouswork with quaternionicquantummechanicgseesS.
Adler’'s book "QuaternionicQuantumMechanics”),| seeno needto definea vectorspacewith right-handoperator
multiplication. As wasshawn in the sectionon bracket notation,the Euclideanproductof psi (psi* psi) will have all
the propertiesrequiredto form a Hilbert space.The advantageof keepingboth operatorsandthe wave function as
guaternionss thatit will make senseto form aninteractingfield directly usinga productsuchaspsi psi’. Thatwill
notbedonehere.Anotheradwvantages thatall the equationswill necessarilypeinvertible.
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Changesin the Quaternion Wave Function

We cannotderive the Schibdingerequationper se, sincethatinvolvesHermitianoperatorghat actingon a complec
vectorspace.Instead the operatorsherewill be anti-Hermitianquaternionsactingon quaternions.Still it will look
very similar, down to the lasth bar:-) All thatneedsto be doneis to study how the quaternionwave function psi
changesMake thefollowing assumptions.

1. Enegy andMomentumareconsered.

=

oe =0 and6—P=O
ot

at
2. Enegy is evenly distributedin space
Ve=0
3. Thesystemis isolated
VxP =0
4. Theposition3-vectorX is in the samedirectionasthe momentunB-vectorP
I;I' IPPI =1 which implies % =0 and _v\xeT

The implications of this last assumptiorare not obvious but can be computeddirectly by taking the appropriate
derivative. Hereis a verbalexplanation.If enegy andmomentumareconsered,they will notchangen time. If the
position 3-vectorwhich doeschangeis alwaysin the samedirectionasthe momentum3-vector, then| will remain
constanin time. Sincel is in thedirectionof X, its curl will bezero.

=0

This last constraintmay initially appeartoo confining. Contrastthis with the typical classicalquantummechanics.
In thatcase thereis animaginaryfactori which containsno informationaboutthe system.It is a mathematicatool
tossedn sothatthe equationhasthe correctproperties With quaternionsi is determinedirectly from E, t, PandX.
It mustbericherin informationcontent.This particularconstraintis areflectionof that.

Now take the time derivative of psi.
o el ¥
ot n o 2
1+ (Et -5 P)
Thedenominatomustbeatleastl, andcanbegreateithatthat. It cansere asadamperagoodthingto tamerunavay

terms.Unfortunatelyit alsomakessolvingexplicitly for enegy impossibleunlessEt - PX equalszero. Sincethegoal
is to make a directconnectiorto the Schibdingerequationmake onefinal assumption:

5 Et-R.P=0
Et -RP=0

Thereareseveralimportantcasesvhenthiswill betrue. In avacuumg andP arezero.If thisis usedto studyphotons,
thent = |Rl andE = [P!. If this numberhappendo be constanin time, thenthis equationwill applyto thewave front.
8Et -R. P R = aR
L -RF _g 29" -

if 0, = . or — =
ot at ot

ol @

Now with theseb assumptiongn hand,enegy canbedefinedwith anoperator

oy el
at " a Y
a o
—Ih—w= ey ore =-la—
ot ot

The equivalenceof theenegy E andthis operatoiis calledthefirst quantization.
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Take the spatialderivative of psi usingthe underthe sameassumptions:
Su--PL v
2

1+(Et—§.$)

Tave= Py or P = | &Y

Squarehis operator
212 2 o MP 222
(P) = (mv)© = ZmT = 2mKE = -h (V)

TheHamiltonianequalgsthekinetic enegy plusthe potentialenegy.
- -~ oy =y 2
Hy =-Ta’ - —ﬁz(v) v+ VY
Typographically this looks very similar to the Schiddingerequation.Capitall is a normalized3-vector anda very
complicatedoneat thatif you review the assumptionshat got us here. phi is not a vector, but is a quaternion.This
give theequationmore,not less,analyticalpower. With all of the constraintsn place,l expectthatthis equationwill
behae exactly lik e the Schrodingeequation As theconstraintsareremoved, this proposabecomesicher. Thereis a
damperto quenchrunavay terms. The 3-vectorl becomegyuite the nightmareto dealwith, but it shouldbe possible,

givenwe aredealingwith atopologicalalgebraidield.

Implications

Any attemptto shift the meaningof an equationas centralto modernphysicshadfirst be ableto regenerateall of

its results.| believe thatthe quaternionanalogto Schibdingerequationunderthe listed constraintswill do the task.
Theses animmenseamountof work neededo seeasthe constraintarerelaxed, whetherthe quaterniordifferential
equationswill behae better My senseatthis time is thatfirst quaternioranalysisasdiscussedaarliermustbe made
asmathematicallysolid ascomplex analysis.At thatpoint, it will beworth pushingthe envelopewith this quaternion
equation. If it standson a foundationasrobustas complex analysis,the profoundproblemsseenin quantumfield

theorystanda chanceof fadingaway into the background.
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23 Intr oduction to Relativistic Quantum Mechanics

Therelativistic quantummechanicequatiorfor afree particleis the Klein-Gordonequation(h=c=1)

[ 6?22

The Schibdingerequatiorresultsfrom the non-relatvistic limit of this equation.In this section the machineryof the
Klein-Gordonequatiornwill beportedto quaternions.

-v% 4 rT?]E:O

The Wave Function

The wave function is the superpositiorof all possiblestatesof a system. The productof the conjugateof a wave
functionwith anothemwave functionformsa completeinner productspace.ln the enegy/momentunrepresentation,
thiswould involve all possibleenegy levelsandmomenta.

T = the sumfrom n = 0to infinity of (en, (TS)“)

Thisinfinite sumof quaternionshouldcontainall theinformationabouta system.The quaterniorwave functioncan
benormalized.

23 (en (B))"(ons (7)) - 3 (e3+ P2 0] -1

n=0 n=0

The first quaternionis the conjugateor transposef the second. Sincethe transposef a quaterniorwave function
timesawave functioncreatesa Euclideamorm, this representationf wave functionsasaninfinite sumof quaternions
canform acomplete hormedproductspace.

The Klein-Gordon Equation

The Klein-Gordonequationcanbe dividedinto two operatorghatact on the wave function: the D’Alembertianand
thescalam™2. Thequaternioroperatorequiredto createthe D’Alembertian,alongwith vectoridentities hasalready
beenworkedout for the Maxwell equationsn the Lorenzgauge.

S((23) 4 (&) ) fen (B2

n=0
o (P)

ot 2

=Z[6—e-$ ve, -V - VX(P)n,

e, 255 (B), +DAX(P) + sxeen]

Thefirst termof thescalarandthe secondermof thevector, arebothequalto zero. Whatis left is the D’Alembertian
operatoractingon the quaterniorwave function.

To generatehescalamultiplier m”2, substituteEn andPnfor theoperatorgl/dtanddelrespectiely, andrepeat.Since
the structureof the operatoris identicalto the previous one,insteadof the D’Alembertiantimesthe wave function,
thereis En"2-Pn"2.The sumof all thesetermsbecomesn”2.

Setthe sumof thesetwo operatorequalto zeroto form the Klein-Gordonequation.

S ((&3) (20 3) w ow (L) (en ~(B),)7) fenr (P),)/2-




23 INTRODUCTION TO RELATIVISTIC QUANTUM MECHANICS 66

It takessomeskilled staringto assurehatthis equationcontainsthe Klein-Gordonequationalongwith vectoridenti-
ties.

Connectionto the Maxwell Equations

If m=0, thequaternioroperator®f theKlein-Gordonequatiorsimplifiesto theoperatoraisedto generatéheMaxwell
equationsn theLorenzgauge.ln thehomogeneousase the sameoperatoractingon two differentquaterniongquals
thesameresult. Thisimpliesthat

(o

©

2, (en (P),)

n=0
Underthis interpretation a nonzeromasschangeshe wave equationinto a simple harmonicoscillator The simple
relationshipbetweerthe quaterniorpotentialandthe wave functionmay hold for thenonhomogeneousaseaswell.

Implications

The Klein-Gordonequationis customarilyviewed as a scalarequation(due to the scalarD’Alembertian operator)
andthe Maxwell equationsare a vectorequation(dueto the potentialfour vector). In this notebookthe quaternion
operatorthat generatedhe Maxwell equationsvasusedto generatehe Klein-Gordonequation. This also created
severalvectoridentitieswhich areusuallynot mentionedn this context. A quaterniordifferentialequationis needed
to performthe work of the Dirac equation,but sincequaternionoperatorsare a field, an operatorthat doesthe task
mustexist.
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24 Time Reversal Transformations for Inter vals

Thefollowing transformatiorR for quaternionseversedime:
(t. %) -> (-t X) = r(t, ¥
ThequaterniorR exist becausguaternionsareafield.

Rwill equal(-t, X )(t, X)"1. Theinverseof quaternioris thetranspos@ver the squareof thenorm,whichis thescalar
termof thetranspos@f a quaterniortimesitself.

R = (-t X[t %)= (17 XX 20 X)/[t7 4 XX

For ary giventime, R canbedefinedbasedntheabove.

ClassicalTime Reversal

Examinethe form of the quaterniorwhich reversegsime undertwo conditions.A interval normalizedto theinterval
takesthe form (1, beta),a scalarone and a 3-vectorrelatiistic velocity beta. In the classicalregion, betac<< 1.
CalculateR in thislimit to oneorderof magnituden beta.

R =(-t, B)(t, B) = (-t2+ 5.5 2t B)/(t2+ 5. 5. 0)
if B <<1 then Rz(—l, 2t E)

TheoperatorR is almostthe negative identity, but the vectoris non-zerosoit would not commute.

Relativistic Time Reversal

For arelatistic interval involving oneaxis, theinterval could be characterizetby thefollowing:
(T+e T, 0, 0)
Find out whatquaternionis requiredto reversetime for this relatiistic interval to first orderin epsilon.

R. (T2-(T+e)2 2T (T+e)
B lT2+ (T+e)2 T2+ (T+e)?’

\
0, oJ = (-$+0[e]2, 1+0[e1?, 0, 0)

This approachesg[-e/T, 1, 0, 0], almosta purevector, aresultdistinctfrom the classicakase.

Implications

In specialrelatiity, theinterval betweereventsis consideredo be4 vectorareoperatedn by elementof theLorentz
group. Theelemenbof this groupthatreversesime hasalongits diagonal

{-1, 1, 1, 1}, zeroeselsevhere. Thereis no dependencen relative velocity. Thereforespecialrelativity predicts
the operationof time reversalshouldbe indistinguishabldor classicalandrelativistic intervals. Yet classically time
reversalappeardo involve entropy, andrelatiistically, time reversalinvolvesantiparticles.

In this notebook,a time reversalquaternionhasbeenderived and shavn to work. Time reversalfor classicaland
relativistic intervals have distinct limits, but thesetransformationshave not yet beentied explicitly to the laws of
physics.
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25 Einstein’svision |: Classicalunified field equationsfor gravity and elec-
tromagnetismusing Riemannian quaternions

Abstract

Theequationgjoverninggravity andelectromagnetismmhowv both profoundsimilaritiesandunambiguouslifferences.
Albert Einsteinworkedto unify gravity and electromagnetismmainly by trying to generalizeRiemanniangeome-
try. Hamilton’s quaternionsare a 4-dimensionatopologicalalgebraicfield relatedto the realandcomplex numbers
equippedwith a static Euclidean4-basis. Riemannianquaternionsas definedhereinexplicitly allow for dynamic
changesn thebasisvectors.The equivalenceprinciple of generakelativity which appliesonly to massis generalized
becausdor ary Riemanniarguaterniordifferentialequation the chainrule meansa changecould be causedy the
potentialand/orthe basisvectors. The Maxwell equationsare generatedisinga quaternionpotentialand operators.
Unfortunatelythe algebras complicated The unifiedforcefield proposeds modeledon a simplificationof the elec-
tromagnetidield strengthtensor beingformedby a quaterniordifferentialoperatoractingon a potential,Box* A* .
This generatesn even, antisymmetric-matriXorce field for electricity andanodd, antisymmetric-matriXorcefield
for magnetismwherethe evenfield conseresits signif the orderof the differentialandthe potentialarereversed
unlike the oddfield. Gaugesymmetryis brokenfor massve particlesby the even, symmetric-matrixterm, which is
interpretecasbeingdueto gravity. In tensoranalysisa differentialoperatoractingon thefield strengthtensorcreates
the Maxwell equationsThe unifiedfield equationdor anisolatedsourcearegeneratedby actingon the unifiedforce
field with anadditionaldifferentialoperatorBox* Box* A* = 4 pi J*. Thiscontainsaquaterniorrepresentationf the
Maxwell equationsa classicalink to the quantumAharonos-Bohm effect, and dynamicfield equationdor gravity.
Vacuumsolutionsto theunifiedfield equationsirediscussedThefield equationgonsere bothelectricchagedensity
andmassdensity Undera Lorentztransformationthe gravitational andelectromagnetidields are Lorentzinvariant
andLorentzcovariantrespectiely, but thereareresidualtermswhosemeaningis not clearpresently An additional
constrainis requiredfor gaugetransformation®f a massve field.

Einstein’s vision using quaternions

Threeof the four known forcesin physicshave beenunified via the standardnodel: electromagnetisnthe weak
andthe strongforce. The holdout remainsgravity, the first force characterizednathematicallyby IsaacNewton.

The parallelsbetweengravity and electromagnetisnare evident. Newton'’s law of gravity and Coulombs law are
inversesquarelaws. Both forcescanbe attractve, but Coulombs law canalsobe a repulsie force. Neitherlaw is

consistenwith specialrelativity, requiringdifferentmodifications.Newton’s law of gravity needshefield equations
of generarelativity to beconsistentvith thefinite speedf light.[kraichnan1955Coulombslaw requiresheLorentz

forceterms.A longstandingyoal of modernphysicsis to explain the similaritiesanddifferencedetweergravity and

electromagnetism.

Albert Einsteinhad a specificideafor how to formulatean acceptablaunified field theory (seeFig. 1, takenfrom
[pais1982]). Oneunusualaspecbf Einsteins view wasthat he believed the unified field would leadto a new foun-
dation for guantummechanicsan idea which is not sharedby someof today’s thinkers.[weinbeg1992] Most of
Einsteins efforts over 40 yearsweredirectedin a searchto generalizeRiemanniardifferentialgeometryin four di-
mensions.

To a degreewhich haspleasantlysurprisedthe author Einsteins vision to unify gravity and electromagnetisnhas
beenfollowed. Themathematicalool usedis afour-dimensionallgebraidield known asthe quaternionsHamilton’s
guaternionsnustbe modernizedn two ways. First, they mustbe expressedn a coordinate-independemtay. This
propertywill be essentiafor the connectionto a generalizatiorof the equivalenceprinciple. Secondthe derivative
of a quaternionfunction with respectto a quaternionvariableneedsto be defined. Quaternionanalysisleadsto a
new foundationfor quantummechanicsconsistentvith the vastbody of previouswork. Thatwill beincludedin a
subsequenpaper This paperexploresthe hypothesighat Riemanniamuaternionsmodernizedo dealwith changes
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in basisvectors,is the mathematicalool necessarjor thegoalssetby Einstein.

Hamilton'squaternionsalongwith thefarbetterknow realandcomple« numberscanbeadded subtractedmultiplied
anddivided. Technically thesehreenumbersaretheonly finite-dimensionalassociatie, topological algebraidields,
upto anisomorphism.[pontryagin138] Propertieof thesenumbersaresummarizedn thetablebelow:

Number Dimensions Totally  Ordered Commutative
Real 1 Yes Yes
Complex 2 No Yes
Quaternions 4 No No

Hamilton’s quaternion$have a Euclideard-basiscomposef 1, i, j, andk. Therulesof multiplicationwereinspired
by thosefor complex numbers:1™2=1,i"2=j"2=k"2=ijk =-1. Quaternionslsohave areal4x4 matrix representation:
(t X -y -z

Ix ot o-zy |
q(tlxryrz)—ly z t _XJ
z -y x t

Although written in Cartesiancoordinatesguaternionscan be written in ary linearly-independent-basisbecause
matrix algebrgprovidesthe necessaryechniquegor changinghebasis.Thereforeik etensorsaquaterniorequation
is independentf thechoserbasis.Onecouldview quaternionastensorgestrictedo a4-dimensionahlgebraidield.

To make the coordinatendependencexplicit, a new notationis proposed.Considera quaterniord-function,A_n =
(a0,a1,a2,a3),andanarbitrary4-basis) _n = (i_0,i_1/3,i.2/3,i_3/3). [Thefactorof athird for the4-basisarerequired
to defineregularfunctionsin thepaperon quaternioranalysis.Briefly it is to balancethe contributionsof the scalarin
comparisorto the 3-vectorin adifferentialequation.]JA coordinate-independeRiemanniarguaternioris definedto
beAnl.n=(a0i.0,al1i.1/3,a2i_2/3,a3i_3/3). The4-basisdoesnot have to be static,asillustratedby takingthe
time derivative of thefirst termandusingthe chainrule:

%3l o =i %3 +a, %

at 0 at 0 at

Any changén a quaterniorpotentialfunctioncouldbedueto contributionsfrom achangedn potential thei_0 da.0/dt
term,and/ora changdn thebasis thea 0 di_0/dt term. Is this mathematicapropertyrelatedto physics?The equiva-
lenceprincipleof generatelativity assertswith experimentgo backit up,thattheinertialmassqualshegravitational
mass.An acceleratedeferencdramecanbe indistinguishabldrom the effect of a massdensity No corresponding
principleappliesto electromagnetisnwhich depend®nly on theelectromagnetitield tensorbuilt from the potential.
With Riemanniamuaternionsevery differentialtermcouldberepresentedsa changdan potentialor achangen the
referencdrame. Take for exampleGauss'law written with Riemanniarguaternions:

i 1206,
9 oxq 9 ox, 9 ox,

) : -
i,e,8i, i,%0e,

. . - . .
P08y 01 i3”0e; ige30iz _

Thedivergenceof the electricfield might equalthe source aswell asthe divergenceof the basisvectors.Thegeneral
equivalenceprinciplemeanghatany measuremertanbedueto achangen the potentialand/orachangen thebasis
vectors soit is applicableto bothgravity andelectromagnetism

Thedivergenceof theelectricfield might equalthe source aswell asthedivergenceof the basisvectors. Thegeneral
equivalenceprinciplemeanghatany measuremertanbedueto achangen the potentialand/orachangen thebasis
vectors soit is applicableto bothgravity andelectromagnetism.

(a, bi)(c, di) = (ac -bd, ad + bc),
with two quaternions,

(a, bT) (c, dT') = (ac -bdT -T7, adl” +bcT+dexT')
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Complex numberscommutebecausehey do nothave acrossproductin theresult. If theorderof quaterniormultipli-

cationis reversedthenonly the crossproductwould changets sign. Quaterniormultiplicationdoesnot commutedue
to the behavior of the crossproduct. The samemultiplicationrule appliesto quaternioroperatorsctingon functions.
An importantoperatorusedin this paperis the quaterniordifferentialoperator composedf a time derivative anda
del operatoy (d/dt, Del). Examinehow the differentialoperatoractson a potentialfunction:

(7 3) (0. A)= 32 - 53 5+ 5 5k

For thesale of clarity, the notationintroducedfor Riemanmjuaternionfiasbeensuppresssothereadeiis encouraged
to recognizethat thereare also a parallel setof termsfor changesn the basisvectors. The previous equationis a

completeassessmentf thechangean the4-dimensionapotential/basisnvolving two time derivatives thedivergence,
the gradientandthe curl all in one. A unifiedfield theoryshouldaccountfor all concevableformsof changen a 4-

dimensionapotential/basisasis the casehere.

Quaternioroperatorsandpotentialshave notbeenusedto expresshe Maxwell equationsThereasorcanbefoundin

thepreviousequationwherethesignof thedivergenceof A is oppositeof thecurl of A. In theMaxwell equationsthe
divergenceandthe curl involving theelectricandmagnetidield areall positive. Many others gvenin Maxwell’stime,

have usedcomple-valuedquaterniondor the taskbecausehe extra imaginarynumbercanbe usedto getthe signs
correct.However, complex-valuedquaterniongrenotanalgebraidield. Thenorm,t"2+x"2+y"2+2"2,for anon-zero
guaterniorcouldequalzeroif thevaluesof t, x, y, andz werecomple. This paperinvolvesthe constraintof working

exclusively with 4-dimensionaklgebraicfields. Therefore,no matterhow salutarythe work with comple-valued
guaternionsit is not relevantto this paper

Is therearationalway to constructphysicallyrelevantquaterniorequations?T'he methodusedherewill beto mimic
tensorequations.The electromagnetifield strengthtensoris formedby a differentialoperatoractingon a potential.
The Maxwell equationsare formedby actingon the field with anotherdifferentialoperator The Lorentz4-forceis
createdby theproductof aelectricchage,theelectromagneti€ield strengthtensor anda 4-velocity. This patternwill
berepeatedo createthe samefield andforce equationsusingquaterniordifferentialsandpotentials.The challengan
this exerciseis in theinterpretationto seehow every termconnectgo establishedaws of physics.

The reasonto hopefor unification using quaternionscan be found in an analysisof symmetryprovided by Albert
Einstein:

"The physicalworld is representedsa four-dimensionaktontinuum.If in this | adopta Riemanniarmetric,andlook
for the simplestlaws which sucha metric cansatisfy | arrive at therelatiistic gravitation theoryof emptyspacelf |
adoptin this spacea vectorfield, or the antisymmetridensorfield derivedfrom it, andif | look for the simplestlaws
which suchafield cansatisfy | arrive atthe Maxwell equationdor free spac€. [einstein1934]

The"four-dimensionatontinuum”could be viewed asa technicalconstraininvolving topology Fortunately quater
nions do have a topologicalstructuresincethey have a norm. Natureis asymmetric,containingboth a symmetric
metric for gravity and an antisymmetrictensorfor electromagnetismWith this in mind, rewrite out the real 4x4
matrix representatioof a quaternion:

bt oo) [x o)

q“’x’y'z)=lo 0t 0 J"ly z 0 x

0 0 O z -y X 0
The scalarcomponent(t in representatiorabove) can be representedy a symmetric4x4 matrix, invariantunder
transpositiorand conjugation(theseare the sameoperationgor quaternions).The 3-vectorcomponeni(x, y andz
in the representatiombove) is off-diagonaland canbe representethy an antisymmetricAx4 matrix, becauseaking
thetransposevill flip the signsof the 3-vector Quaternionsareasymmetrian their matrix representatiora property
whichis critical to usingthemfor unifying gravity andelectromagnetism.



25 EINSTEIN'SVISION I: CLASSICAL UNIFIED FIELD EQUATIONSFORGRAVITY AND ELECTROMAGNETISMUSIN

Recreating the Maxwell equations

Maxwell speculatedhathis setof equationsnight be expressedvith quaternionsomedaymaxwell1891]Thediver
gencegradientandcurl wereinitially developedby Hamiltonduring hisinvestigatiorof quaternionsFor the sale of
logical consisteng, ary systemof differentialequationssuchasthe Maxwell equationsthatdependn thesetools
musthave a quaterniorrepresentation.

The Maxwell equationsare gaugeinvariant. How canthis propertybe built into a quaternionexpression?Consider
a commongaugesuchasthe Lorenzgauge dphi/dt + div A = 0. In quaternionparlancethis is a quaternion-scalar
formedfrom a differentialquaternionactingon a potential. To be invariantunderan arbitrary gaugetransformation,
thequaternion-scalanustbesetto zero. Thiscanbedonewith thevectoroperator(g-g*)/2. SearcHor acombination
of quaternioroperatorandpotentialshatgeneratehe Maxwell equations:

(m*Vector (m*A*) - mVector (mA))*

|

+$¢] +$x (Gxﬂ)] =
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0, 47rj).
This is Amperes law andthe no monopolessectoridentity (assuminga simply-connectedopology). Any choiceof

gaugewill not make a contributiondueto thevectoroperator If the vectoroperatomwasnot usedthenthe gradientof
the symmetric-matriXorcefield would belinkedto the electromagnetisourceequation Amperes law.

Generatehe othertwo Maxwell equations:

- (mVector (m*A*) +m*Vector (mA))* _

2
=[9.[-9§-$@,azjﬂ+sx[-9§-$4]=
=[$-E g?+$x3]=
= (47rp, 6) .

Thisis GaussandFaradayslaw. Again,if thevectoroperatothadnotbeenused thetime derivative of thesymmetric-
matrix force field would be associateavith the electromagnetisourceequationGauss'law. To specifythe Maxwell
equationcompletelytwo quaterniorequationsarerequired justlik e the 4-vectorapproach.

Although successfulthe quaternionexpressionis unappealingor reasonf simplicity, consisteng and complete-
ness.A complicatedcollectionof sumsor differencesof differentialoperatorsactingon potentials- alongwith their
conjugates is required.Thereis no obviousreasorthis combinationof termsshouldbe centralto the natureof light.
Onemotivationfor the searchfor aunified potentialfield involvessimplifying the above expressions.

Whena quaterniondifferentialactson a function, the divergencealways hasa sign oppositethe curl. The opposite
situationappliesto theMaxwell equationsOf coursethesignsof the Maxwell equation€annotoechangedHowever,
it may be worth the effort to explore equationswith sign conventionsconsistentith the quaternionalgebra,where
the operatordor divergenceandcurl wereconceved.

Informationaboutthe changein the potentialis explicitly discardedy the vectoroperator Justificationcomesfrom
thepleafor gaugesymmetry essentiafor the Maxwell equationsThe Maxwell equationsapplyto masslesgarticles.
Gaugesymmetryis brokenfor massve fields. More informationaboutthe potentialmight be usedin unification of
electromagnetisrwith gravity. A gaugeis alsomatrix symmetric,soit could provide a completepictureconcerning
symmetry
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One unified forcefield fr om one potential field

For masslesgarticlesthe Maxwell equationsaresufficientto explain classicabndquantumelectrodynamiphenom-
enain agauge-ivariantway. To unify electromagnetismwith gravity, the gaugesymmetrymustbe broken, opening
the door to massve particles. Becauseof the constraintamposedby quaternionalgebra,thereis little freedomto
choosehe gaugewith a simplequaterniorexpressionln the standarcapproacho the electromagnetiéield, a differ-
ential4-vectoractson a4-vectorpotentialin suchaway asto createanantisymmetricsecond-rankensor Theunified
field hypothesigproposednvolvesa quaterniordifferentialoperatoractingon a quaterniorpotential:

wa [gj’ (3R - Fe e
This is a naturalsuggestiorwith this algebra.The antisymmetric-matrixcomponenbf the unifiedfield hasthe same
elementsasthe standarcelectromagnetidield tensor Definethe electricfield E asthe eventerms,the onesthatwill
not changesignsif the order of the differentialoperatorandthe potentialarereversed. The magneticfield B is the
curl of A, theoddterm. Thejustificationfor proposingthe unifiedforcefield hypothesigestson the presencef the
electricandmagnetidields.

Define the symmetric-matrixforce field asg. The field hasthe scalarvalue of a gauge,but musttransformun-
der a changein basisvectorslike the other second-rankerms, so would be written in tensornotationas g mu nu
Box*lambdaA* _lambda. This term epitomizesthe unification effort, combininga metric with the scalarvalue of
agauge.It will be zeroif the time rate of changein the scalarpotentialphi exactly balancedhe divergenceof the
3-vectorpotentialA. If the subsequerdinalysiscanlink the symmetric-matrixermto gravity, thenthis termis very
nearlyequalto zerobecausehe strengthof the electromagnetifield vastly exceedghat of gravity (over42 ordersof
magnitudefor a pair of electrons).

A guaternionpotentialfunction hasfour degreesof freedomrepresentedby the scalarfunction phi andthe 3-vector
functionA. Acting on this with one[or more]differentialoperatorgloesnot changethe degreesof freedom.Instead,
thetangentspace®f the potentialwill offer moresubtleviews ontherulesfor how potentialschange.

Thethreeclassicalforcefields, g, E andB, dependon the samequaternionpotential,so thereareonly four degrees
of freedom. With seven componentgo the threeclassicalforce fields, theremustbe threeconstraintdbetweenthe
fields. Two constraintaarealreadyfamiliar. The electricandmagneticfield form a vectoridentity via Faradays law.

Assumingspacetimés simply connectedthe no monopolesequationis anotheridentity. A new constraintarises
becauséoththe force fields for gravity andelectricity areeven. It will be shavn subsequentlyrow the evenforce
fieldscanpartially constructvely or destructvely interferewith eachother

Unified Field equations

In the standardapproactio generatinghe Maxwell equationsa differentialoperatoractson theelectromagnetiéield
strengthtensor A unifiedfield hypothesidor anisolatedsourceis proposedvhich involvesa differentialquaternion
operatoractingon the unifiedfield:

anlo 3) = (2 3) (&%) (0. 3) -

([62¢ ~ OA =~ =~ 2 (o =
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Thissecondardersetof four partialdifferentialequationdiasfour unknavnssothisis acompletesetof field equations.
Rewrite the equationsbove in termsof the classicaforcefields:

The unified field equationscontainthree of the four Maxwell equationsexplicitly: Gauss'law, the no magnetic
monopoleslaw, and Amperes law. Faradays law is a vectoridentity, so it is still true implicitly. Therefore,a
subsebf the unifiedfield equationscontainsa quaterniorrepresentationf the Maxwell equations.The justification
for investigatinghe unifiedfield equatiorhypothesiss dueto the presencef the Maxwell equations.

Theunifiedfield equatiorpostulates pseudd-vectorcurrentcomposeaf thedifferencebetweerthetime derivative

of themagnetidield andthecurl of theelectricfield. The Aharonos-Bohmeffectdepend®nthetotal magnetidiux to

createchangeseenn theenegy spectrum.[aharond 959] Thevolumeintegral of thetime derivative of the magnetic
field is a measureof the total magneticflux. The pseudo-currentlensityis quite unusualtransformingdifferently
underspacenversionthanthe electriccurrentdensity Onemightimaginethata Lorentztransformatiorwould shift

this pseudo-currendensityinto a pseudo-chayedensity This doesnot happerhowever, becausehe vectoridentity

involving the divergenceof a curl still applies. The Aharonos-Bohm phenomenorfjrst viewed asa purely guantum
effect, may have aclassicaknalogueén the unifiedfield equations.

Thefield equationsnvolving the gravitational force field are dynamicand dependon four dimensions.This makes
themlikely to be consistentwith specialrelatiity. Sincethey are generatedilongsidethe Maxwell equationspne
canreasonablyexpectthe differentialequationswill sharemary propertieswith the onesinvolving the symmetric-
matrix gravitational force field being more symmetricthanthoseof the electromagneticounterpart. At this time,
a specificconnectionto Einsteins field equationsand the machineryof curvaturehasbeenbeyond the graspof the
author Subsequeranalysisof therelatiistic unified4-forcewill make a connectiorto metricsandthusexperimental
obsenationsof gravity.

The unified sourcecan be definedin termsof more familiar chaige and currentdensitiesby separatelysettingthe
gravity or electromagnetidield equalto zero.In thesecasesthe sourceis dueonly to electricityor massespectiely.
This leadsto connectiondetweerthe unifiedsourcemassandchage:

J=J,if E=B=0
3=3.+(3), i g=0.

It would be incorrect- but almosttrue - to saythat the unified chaige and currentare simply the sumof the three:
masselectricchage,andthe Aharanaw-Bohmpseudo-currenfor total magneticflux over thevolume). Theseterms
constructvely interferewith eachother sothey maynotbeviewedasbeinglinearly independent.

Up to four linearly independentinified field equationscanbe formulated. A differentsetcould be createdby using
thedifferentialoperatowithout takingits conjugate:

-4 =m"W*A" =

(824 2 2. 2 (2.2 82A

2R (9)2z-exs¢]

.~ JME 4~ - 0B )

Vg+ o+ YxB+ oo + VXEL.
g+at+ +at+ J

This is anelliptic equation.Sincethe goal of this work is a completesystemof field equationsthis mayturn outto
be an advantage.An elliptic equationcombinedwith a hyperbolicone might morefully describegravitational and
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electromagnetisvavesfrom sourcesUnlike thefirst setof field equationsthe crosstermsdestructvely interferewith
eachother

The elliptic field equationagaincontainsthreeof four Maxwell equationsexplicitly: Gauss’law, the no magnetic
monopolesectoridentity andFaradayslaw. Thistime, Ampereslaw looksdifferent. Thismaybedueto achangdn
handednesfr anequationgoingfrom a propagatindyperbolicequationto anelliptical equation.If thisis thecase,
theequationis a quaterniorrepresentatioof an elliptical analogof the Maxwell equations.

The only term that doesnot changebetweenthe two field equationds the oneinvolving the dynamicgravitational
force. This might bea cluefor why thisforceis only attractie.

Thefield equationof generalrelativity andthe Maxwell equationsboth have vacuumsolutions. A vacuumsolution
for theunifiedfield equations apparenfor theelliptical field equations:

Ao (%ek‘.ﬁ_m’ (K)OeR'ﬁ-“t).
Theunifiedfield equatiorwill evaluateto zeroif
w =\2
Scalar ((E K) ) =0.

Thedispersiorrelationis aninverteddistance soit will dependon the metric. The samepotentialcanalsosolve the

hyperbolicfield equationaunderdifferentconstraintsaandresultingdispersionequation(not showvn). Thereweretwo

reasongor not including the customaryimaginarynumber”i” in the exponentialof the potential. First, it wasnot

necessarySecond,t would have createda complex-valuedquaternion,andthereforeis outsidethe domainof this

paper The importantthing to realizeis that vacuumsolutionsto the unified field equationsexist whosedispersion
equationgdependon the metric. This is anindicationthat unifying gravity andelectromagnetisns an appropriate
goal.

Consermation Laws

Consenrationof electricchageis implicit in the Maxwell equationsls therealsoa consered quantityfor the gravi-
tationalfield? Examinehow the differentialoperatoractson the unifiedfield equation:

(629 = = 82E ;2122 82B  yay2a)
mEA =l?+v-vg, at2+(v) E+at2+(v) BJ

Notice thatthe gravitational force field only appearsn the quaternionscalar The electromagneti€ields only appear
in the 3-vector This generateswo typesof constrainton the sourcesNo changen theelectricsourceappliesto the
guaterniorscalar No changen the gravitational sourceappliesto the 3-vector

) N N
Scalar (mJ.*) = a‘:e +V - (J)e =0

Scalar (l(j)AB*) =V- (j)AB* =0

a(3) . . . .

(at)m+me—Vx (3),=0
The first equationis known as the continuity equation,andis the reasonthat electric chaige is consered. For a
differentinertial obsener, this will appearasa consenrationof electriccurrentdensity Thereis no sourceterm for
the Aharana-Bohmecurrent,andsubsequentlyo conserationlaw. The 3-vectorequations a constraintonthemass
currentdensity andis thereasormasscurrentdensityis consered. For a differentinertial obsener, the massdensity
is consered.

Vector (mJ.*) = -
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Transformations of the unified forcefield

Thetransformatiorpropertiesof the unifiedfield promiseto bemoreintricatethaneithergravity or electromagnetism
separatelyWhatmight be expectedto happerundera LorentztransformationGravity involvesmassthatis Lorentz
invariant, so the field that generatest shouldbe Lorentzinvariant. The electromagnetidield is Lorentz covariant.
However, a transformatiorcannotdo both perfectly Thereasonis thata Lorentztransformatiormixesa quaternion
scalarwith a 3-vector If atransformationleft the quaternionscalarinvariantand the 3-vector covariant, the two
would effectively notmix. Theeffectof unificationmustbe subtle,sincethetransformatiorpropertiesarewell known
experimentally

Considera boostalongthe x-axis. The gravitational forcefield is Lorentzinvariant. All the termsrequiredto make
the electromagnetifield covariantundera Lorentztransformatiorare presentput covarianceof the electromagnetic
fieldsrequireshefollowing residualterms:

- a o¢

(®*A™) Residual = (0, (72/32—1)%*' (72—1)&,
oA, O oA, oA,

‘2*’3(?+§)' 2”(?'5 :

At this time, the correctinterpretationof the residualtermis unclear Most importantly it was shovn earlier that
chageis consered. Thesetermscould be a velocity-dependenphasefactor If so, it might provide a testfor the
theory

The mechanic®f the Lorentztransformatioritself might requirecarefulre-examinationwhensostrictly confinedto

guaternionalgebra. For a boostalongthe x-axis, if only the differentialtransformatioris in the oppositedirection,
thenthe electromagnetidield is Lorentz covariantwith the residualterm residingwith the gravitational field. The
meaningof this obsenationis evenlessclear Only relatively recentlyhasDelLeobeenableto representhe Lorentz
groupusingreal quaternions.[deleo199d]he delay appearsodd sincethe interval of specialrelativity is the scalar
of the squareof the differencebetweerntwo events. In the real 4x4 matrix representatiorthe interval is a quarterof

the traceof the square. Therefore,any matrix with a traceof onethat doesnot distort the length of the scalarand
3-vectorcanmultiply a quaternionwithout effectingthe interval. Onesuchclassis 3-dimensionalspatialrotations.
An operatotthataddsnothingto thetracebut distortsthe lengthsof the scalarand3-vectorwith theconstrainthatthe
differencen lengthsis constantill alsosuffice. Theseareboostdn aninertialreferencdrame.Boostsplusrotations
form theLorentzgroup.

Threetypesof gaugetransformationsvill beinvestigateda scalar a 3-vector anda quaterniorgaugefield. Consider
anarbitraryscalarfield transformatiorof the potential:

As A = A-mA

The electromagnetidields are invariant underthis transformation. An additional constrainton the gaugefield is
requiredto leave the gravitational force field invariant, namelythat the scalargaugefield solves a homogeneous
elliptical equation.Fromthe perspectie of this proposalthe freedomto choosea scalargaugefield for the Maxwell
equationss dueto the omissionof the gravitationalforcefield.

Transformthe potentialwith anarbitrary3-vectorfield:
AsA = A-w*h.

This time the gravitationalforcefield is invariantundera 3-vectorgaugefield transformation Additional constraints
canbeplacedonthe3-vectorgaugdield to presereachoserelectromagnetimvariant. For example,if thedifference
betweerthetwo electromagnetiéieldsis to remaininvariant,thenthe 3-vectorgaugefield mustbethe solutionto an

elliptical equation.Otherclasse®f invariantscouldbe examined.

The scalarand3-vectorgaugefields could be combinedto form a quaterniongaugefield. This gaugetransformation
would have the sameconstraintsas thoseabove to leave the fields invariant. Is thereany suchgaugefield? The
guaterniorgaugefield canberepresentethe following way:
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As A = A-m*A.

If aforcefield is createdy hitting thisgaugeransformatiowith adifferentialoperatorthenthegaugefield becomes
unifiedfield equation.Sincevacuumsolutionshave beenfoundfor thoseequationsa quaterniorgaugetransformation
canleave thefield invariant.

Futuredir ections

Thefieldsof gravity andelectromagnetisrwereunifiedin a way consistenwith Einsteins vision, not his technique.
The guiding principlesweresimple but unusual:generatexpressiongamiliar from electromagnetismsing quater

nions,striving to interpretary extratermsasbeingdueto gravity. Thefirst hypothesisabouttheunifiedfield involved

only a quaterniondifferential operatoractingon a potential,no extra termsaddedby hand. It containedhe typical

potentialrepresentationf theelectromagnetitield, alongwith asymmetric-matriforcefield for gravity. Thesecond
hypothesizoncerneda unifiedfield equatiorformedby actingontheunifiedfield with onemoredifferentialoperator
All the Maxwell equationsareincludedexplicitly or implicitly. Additionaltermssuggestetheinclusionof aclassical
representationf the Aharanw-Bohmeffect. Four linearly independentinified field equationsxist, but only the hy-

perbolicandelliptic casesverediscussedA largefamily of vacuumsolutionsexists, andwill requirefuture analysis
to appreciateTo work within the guidelinesof this paper oneshouldavoid solutionsrepresentetdy complex-valued
guaternions.

A significantweaknesst this time is the missinglink to the machineryof curvature. Instead,a more obscurepath
betweerforcesandmetricswasemployed. A unifiedforcewasproposeda cloneof oneusedin electromagnetism.

Why did this approachwork? The hypothesisthat initiated this line of researchwasthat all eventsin spacetime
couldberepresentedy quaternionsno matterhow the eventsweregeneratedThis is abroadhypothesisattempting
to reachall areascoveredby physics. Basedon the equationspresentedn this paper a logical structurecan be
constructedstartingfrom events(seeFig. 2). A setof eventsforms a patternthat canbe describedcby a potential.
The changein a potentialcreatesafield. The changen field createsafield equation. The termsthatdo not change
underdifferentiationof a field equationform conserationlaws. A force thatdependsinearly on the field generates
gravitationalandelectromagnetiforces.Assumingadirectionto thislogic would beincorrect,sinceall thedifferential
operatorausedareinvertible.
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26 Einstein’svision Il: A unified force equation with constantvelocity pro-
file solutions

Abstract

A unifiedrelativistic force equationis proposedgcreatedby the productof chage, unified force field and 4-velocity,
¢ d m beta/dtau = kg Box * A* beta*. The Lorentz4-forceis generatedy this expression.In addition,thereis a
Heaviside-dualpseudo-forceperhapgelatedto the Aharanw-Bohmeffect. The gravitationalforceis the productof
the massthe gravitationalfield andtherelativistic velocity. To explore the gravitational aspectf the unified force
equationafourthhypothesipostulates gravitationalfield, Scalar(Box* A*) = - G M/c"3]| tau| 2, whichis analogous
to Newton's field usingthe magnitudeof the interval insteadof the radiusto make it Lorentzinvariant. The solution
to thegravitationalforceequationcanberearrangednto a dynamicsecond-ordeapproximatiorof the Schwarzschild
metric of generalrelativity. The unified metric hasa singularityfor alightlike interval. A constant-elocity solution
exists for the gravitational force equationfor a systemwith an exponentially-decayingnassdistribution. The dark
matterhypothesiss not neededo explain the constant-elocity profiles seenfor somegalaxies. This solutionmay
alsohave implicationsfor classicabig bangtheory

Intr oduction

Gravity wasfirst describedasa force by IsaacNewton. In generalrelativity, Albert Einsteinarguedthat gravity was
notaforceatall. Rather gravity wasRiemanniargeometrycurvatureof spacetimeausedy thepresencef amass-
enepgy density Electromagnetismvasfirst describedas a force, modeledon gravity. Thatremainsa valid choice
today However, electromagnetisrsannotbe depictedin purely geometricterms. A conceptuabap exists between
purelygeometricabndforcelaws.

Thegeneralkequialenceprinciple,introducedn thefirst paperof this series placesgeometryandforce potentialson
equalfooting. Riemanniarmquaternions(a.0i_0,a1i_1/3,a2 i_2/3,a3 i_3/3), haspairsof (possibly)dynamicterms
for the4-potentialA andthe4-basid. Gauss’law written with Riemanniarguaterniorpotentialsandoperatordeads
to this expression:

i 12 06

9 oxq 9 ox, 9 ox,

i,e0i; i,%0e,

. . - . .
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If thedivergenceof the electricfield E waszero,thenGauss’law would be dueentirelyto the divergenceof the basis
vectors. The reversecasecould alsohold. Any law of electrodynamicsvritten with Riemannianquaternionds a
combinationof changesn potentialsand/orbasisvectors.

Thetensorequationfor therelatiistic electrodynamiet-forcewill sene asa modelfor a unifiedforceequation.The
unified force equationcontainsthe Lorentz4-force. In the first paperof this seriesa classicalrepresentationf the
guantumAharanw-Bohm effect appearedn the field equations.The pseudo-forcehat appearsn the unified field
equationss a manifestatiorof the Aharanaw-Bohmeffectin aforcelaw.

A link for a specificgravitational field betweena gravitational force law anda dynamicmetric hasbeenfound. A

Lorentz invariant gravitational field that is a close numericalapproximationof Newton’s gravitational field. The
equationof motion wassolved. The solutionis of a particularform that canbe rearrangednto a dynamicmetric.
Under weak, static conditions,the unified metric is a good approximationof the Schwarzschildmetric of general
relatiity.

Is therean applicationfor the new gravitational force law? Newton'’s law of gravity is inadequatdo describethe
motionof spiralgalaxies(which arestaticandweakenoughto make Newton’s law anappropriateapproximatiorfor
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generakelatiity). Spiralgalaxiesareoftencomposeaf a sphericabulge anda thin disk whosemassfalls off expo-
nentially[freeman1970Themaximumvelocity reacheshevelocity expectedhasedntheusingthemasgo light con-
versionratio to calculatethetotal mass Whathasbeensurprisingis thatthe velocity of thedisk far from the centeras
seerby viewing neutralhydrogergasspectralinescontinuego have thatvelocity.[kent1986][lert1987][albadal B9
Therearetwo problems.First, the velocity profile shouldshav a Keplariandeclineunlessthereis a large amountof
dark matterthat cannotbe seen but whosepresencés inferredto createthe flat velocity profile. Secondthedisk is
not stableto axisymmetricdisturbances.[toomre196M8ewtoniantheory predictsthat galacticdiskslike the onewe
live in shouldhave collapsedong ago.

A relatiistic force involvesa changein momentumwith respecto spacetime.For Newton’s law, only a changein
velocity with respecto time is considered Onecouldlook at the changen massdistribution with respecto space.
Using the sameLorentz-irnvariantgravitational field, a constant-elocity solutionis found wherethe massfalls off
exponentially No darkmatteris neededo explain the velocity andmassprofile seenin spiralgalaxies.

Relativistic 4-forces

Definetherelatiistic 4-forceasthe changen momentumwith respecto theinterval. A unified field hypothesids
proposedmodeledon therelativistic electromagnetid-force,which involvesthe productof a chage,a unifiedfield
anda4-velocity:

F=kgm*A*B*

Expandthetermsthatinvolve the electromagnetifield on the right-handside,groupingthemby their transformation
propertiesundera spatialinversion:

Feg = k g Vector (m*A*) B* = kq (yE “E yE+vB xﬁ) +
+kq(~(73k . ﬁ, 7§+1Ex_|§)

Thefirst termis the relatiistic Lorentz4-force. The reasorthis unified force hypothesids beinginvestigateds due
to the presencef this well-known force.

The secondterm containsa pseudo-scalaand pseudo-3-ector Thereis no correspondingclassicalforce. This
presentsereral options. Theleft-handsideof the equationrmay beincomplete perhapsa pseudo-forcénvolving the
Aharanw-Bohm current. Alternatively, the operatorscould be constructedo remove the pseudo-forcgerms. This
would not be consistentvith the simplicity mandatdollowedin this paper

Analysisof thegravitationalforce equationturnsoutto be moredirect. Both sidesof theforce equationarecomposed
of truescalarsaand3-vectors:

Fg = k m, Scalar (m*A*)B*

This maybewhy gravity is alwaysanattractive force: unlike the completesetof termsfor the electromagnetiforce,
all thetermsinvolving gravity forcethe sameway undertime or spatialinversion.

Whatgravitationalfield shouldbe usedin theforce equationto generateequationf motion? Newton’s gravitational
3-vectorfield is goodnumerically Unfortunately Newton’s law of gravitationis not consistentvith specialrelativity.
[misner1970,Chapter7] Oneway to derive the field equationsof generalrelativity involves making Newton’s law
of gravity consistentwith the finite speedof light. [kraichnan1955]Testa gravitational field that exploits a close
4-dimensionabpproximatiorfor aspacelile separatiorR: the magnitudeof theinterval betweertheworldlinesof the
testandgravitationalmassesA hypothesidor the gravitationalfield is proposed:

GM
- C3 Iz 2
This field is invariantundera Lorentz transformationsinceit is the ratio of two invariantscalarsalongwith some
constantsFor aweakfield, theradiusover thespeedf light andtheabsolutevalueof theinterval will numericallybe
thesame put their mathematicabehavior will bedifferent.

g=
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Assumeno relativistic effectsconcerninghe mass.Assumethe equivalenceprinciple sothattheinertial massequals
the gravitational mass. Plug the gravitationalfield into the force law, cancelingthe masseso generatea quaternion
equationof motion:

[ 52t GM ot &R GM oR) (0 6)
<2t 3 757 >3- 3. o7 =a_|* ’
at?® c3|t|? ot at? c3|.-_|26r.J

Thesolutionfor therelativistic velocity is anexponential:

( GM o __&m )
(at GR) =lce 3 , Ce cSleioxic |

P c?|c|0xlc
,
ot ot

Given a real gravitational force, the interval tau evaluatesto a real number One could explore a solutionfor an
imaginaryfield, but thatwill notbeinvestigatedn this paper

Generalrelativity is discussedn termsof curvature,not forces. A metric is a function that involves differential
elementof time, spaceandtheinterval. Noticethattherelatvistic velocity thatsolvedthegravitationalforceequation
alsohastheseslementsLook for analgebraidink. Solvefor theconstantsywhichevaluateto a4-velocityin spacetime.
Formaninvariantscalarundera Lorentztransformatiorof this constantandthereforeconsered,4-velocity by taking
the scalarof the square.Multiply throughby theinterval squaredo createa function with the form of a metric. To
ensurghatthe metricequalshe Minkowski metricin flat spacetimesetthe difference®f the constant®qualto one:

61:2 = e_zcg\f\’\gxlc ot 2 - e2 03 |cG|’\gxlc a (ﬁ) 2
If thegravitationalfield is zero,this generatethe Minkowski metric of flat spacetimeCorverselyif thegravitational
field is non-zerospacetimes curved

No formal connectionbetweerthis proposaland curvaturehasbeenestablished.Insteada mercurialpath between
a proposedyravitational force equationanda metric function was sketched. Thereis a historicalprecedencéor the
line of logic followed. Sir IsaacNewton in the Principiashaved animportantlink betweerforceslinearin position
andinversesquareorcelaws.[nevton1934]More modernefforts have shavn thatthereasorfor the connectionis due
to the conformalmappingof z\rightarronv z°{2}.[needham1993This methodwasadaptedo a quaterniorforce law
linearin therelativistic velocity to generate metric

For aweakfield, write the Taylor seriesexpansionin termsof thetotal massover theinterval to second-order:

2
GM GM
6t2=(1—237+2( 3 ) )atz-
colt] cilt]

GM GM \2\ /=22 M \?®
'(1+2c3|r| +2(c3|t|) )a(R) +O((c3|r|) )
The expansionhasthe sameform asthe Schwarzschildmetricin isotropic coordinatesxpandedn powersof mass

overtheradius.If the magnitudeof theinterval is a closeapproximatiorto theradiusdivided by the speeddf light, it
will passthe sameweakfield testsof generakelativity.[will1993]

Thetwo metricsarenumericallyverysimilarfor weakfields,but mathematicallglistinct. For example the Schwarzschild
metricis static,but the unified metric containsa dependencen time sois dynamic. The Schwarzschildmetrichasa
singularityat R=0. The unified gravitational force metricbecomesundefinedor lightlike intervals. This might pose
lessof aconceptuaproblem,sincelight hasnorestmass.

The constantvelocity profile solution

In the previoussection the systemhada constanpoint-sourcanasswith avelocity profile thatdecayedvith distance.
Herethe oppositesituationis examined wherethevelocity profile is a constantput the massdistribution decayswith
distance Expandthe definition of therelativistic force usingthe chainrule:
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amp [¢]] om
C—— =mc— +BC—
ot ot ot

Thefirst term of the force is the onethatleadsto an approximationof the Schwarzschildmetric, andby extension,
Newton'’s law of gravity. For aregion of spacetimavherethe velocity is constantthis termis zero. In that region,
gravity’ seffectis onthedistribution of massover spacetimeThis new gravitationaltermis notdueto theunifiedfield
proposalperse.It is morein keepingwith the principlesunderlyingrelativity, looking for changesn all components,
in this casemasddistribution with respecto spacetime.

Startwith thegravitationalforcein aregion of spacetimavith no velocity change:
om

61:=

BC k m Scalar (m*A*)B*

Make the sameassumptionsis before: the gravitational massis equalto the inertial massandthe gravitational field
employs the interval betweerthe worldlinesof the testandgravitational massesThis generatesn equationfor the
distribution of mass:

(6m ¥GM _ —=6m ¥BGM ) -

lyﬁ TR B - c3|:|2mJ = (0 0)
Solve for the massflow:

- ( GM o .M )
(wm Y B m) = lc ec®ltiode | Ce c3|t|0x1cJ

As in the previous examplefor a classicalweakfield, assumahe magnitudeof the interval is an excellentapproxi-
mationto theradiusdivided by the speedof light. Thevelocity is a constantsoit is the massdistribution thatshovs
anexponentialdecaywith respecto theinterval, which is numericallyno differentfrom the radiusover the speedof
light. Thisis a stablesolution.If the masskeepsdroppingof exponentially the velocity profile will remainconstant

Look atthe problemin reverse.The distribution of matterhasanexponentialdecaywith distancefrom the center It
mustsolve a differentialequationwith the velocity constanbverthatregion of spacetiméik e the oneproposed.

The exponentialdecayof the massof a disk galaxyis only onesolutionto this expandedyravitational force equation.
Thebehavior of largersystemssuchasgravitationallensingcausedy clusterscannotbe explainedby the Newtonian
term.[begmann199{] grossman®89][tyson1990] It will remainto beseenif this proposals sufficientto work onthat
scale.

Futur e dir ections

For a spiral galaxywith anexponentialmassdistribution, dark matteris no longerneededo explain theflat velocity

profile obsened or the long term stability of the disk. Massdistributed over large distancesf spacehasan effect

on the massdistribution itself. This raisesan interestingquestion:is therealso an effect of massdistributed over

large amountsof time? If the answeris yes,thenthis might solve two analogousiddlesinvolving largetime scales,
flat velocity profilesandthe stability of solutions.Classicabig bangcosmologytheoryspanghe largesttime frame
possibleand facestwo suchissues. The horizon probleminvolvesthe extremely consistentvelocity profile across
partsof the Universethat arenot casuallylinked.[misner1970p. 815] The flathessproblemindicateshow unstable
the classicalbig bangtheoryis, requiring exceptionalfine tuning to avoid collapse.[dick1979]Considerableffort

will berequiredto substantiatéhis tenuoushypothesis.Any insightinto the origin of the unified enginedriving the

Universeof gravity andlight is worthwhile.
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27 Strings and Quantum Gravity

In this section,aquaternior3-stringwill be defined.By makingthis quantitydimensionlesd, will arguethatit my be
involvedin arelatiistic quantumgravity theory atleastoneconsistentvith currentexperimentatests.At thecurrent
time, thisis anideain progressnotatheory sincethe equationf motionhave notbeendeterminedlt is hopedthat
thework in the previous sectionon unifiedfieldswill provide thatsomeday

Strings

Let usrevisit the differencebetweentwo quaternionsquaredasworkedoutin the sectionof analysis.A quaternion
has4 degreesof freedom soit canberepresentetly 4 realnumbers:

q = (ag, ap, ay, ag)

Taking the differencebetweentwo quaternionds only a valid operationif they sharethe samebasis. Work with
definingthe derivative with respecto a quaterniorhasrequiredthata changen the scalarbe equalin magnitudeto
thesumof changesn the 3-vector(insteadof theusualparity with components)Theseconcerndeadto the definition
of thedifferencebetweertwo quaternions:

dg = (da(J eq, dal%, daz%z, da3%3)
Whattype of informationmuste0,el,e2,ande3 sharein orderto make subtractiona valid operation?Thereis only
onebasis,sothe two eventsthat make up the differencemustnecessarilype expressedn the samebasis.If not, then
the standardccoordinateransformatiomeedso be donefirst. A moresubtleissueis thatthe differencemusthave the
sameamountof intrinsic curvaturefor all threespatialbasisvectors.If thisis notthe casethenit would notlongerbe
possibleto do a coordinateransformatiorusingthe typical methods.Therewould be a hiddenbumpin anotherwise
smoothtransformation! At this point, I do not yet understandhe technicallink betweenbasisvectorsandintrinsic
cunvature.l will proposethefollowing relationshipbetweerbasisvectorsbecausdts form suggests link to intrinsic
curvature:
If e0= 1, thisis consistenwith Hamilton'ssystenfor 1,i, j, andk. Thedimensiondor thespatialpartarel/distance™2,
thesameasintrinsic curvature.Thisis aflat spaceso-1/e1"2is somethindike 1 + k. In effect, | amtrying to memge
thebasisvectorsof quaternionsvith toolsfrom topology In math,l amfreeto definethingsasl chooseandif lucky,
it will prove usefullateron:-)

Formthe squareof the differencebetweertwo quaternioreventsasdefinedabove:

N

e
+da32%,

2
e
+ daf%

2
€

dq? = |day2e,? + da,? 5

\
2da0da1eo%, 2da0da2eo%, 2da0da3e083—3J =

2

= (interval , 3-string )

Thescalaris the Lorentzinvariantinterval of specialrelativity if e0= 1.

Why usea work with a powerful meaningin the currentphysicslexicon for the vectordt dX? A string transforms
differently thana spatial3-vector, the former flipping signswith time, the latter inert. A stringwill alsotransform
differentlyundera Lorentztransformation.

Theunitsfor a string aretime*distance For a stringbetweertwo eventsthathave the samespatiallocation,dX = 0,
sothestringdt dX is zero. For a string betweerntwo eventsthataresimultaneousgt = 0 sothe stringis againof zero
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length. Only if two eventshappenat differenttimesin differentlocationswill thestringbenon-zero.Sinceastringis
notinvariantundera Lorentztransformationthe valueof astringis

We all appreciatahe critical role playedby the 3-velocity, which is theratio of dX by dt. Hopefully we canimagine
anotherrole asimportantfor the productof thesesametwo numbers.

DimensionlessStrings

Imaginesomesystemthat happengo createa periodic patternof intervals and strings(a seriesof eventsthatwhen
you took the differencebetweenneighboringeventsand squaredhem, the resultshad a periodic pattern). It could
happen-) Onemightbeableto usea collectionof sinesandcosinedo regeneratehe pattern sincesinesandcosines
cando thatsortof work. However, the differencesvould have to first be madedimensionlesssincetheinfinite series
expansionfor suchtranscendentdlnctionswould not make sense Thefirst stepis to getall the unitsto bethe same,
usingc. Let aOhave unitsof time,andal,a2,a3have units of space Make all componentsiave unitsof time:

2€5°

2
+da,” =55 +dag® —=

( e
2 2g 2 281
dg® = LdaO ep° +da, 9¢? 902

2dayda; e, g—é, 2dayda,e, g—é, 2dagdageq g—gJ

Now the unitsaretime squaredlUsea combinationof 3 constantdo do thework of makingthis dimensionless.

1 _ masstime 2 1 time 5 _ distance °
> ch-> =2~

G ~ distance 3 h ~ massdistance 2 - time ®

Theunitsfor the productof thesethreenumbersarethereciprocalof time squaredThis is the sameasthe reciprocal
of the Plancktime squaredandin units of secondss 5.5x10785s™-2.The symbolsneededo make the difference
betweertwo eventsdimensionlesaresimple:

5 2
2_C ( €3
9c?

2
_C 282
&l

2, 2 2 8° € 2
dag“ey” +dag 92 +da, 9c2 +das
c c

dq
2daoda1e0§—é, 2dagda,eq g—é, 2dagdazeq g—g

As farastheunitsareconcernedthisis relatvistic (c) quantum(h) gravity (G). Take this constant$o zeroor infinity,
andthedifferenceof a quaterniorblows up or disappears.

Behaving Lik e a Relativistic Quantum Gravity Theory

Althoughthe units suggesa possiblerelativistic quantumgravity, it is moreimportantto seethatit behaeslike one.
Sincethis unicornof physicshasnever beenseenl will presen#4 casesvhich will shav thatthis equationbehaes
like thatmysteriousheast!

Considera generaltransformationT thatbringsthe differencebetweerntwo eventsdq into dg’. Therearefour cases
for whatcanhapperto theinterval andthe string betweerthesetwo eventsunderthis generakransformation.

Casel: ConstantIntervals and Strings

T :dg- >dqg’ such that scalar (dg?) =
scalar (dg’?)and vector (dg?) = vector (dq’?)



27 STRINGSAND QUANTUM GRAVITY 84

This lookssimple,but thereis no handleon the overall sign of the 4-dimensionafjuaterniona smole signalof O(4).
Quantummechanicss constructedarounddealingwith phaseambiguityin arigorousway. This issueof ambiguous
phasess truefor all four of thesecases.

Case2: ConstantInter vals

T : dg- >dqg’ such that scalar (dg?) =
scalar (dg’?)and vector (dg?)! =vector (dq’?)

Case2 involvesconservingthe Lorentzinvariantinterval, or specialrelativity. Stringschangeundersucha transfor
mation,andthis canbe usedasa measuref the amountof changebetweerinertial referencdrames.

Case3: Constant Strings

T :dg- >dg’ such that scalar (dg?) ! = scalar (dq’?)and vector (dq?) =
vector (dg’?)

Case3 involvesconservinghe quaterniorstring, or generalelativity. Intervalschangeundersuchatransformation,
andthis canbeusedasa measuref theamountof changebetweemon-inertialreferencérames.All thatis required
to make this simplebut radicalproposalkonsistentvith experimentakestsof generarelatwity is thefollowing:

GM 1 1 1
1'2T='—2-'—z=‘—z=eo2
c°R e e, €3

The string, becausét is the productof e0el,e0e2,ande0e3,will not be changedy this. The phaseof the string
maychangehere sincethisinvolvestheroot of thesquaredasisvectors.Theinterval dependslirectly onthesquares
of thebasisvectors(l think of thisasbeing1+/- theintrinsic curvature but do notknow if thatis anaccuratadechnical
assessment)his particularvalueregeneratethe Schwarzschildsolutionof generarelativity.

Case4: No Constants

T : dg- > dg’ such that scalar (dg?)! =
scalar (dg’?)and vector (dg?)! =vector (dq’?)

In this proposal,changesn the referenceframe of aninertial obsener arelogically independenfrom changingthe
massdensity Thetwo effectscanbe measuredeparatelyThe changan thelength-timeof thestringwill involve the
inertial referencdrame,andthe changen theinterval will involve changesn themassdensity

The Missing Link

At this time | do not know how to usethe proposedunified field equationsdiscussedearlierto generatethe basis
vectorsshavn. This will involve determiningthe preciserelationshipbetweenintrinsic curvatureandthe quaternion
basisvectors.
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28 Answering Prima Facie Questionsin Quantum Gravity Using Quater-
nions

(Note: this wasa postsentto the newsgroupsci.physics.researclune28, 1998)

Chrislshams paper’PrimaFacieQuestionsn QuantumGravity” (gr-qc/93100310ctober1993)detailsthestructure
requiredof any approachto quantumgravity. | will usethatpaperasa templatefor this post, noting the highlights
(but pleasereferto this well-written paperfor details). Wherever appropriate] will pointout how usingquaternions
in quantumgravity fits within this superstructurel. will arguethatall thetechnicalpartsrequiredareall readypartof

guaterniormathematicsThesetools arerequiredto calculatethe smallestnorm betweerntwo worldlines,which may
form anew roadto quantumgravity.

What Is Quantum Gravity?

Ishamsortsthe approacheso quantumgravity into four groups. First, thereis the classicalapproach.This begins
with Einsteins generalrelativity. Systematicallysubstituteself-adjointoperatordor classicalftermslike enegy and
momentum.This getsfurther subdvidedinto the 'canonical’ schemewnherespacetimes split into time andspace—
Ashtekars work—anda covariantformulation,whichis believedto be perturbatvely non-renormalizable.

The secondapproachakesquantummechanicandtransformst into generalrelativity. Much lesseffort hasgonein
this direction,but therehasbeenwork doneby Haag.

The third angle hasgeneralrelativity asthe low enegy limit of ideasbasedin cornventionalquantummechanics.
Quantumgravity dominateshe world on the scaleof Planktime, length,or enegy, a placewhereonly calculations
cango. Thisis wheresuperstringheorylives.

The fourth possibility involvesa radicalnew perspectie, wheregeneralrelativity and quantummechanicsareonly
differentapplicationsof the samemathematicaktructure. This would requirea major "retooling”. Peoplewith the
patienceto have readmary of my post(evenif not followed:-) know this is the taskfacingwork with quaternions.
Replacethe tools for doing specialrelativity—4-vectors,metrics,tensorsand groups—withquaternionghat presere
thescalarof asquaredjuaternionReplacehetoolsfor deriving theMaxwell equations—4-potentialsetrics tensors,
andgroups—byquaternioroperatorsactingon quaterniorpotentialsusingcombination®of commutator&ndanticom-
mutators. It remainsto be shavn in this postwhetherquaternionsalso have the structurerequiredfor a quantum
gravity theory

Why Do We Study Quantum Gravity?

Ishamgivessix reasonstheinability to calculateusingperturbatiortheorya correctionfor generatelatvity, singular
ities, quantumcosmology(particularlythe Big Bang),Hawking radiation,unificationof particles,andthe possibility
of radicalchange This lastreasorcouldbealot of fun, andit is thereasorto readthis post:-)

What Are Prima Facie Questions?
Thefirst questiorraisedby Ishamis therelationbetweerclassicabndquantunphysics.Physicswith quaterniondias
ageneralguide.Considertwo arbitraryquaternionsg andq’. Theclassicaldistancebetweerthemis theinterval.

((t. %) - [t %)) = (o2 -dX oX, 20t o)

This involvesretooling, becausdhe distancealsoincludesa 3-vector Thereis nothinginherentlywrong with this
vector, andit certainlycould be computedwith standardools. To be complete measurehe differencebetweenwo
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guaternionsvith a quaterniorcontainingthe usualinvariantscalarinterval anda covariant3-vector To distinguishing
collectionsof eventsthatarelightlik e separatevheretheinterval is zero,usethe 3-vectorwhich canbeunique.Never
discardusefulinformation!

Quantummechanicsnvolvesa Hilbert space.Quaternionganbe usedto form aninnerproductspace.The norm of
thedifferencebetweeng andq’ is

((t. %)= [t ®)) ([t %) - [t ®)) = (e02 + % 0%, 3)
The norm can be usedto build all the equipmentexpectedof a Hilbert space,including the Schwarz andtriangle

inequalities. The uncertaintyprinciple can be derived in the sameway asis donewith the comple-valuedwave
function.

| callq g’ aGrassmarproduct(it hasthe crossproductin it) andg* g’ the Euclidearproduct(it is a Euclidearmormif
g=q"). In generalclassicaphysicsinvolvesGrassmaimproductsandquantummechanicénvolvesEuclidearproducts
of quaternions.

Ishammovesfrom big questiongo onesfocusedon quantumgravity. Whichclassicakpacetimeonceptareneeded?
Which standardpartsof quantummechanicsare needed?Shouldparticlesbe united? With quaternionsall these
conceptsarerequired,but thetoolsusedto build themmorphandbecomeunifiedunderonealgebraicumbrella.

Ishampointsout the difficulty of clearlymarkingaboundarybetweertheoriesandfact. He writes:

"...whatwe call a 'fact’ doesnot exist without sometheoreticalschemdor organizingexperimentalandexperiential
data;and,corverselyin constructinga theorywe inevitably imposesomeprior ideaof whatwe meanby afact’

My structureis this: the descriptionof eventsin spacetimeusing the topologicalalgebraicfield of quaternionds
physics.

Curr ent Reseach Programsin Quantum Gravity

Thereis alist of currentapproacheso quantumgravity. Thisis solid a descriptionof thefamily of approachebeing
usedcircal993.Seethetext for details.

Prima Facie Questionsin Quantum Gravity

Ishamis concernedvith theform of theseapproaches-e writes:

"I mean(by backgroundstructure)the entireconceptuabndstructuralframenork within whoselanguageary partic-
ular approachs couched.Differentapproacheto quantumgravity differ significantlyin the frameawvorksthey adopt,
which causeso harm—indeedhe selectionof sucha framework is anessentiapre-requisitfor theoreticaresearch—
providedthe choiceis madeconsciously

My framework was statedexplicitly above, but it literally doesnot appearon the radarscreenof this discussiorof
guantumgravity. Momentslater comesthis comment:

"In usingrealor complex numbersn quantuntheorywe arearguablymakinga prior assumptiomboutthecontinuum
natureof space.

This statemenmakesa hiddenassumptionthat quaternionsdo not belongon a list thatincludesreal and complex
numbersQuaternionfiave thesamecontinuumpropertiesastherealandcomple« numbersTheimportantdistinction
is thatquaternionslo notcommute.This propertyis sharecby quantunmechanicsoit shouldnotbanishquaternions
from thelist. Theomissionreflectsthe history of work in thefield, notthelogic of the mathematicastatement.

Generarelatvity mayforce non-linearityinto quantumtheory which requirea changen theformalism. It is easyto
write non-linearquaterniorfunctions.Neartheendof this postl will dothatin anattemptto find theshorteshormin



28 ANSWERINGPRIMA FACIE QUESTIONSIN QUANTUM GRAVITY USING QUATERNIONS 87

spacetimavhich happengo benon-linear

Now we cometo the part of the paperthat got me really excited! Ishamdescribedall the machineryneededfor
classicalgeneratelatiity. The propertieof quaternionslovetailthe needperfectly | will quoteatlength,sincethis
is helpful for anyonetrying to geta handleon the natureof generarelativity.

"The mathematicainodelof spacetimaisedin classicalyenerakelatiity is a differentiablemanifold equippedvith a
Lorentzianmetric. Someof the mostimportantpiecesof substructur@inderlyingthis pictureareillustratedin Figure
1.

Thebottomlevelis asetM whoseelementsareto beidentifiedwith spacetimepoints’ or 'events’. This setis formless
with its only generalmathematicapropertybeingthe cardinalnumber In particular thereareno relationshetween
theelementof M andno specialway of labelingany suchelement.

The next stepis to imposea topologyon M sothateachpoint acquiresa family of neighborhoodsIt now becomes
possibleto talk aboutrelationshipsbetweenpoint, albeitin a rathernon-physicalway. This defectis overcomeby
addingthekey of all standardviews of spacetimethetopologyof M mustbe compatiblewith thatof a differentiable
manifold. A pointcanthenbelabeleduniquelyin M (atleastlocally) by giving the valuesof four realnumbersSuch
a coordinatesystemalso provides a more specificway of describingrelationshipshetweenpointsof M, albeit not
intrinsically in sofar asthesedependon which coordinatesystemsarechoserto cover M.

In thefinal stepa Lorentzianmetricg is placedon M, therebyintroducingtheideasof thelengthof a pathjoining two
spacetimepoints,paralleltransportwith respecto a Riemanniarconnectioncausarelationsbetweerpairsof points
etc. Therearealsoa varietyof possibleintermediatestepshetweerthe manifoldandLorentzianpictures;for example,
assignifiedin Figurel, theideaof causaktructureis moreprimitive thanthatof a Lorentzianmetric”

My hypothesigo treateventsasquaterniongendsmorestructurethanis foundin the setM. Specifically Pontryagin
provedthatquaternionsreatopologicalalgebraidield. Eachpoint hasa neighborhoodandlimit processesequired
for a differentiablemanifold make sense. Label every quaternionevent with four real numbers,using whichever
coordinatesystemone chooses Earlierin this postl shaved how to calculatethe Lorentzinterval, so the notion of

lengthof a pathjoining two eventsis alwaysthere. As describedy Isham,spacetimestructureis built up with care
from four unrelatedreal numbers.With quaternionsas events,spacetimestructureis the obsened propertiesof the
mathematicsinheritedby all quaterniorfunctions.

Muchworkin quantungravity hasgoneinto viewing how flexible thespacetimeatructuremightbe. Themostcommon
exampleinvolveshow quantumfluctuationsmight effect the Lorentzianmetric. Physicistshave tried to investigate
how suchfluctuationwould effect every level of spacetimestructure from causality to the manifoldto the topology
eventhesetM somehav.

None of theseavenuesare openfor quaternionwork. Every quaternionequationinheritsthis wealth of spacetime
structure lt is thefamily quaterniorfunctionsarebornin. Thereis nothingto stopcombiningGrassmamandEuclidean
productswhich atanabstractevel, is theway to memgeclassicabndquantumdescriptionf collectionsof events.If
anon-linearquaterniorfunctioncanbedefinedthatis relatedto the shortespaththroughspacetimethe castrequired
for quantumgravity would be complete.

Accordingto Isham,causaktructureis particularlyimportant. With quaternionsthatissueis particularlystraightfor
ward. Couldeventqg have causedy'? Take the differenceandsquarit. If the scalaris positive, thentherelationships
timelike, soit is possible.ls it probable?Thatmight dependon the 3-vector, which couldbe morelikely if thevector
is small(l don't understandhedetailsof this suggestiotyet). If thescalaiis zero,thetwo have alightlik e relationship.
If the scalaris negative, thenit is spacelike, andonecould not have causedhe othet

This causalstructurealso appliesto quaternionpotentialfunctions. For concretenesdet q(t) = cos(pit (2i + 3j +
4k)) andq'(t) = sin(pi t (5i - .1j + 2k). Calculatethe squareof the differencebetweeng andq’. Dependingon the
particularvalueof t, thiswill be positive, negative or zero. The distancevectorscould beanywhereonthemap. Even
thoughl don’t know whattheseparticularpotentialfunctionsrepresentthe causatelationships easyto calculate put
is complex andnottrivial.
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The Role of the SpacetimeDiffeomorphism Group Diff(M)

Ishamlets me off the hook, saying”...[for type 3 and4 theories]thereis no strongreasonto supposehat Diff(M)
will play ary fundamentatole in [such] quantuntheory” He s right andwrong. My simpletool collectiondoesnot
includethis group. Yetthe conceptthatrequiresthisideais essential This groupis partof the machinerythatmakes
possiblecausalmeasurementsf lengthsin varioustopologies.Metrics changedueto local conditions. The concept
of aflexible, causametricmustbe presered.

With quaternionscausalityis alwaysfoundin the scalarof the squareof the difference.For two eventsin flat space-
time, thatis theinterval. In curvedspacetimethescalarof thesquards different,but it still is eitherpositive, negative
or zero.

The Problemof Time

Time playsa differentrole in quantumtheoryandin generalrelatity. In quantumtime is treatedasa background
parametesinceit is notrepresentetdy an operator Measurementaremadeat a particulartime. In classicalgeneral
relativity in curvedspacetimetherearemary possiblemetricswhich mightwork, but no way to pick the appropriate
one.Without a cleardefinitionof measurementhe definitionis non-physical Fixing the metriccannotbedoneif the
metricis subjectto quantunfluctuations.

Ishamraiseghreequestions:
"How is thenotionof time to beincorporatedn a quantumtheoryof gravity?

Doesit play afundamentafole in the constructiorof thetheoryor is it a’phenomenologicalconcepthatapplies for
example,only in somecoarse-grainedsemi-classicatense?

In the lattercase how reliableis the useat a basiclevel of techniqueglravn from standardjuantumtheory?”

Threesolutionsarenoted: fix the backgroundtausalstructure Jocateeventswithin functionalsof fields, or make no
referenceo time.

With quaternionstime playsa centralrole, andis in factthe centerof the matrix representationTime is isomorphic
to therealnumberssoit formsatotally orderedsub-fieldof the quaternionslt is nottime perse,but thelocationof
time within the eventquaternion(t, x i, y j, z k) thatgivestime its significance.The scalarslot canbe held by enegy
(E, pxi, py j, pzk), thetangentof spacetimeby the interval of classicalphysics(t™2 - X2 -y™2-2"2,2txi, 2ty |, 2
tz k) or thenormof quantummechanicgt™2 + X2 + y'2 + 2°2,0, 0, 0). Time, enegy, intervals,norms,...thg all can
take the samethroneisomorphicto the realnumberstaking on the propertiesof a totally orderedsetwithin alarger,
unorderedramenork. Eventsarenottotally ordered put time is. Enegy/momentarenottotally ordered put enegy
is. Square®f eventsarenottotally ordered put intervalsare.Normsaretotally orderedandboundedbelow by zero.

Time is the only elementn the scalarof anevent. Time appearsn differentguisesfor the scalarsof eneny, intervals
andnorms. Therichnessof time is in the way it wearesthroughtheseotherscalars sharingthe centerin different
wayswith space.

Approachesto Quantum Gravity

Ishamsuneys the field. At this point | think I'll just explain my approach.It is basedon a conceptfrom general
relativity. A painterfalling from aladdertravels alongthe shortespaththroughspacetime How doesonego about
finding the shortestpath? In Euclidean3-space that involvesthe triangle inequality A proof canbe doneusing
guaternionsf the scalaris setto zero. That proof canbe repeatedvith the scalarsetfree. Theresultis the shortest
distancethroughspacetimegr gravity, accordingto generarelativity.

Whatis the shortestlistancebetweertwo pointsA andB in Euclidean3-space?
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A = (0, ax, ay, az)
B = (0, bx, by, bz)

Whatis the shortestlistancebetweertwo worldlinesA(t) andB(t) in spacetime?
A(t) = (t, ax(t), ay(t), az(t))

B(t) = (t, bx(t), by(t), bz(t))

The Euclidean3-spacejuestionis a specialcaseof the worldline question.The sameproof of thetriangleinequality
answerdoth questionsParameterizéhe normN(k) of thesumof A(t) andB(t).

N(k) = (A+ kB)* (A + kB)
= A*A+ k(A*B + B*A) + k2 B*B

Find the extremumof the parameterizedorm.
dN
dk

Theextremumis aminimum
d2N
dk?

Theminimum of a quaterniomormis zero. Plugthe extremumbackinto thefirst equation.

=0=A*B+B*A+2kB*B

=2B*B>=0

(A*B + B*A)2  (A*B + B*A)?

<= *A -
0 <= A"A 2B*B * 4B*B

Rearrange.
(A*B + B* A)? <= 4A*AB* B
Take thesquareroot.
A*B + B* A<= 2V/A*AB* B
Add thenormof A andB to bothsides.
Ax A+ A*B+B*A+ B*B <= A'A+ 2VA*AB* B+ B*B
Factor
N(A + B) = (A + B)* (A + B) <= («/ﬁm«/ﬁ)z
Thenormof theworldline of A plusB is lessthanthenormof A plusthenormof B.

List the mathematicaktructuresrequired. To move the triangle inequality from Euclidean3-spaceto worldlines
requiredthe inclusion of the scalartime componentof quaternions. The proof requireddifferentiationto find the
minimum. Thenormis a Euclideanproduct,which playsa centralrole in quaternionquantummechanicsDoubling
A or B doesnotdoublethe normof the sumdueto crossterms,sothe minimal functionis notlinear

To addressa questionraisedby generalrelativity with quaterniongequiredall the structurelshamsuggeste@xcept
causalityusingthe Grassmarmproduct. Theabove proof could be repeatedisingGrassmarmproducts.The only differ-
encewould bethattheextremumwould beaninterval which canbepositive, negative or zero(aminimum,amaximum
or aninflectionpoint).
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Certainty Is Sevenfor Seven

| thoughtl’d endthis long postwith a personaktory. At the endof my collegedays,| starteddrinking heavily. Not
alcohol,soda.I’d buy a Mellow Yellow andsuckit down in undertensecondsSee,| wasthirsty. Guzzlethatmuch
sodaand,well, | alsohadto goto thebathroomgvenin themiddleof thenight. | wastrappedn astrangecycle. Then
| noticedmy tonguewaskind of foamy. Bizarre. | asked a friend with diabeteswvhatthe symptomsof thatdisease
were. Sherattledoff six: excessve thirst, excessve urination,foamytongue badbreath weightloss,andlow enegy.

| concludedon the spotl haddiabetes.Shesaidthat| couldnt be certain. Six for six is too stringenta match,and|
felt very confidentl hadthis chronicillness.| gottheseventhlaterwhenshetestedny bloodglucoseon hermeterand
it wasoff-scale.Shegave me sympathybut | didn’t feelatall sorryfor myself. | wantedfacts:how doesthis disease
work andhow do | cope?

Nothingwasmadeofficial until | visitedthe doctorandheransometests.The doctor’s prescriptiongot me accesgo
theinsulin| couldnolongerproduce.lt was,andstill is today alot of work to managehedisease.

Whenl look at Ishams paper | seesix constrainton the structureof any approacho quantumgravity: eventsare
setsof 4 numbersgventshave topologicalneighborhoodghey live on differentialmanifolds,thereis oneof thethree
typesof causalrelationshipsetweerall events,the distancebetweereventsis the interval whoseform canvary and
a Hilbert spaceds requiredfor quantummechanicsQuaternionsaresix for six. The sezenthmatchis the non-linear
shortesinorm of spacetimel have no doubtin the diagnosighatthe questionsn quantumgravity will be answered
with quaternionsNothinghereis official. Therearemary testthatmustbepassed! don't know whenthedoctorwill
shav up andmale it official. It will take alot of work to managehis solution.
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29 Length in Curved Spacetime

The Affine Parameter of General Relativity

Theaffine parameters definedin Misner, ThorneandWheelerasa multiple of the propertime plusadisplacement.
A=at+b

Theaffine parameteis usedto determindengthin curvedspacetimeln this notebookthe lengthof a quaternionin
curvedspacetimewill beanalyzed.Undercertainapproximationsthis lengthwill dependon the squareof the affine
parameterbut thetwo measuresreslightly different.

Length in Flat Spacetime

Calculatingthe squareof the interval betweentwo eventsin flat spacetimavas straightforvard: take the difference
betweertwo quaternionsndsquaret.

Liaw = (@ - a)?= (dt? - d(?)z, 24t dX)

Thefirsttermis thesquareof theinterval. Spacetimés flat in thesensahatthefirst termis exactly lik e the Mink owski
metric in spacetime.Thereare quaternionswvhich presere the interval, and thosequaternionavere usedto solve
problemsin specialrelativity.

Althoughnotimportantin this context, it is significantthatthe valueof the vectorportiondependsipontheobsener.
This givesaway to distinguishbetweervariousfrequencie®f light for example.

Length in Curved Spacetime

Considerif the origin is locatedat two differentlocationsin spacetime.Characterizeeachorigin asa quaternion,
callingtheo ando’. In flat spacetimethe two originswould beidentical. Calculatethe interval asdoneabove, but
accounftor the changen the origin.

Leuved = ((d+0) - (q’+0'))2
- (d(t rtg)? - d(3‘<+ (?)0)2, 2d(t +t,) d(?+ (?)0))

Examinethefirst termmorecloselyby expandingit.

(de2-d(X)%) + (ot o2 -d (%) *) 20t dt, -2aX d(X)
Thelengthin curvedspacetimas the squareof theinterval (invariantundera boost)betweerthetwo origins, plusthe
squareof theinterval betweerthe two events,plusa crossterm,which will notbeinvariantunderaboost.Thelength
is symmetricunderexchangeof theeventwith theorigin translation.

L curvedlookssimilarto the squareof the affine parameter:
X2 =b2+2abcr+a’r?

In thiscasep”2is theorigin interval squaredanda = 1. Thereis adifferencen thecrossterms.However, in thesmall
cunvaturelimit, deltato >> deltaXo, sotau™ deltato. Underthis approximationthe squareof the affine parameter
andL curvedarethesame.

For astronggravitationalfield, L curvedwill bedifferentthanthe squareof the affine parameterThe differencewill
be solelyin the natureof the crossterm. In generakelatiity, b andtauareinvariantundera boost.For L curved,the
crosstermshouldbe covariant. Whetherthis hasary effectsthatcanbe measureseedso be explored.
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Thereexist quaternionsvhich presere L curvedbecauseguaterniongareafield (I haven’'t foundthemyetbecausé¢he
mathis gettingtoughatthis point!) It is my hopethatthosequaternionsill helpsolve problemsin generarelatiity,
aswasthecasein specialrelativity.

Implications

A connectiorto the curvedgeometryof generakelatvity wassketched.It shouldbe possibleto solve problemswith
this"curved” measureAs always,all the objectsemployedwerequaternionsThereforeary of the previously outline
techniqueshouldbeapplicable.In particular it will befun in thefutureto think aboutthingslike

((q+0) - (9" +0"))*((q+0) - (4" +0"))
= (d(t +t0)2 + d($\(+(?)0)2, 2d(t +t0)d(?+(?)o))
- ((dtZ_d(?)z) + (dtoz_d(?)02)+ 2dt dt, +2dXd(X) , ... )

which could openthedoorto aquantumapproacho curvature.
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30 A Newldeafor Metrics

In specialrelatiity, the Minkowski metricis usedto calculatetheinterval betweertwo spacetimentervalsfor inertial
obseners.Einsteinrecognizedhatinertial obseneswere”special”, auniqueclass.Thereforene setoutto understand
whatwasthemostgenerahotionfor transformationgandmetrics.This leadto his studyof Riemanniargeometryand
eventuallyto generakelatiity. In this postl shallstartfrom the Lorentzinvariantinterval usingquaternionsthentry
to generalizethis approachusingadifferentway which might prove compatiblewith quantummechanics.

For the physicsof gravity, generalrelatvity (GR) makesthe right predictionsof all experimentaltestsconducted
to date. For the physicsof atoms,quantummechanic§QM) makesthe right predictionsto an even high degreeof

precision. The problemof building a quantumtheoryof gravity (QG) hidesbetweengeneralrelativity andquantum
mechanics.Generalrelativity dealswith the measurementsf intervalsin curved spacetimespecialrelatiity (SR)

beingadaptedo work in flat space.Quantummechanicss usedto calculatethe normsof wave functionsin a flat

linearspace A quantumgravity theorywill beusedto calculatenormsof wave functionsin curvedspace.

measurement
interval norm

diff. flat SRQM
geo.curvedGR QG

This chart suggestghat the form of measurementinterval/norm) shouldbe independenbf differential geometry
(flat/curved). Thatwill betheexplicit goalof this post.

Quaterniong£omewith a metric,a meansof taking4 numbersandreturninga scalar Hamiltondefinedtheroleslike
Sso:

-y 2 a2 -y 2 _aa
(M) =(@) =(k) =17jk=-

Thescalaresultof squaringa differentialquaterniorin theinterval of specialrelativity:
scalar ((dt, dS‘()z) = dt2- dX. dX

How canthis be generalized?It might seemnaturalto explore variationson Hamilton’s rules shavn above. Rie-
manniangeometryusesthat stratgly. Whenworking with afield like quaternionsthatapproachothersmebecause
Hamilton'srulesarefundamentato the very definition of a quaternion Changetheserulesandit maynotbevalid to
comparephysicsdonewith differentmetrics.It may causea compatibility problem.

Hereis adifferentapproactwhich generalizeshe scalarof the squarewhile beingconsistentvith Hamilton'srules.

interval 2

= scalar (gdggdq)
if g = (1, 6),
then interval 2 =dt2 - dX.dX

If gis theidentity matrix. Thenthenresultis the flat Minkowski interval. The quaterniorg could be anything. What
if g =i? (whatwould you guess] wassurprised-)

scalar (((0, 1, 0, 0)(t, X, y, z))?) =
=(—t2+x2—y2—22, 6)

Now the specialdirectionx playsthe samerole astime! Doesthis make sensephysically?Hereis oneinterpretation.
Wheng=1, atime-like interval is beingmeasuredavith a wristwatch. Wheng=i, a space-like interval alongthe x axis
is beingmeasuredvith a meterstick alongthex axis.

Examinethe mostgenerakasewheresmalllettersarescalar andcapitallettersare 3-vectors:
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interval 2 = scalar ((g 6) (dt , d?() (g, 6) (dt , d?()) =

- gz(dt 2 _gX. dS‘() ~4gdt G dX+ ('é dS‘()2 - dt 2dG. dG - ('éxd?‘(). ('édeZ) -
In componenform...

= (+0%2 -G -Gy - GA) dt?+

+(-9% + G2 - Gy - GZ) dx? +

+(-g% - G2 + Gy? - GZA) dy?

+(-g% - G2 - Gy + GZ) dz2+

-4 gGxdt dx - 4 gGydt dy - 4 gGzdt dz

+4GxGyds dy + 4 GxGzdx dz + 4 GyGzdy dz

This hasthe samecombinationof ten differentialtermsfound in the Riemanniamapproach. The differenceis that
Hamilton’s rule imposeanadditionalstructure.

| have notyetfiguredouthow to representhe stresgensor sothereareno field equationgo be solved. We canfigure
out someof the propertiesof a static,spherically-symmetrienetric. Sinceit is static,therewill be no termswith the
deferentiakelementdt dx, dt dy, or dt dz. Sinceit is sphericallysymmetric therewill be no termsof theform dx dy,
dx dz,or dy dz. Theseconstraintxanbothbeachieredif Gx = Gy = Gz = 0. Thisleavesfour differentialequations.

Herel will have to stop. In time, | shouldbe ableto figure out quaternionfield equationsthat do the samework
asEinsteins field equations.l betit will containthe Schwarzschildsolutiontoo :-) Thenit will be easyto createa
Hilbert spacewith a non-Euclideamorm,anormthatis determinecy the distribution of mass-eneyy. Whatsort of
calculationto do is a mysteryto me, but someonewill getto thatbridge...
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31 The Gravitational Redshift

Gravitational redshiftexperimentsaretestsof conserationof enegy in a gravitational potential. A photonlowerin

a gravitational potentialexpendseneny to climb out, andthis enegy costis seenasa redshift. In this notebook,
the differencebetweenweakgravitational potentialswill be calculatedandshawn to be consistentith experiment.
Quaternionarenot of muchuseherebecaus@nepy is a scalar thefirst termof a quaterniorthatis a scalamultiple
of theidentity matrix.

The Pound and Rebka Experiment

The PoundandRebkaexperimentusedthe Mossbaueeffect to measurea redshiftbetweernthe baseandthetop of a
tower at Harvard University. Therelevantpotentialsare

GM

¢tower - r + h'

GM

Phase = r i

Theequialenceprincipleis usedto transformthe gravitational potentialto a speedthis only involvesdividing phi by
theconstant™2).
GM

Biower = Zaahy
GM
Bpase = ﬁ"

Now the problemcanbeviewedasarelatistic Dopplereffect problem.A redshiftin afrequeng is givenby
v == (y¥[B] + BYIBI) v,
For smallvelocities,the Dopplereffectis
Series [¥[B] + B¥I[BIl, {B, 0, 1}]
=1+p+0[B]?
The experimentmeasuredhe differencebetweerthetwo Dopplershifts.
Series [ ((1 + Bwer ) - (1 + Bpase)) Vor {h, 0, 1}1

GMv, h
= - C2r°2 +0[h12

Or equivalently,
v’ = ghv,

Thiswasthe measuredffect.

EscapeFrom a Gravitational Potential

A photoncanescapdrom a starandtravel to infinity ( or to us,whichis agoodapproximation).The only partof the
previouscalculationthatchangess thelimit in thefinal step.

Limit [((1 + Boyer ) - (1 + Bpase)) Vo, h-> ]
GMy,
c?r

This shift hasbeenobsenedin the spectralinesof stars.
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Clocks at differ ent heightsin a gravitational field

C. O. Alley conductedcanexperimentwhich involvedflying anatomicclock at high altitudeandcomparingt with an
atomicclock ontheground.Thisis like integratingtheredshiftover thetime of theflight.

Jt GMh Gh Mt

- dt = -
o c2r2 c2r?

Thiswasthe measuredffect.

Implications

Consenation of enegy involvesthe conseration of a scalar Consequentlynothingnew will happenby treatingit
asa quaternion.The approactusedherewasnot the standardoneemployed. The equivalenceprinciple wasusedto
transformthe probleminto a relatiistic Dopplershift effect. Yetthe resultsareno different. Thisis just part of the
work to connectguaterniongo measurableffectsof gravity.

References

For the PoundandRebkaexperimentandescape:
Misner, Thorne,andWheeler Gravitation, 1970.
For theclocksat differentheights:

Quantumoptics, experimentalgravitation andmeasuremertheory Ed. P. Meystre, 1983 (alsomentionedn Taylor
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ClassicaMechanics

Newton’s 2ndLaw in anlnertial Referencd-rame CartesiarCoordinates
Newton’s 2ndlaw in anInertial Referencd-rame PolarCoordinatesfor a CentralForce
Newton’s 2ndLaw in aNoninertialRotatingReferencd-rame
The SimpleHarmonicOscillator

The DampedSHO

TheWave Equation

SpecialRelatvity

RotationsandDilations Createa Representationf the LorentzGroup
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The Maxwell Equations
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TheField TensorF in DifferentGauges

The Maxwell Equationdn the Light Gauge(QED?)

The StressTensorof the Electromagneti¢ield
QuantumMechanics
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Multiplying QuaterniorExponentials

Commutatoref ObsenableOperators

The UncertaintyPrinciple
AutomorphicCommutatoidentities

The SchibdingerEquation

TheKlein-GordonEquation

Time ReversalTransformationgor Intervals

Gravity

The3 Fields:g,E& B

Field Equations

Recreatingvlaxwell
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ConsenrationLaws

GaugeTransformations

Equationsf Motion

Unified Equationsof Motion

Strings

Dimensionles$Strings

Behaving Lik e a Relatvistic QuantumGravity Theory

Eachof the following laws of physicsare generatedy quaternionoperatorsacting on the appropriatequaternion-
valuedfunctions.Thegeneratoref thesecommonlaws oftenprovide insight.

ClassicalMechanics
Newton’'s 2nd Law for an Inertial ReferenceFrame in Cartesian Coordinates

A= (%, 6) (1. "R‘) - (o, _"F;)

Newton’s 2nd Law in Polar Coordinatesfor a Central Forcein a Plane

2
A= (Cos[e], 0, 0, -Sin [6]) (% O) (t, r Cos[e], r Sin [e], 0) =

R T

et mrz'OJ

.‘
|

0,

Newton’s 2nd Law in a Noninertial, Rotating Frame

A- (%,z})(-z}.ﬁ,ﬁ+a‘xﬁ)=

The Simple Harmonic Oscillator (SHO)

RY ( 2 )
(i, 0) (0, x, 0, 0) + (o, L o) -le dcx kx 0] -0
dt m

The Damped Simple Harmonic Oscillator

d =\? d = k
(J, 0) (0, x, 0, 0) + (E' 0) (0, bx, 0, 0) + (0, X, 0, 0) =



32 SUMMARY 100

The Wave Equation
d d 2
(m, ax’ 0, O) (0, 0, f[tv + x], 0) =
(a2 a2 ) 2d2f[tv+x])
|00 |t tane TV Ty

The third termis the one dimensionalwave equation. The forth termis the instantaneoupower transmittedby the
wave.

A Forcels Consewativelf The Curl Is Zero
d =\ =
E

A Forcels Consewative If There Exists a Potential Function for the Force

A Forcels Consewativelf the Line Integral of Any ClosedLoop Is Zero

Fdt =0

A Forcels Consewativelf the Line Integral Along Differ ent PathsIs the Same

() Fdt = () Fdt

SpecialRelativity

Rotations and Dilations Createthe Lor entz Group
even (even ((V)*, q), V)
NME

*

g =q+ (y - 1) +7even((?/),q*)
An Alter native Algebra for Lor entz Boosts
scalar ((t, x, y, z)?) =scalar ((L(t, x, y, 2))?)
For boostsalongthe x axis...
If t=0,then
L=v(1, B, 0, 0)
If x=0,then
L=v¥(1, -8 0, 0)
If t = X, thenfor blueshifts
L=y(1-B, 0, 0, 0)

For generaboostsalongthex axis
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L=(yt%+ yx?-2yBt x+ (Y2 +22), yB(-t?+x?),
t (Byz+y (1-¥)) -Xx (¥BY +2 (1 - %)),
t(¥BY+Z (1-%) +x (¥BZ+y (1 - 1)) /(12 +x2+y?+2?)

Electromagnetism

The Maxwell Equations

odd((g 3) (0 E\))—even((g 3) (O E))=
[ .~ L L oE) -
lV-E, VXB——tJ=47r(p,J)

Maxwell Written with Potentials

Thefields
8 = N ( )
e = vector (even ((g —V), (¢, —A))) = 'LO, "0 —V¢J'

e = odd (. 5). (o -A)) = (0. 9x7)

Thefield equations
even ((%, 3) odd ((%, —3), (¢, —K))) +
odd ((g, _V\) vector (even ((%, —3), (¢, —K)))) =

VXA o BA o o
- VX— -VXV¢
ot ot

<
wh

~————
—_—

© o 2 A~ . 2R Ve

= |- -V, VX VXA +—5 =
vove at v at? = at
(o o 4 E) N
lv . E, vXB-a—FJ=47r(p,J)

The Lor entz Force
oct (s, 7). (0. 8)) - even (-, 7). (0. E)) = [+ -

mhb
<
m
+
<
>
X
=
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Consewation Laws

The continuityequation

scalar l(g, -9)[3 E waf]}[;s e 5.5 98 0
= scalar ((— —_V\),47r(p, 3)) =47r(E J+—f, 0)
Poynting’stheorentfor enegy conseration.
scalar {(o, ) {e B 98- Z_F]] i
(2 o = oF [~ =y 1(eB)" 1{eB) )
lE vXB-E- o, 0J_|k_v (EXB)—ZL tJ -Zl tJ , oJ

The Field TensorF in Differ ent Gauges
Theanti-symmetri2-rankelectromagnetifield tensorF
8 = - wfoe =\ [ 8A -~ . a)
(E’ —v) (¢ -A) - (o, A) (g' v) - lo, - —V¢+VXAJ
Fin theLorenzgauge.

o \[(& A« (s -A)Y (s, A)-(e, -A) /s <
(a_t,_v)( )~ )J L( - )( )-

[6¢ = 2 B6A = ~_a)
= | = A -— - XA
lat+v ot Vo+V J

Fin theCoulombgauge

F in thelight gauge.
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N o N A o oo a)
(i,— )(¢ —A)-|%—V.A, —a—A—v¢+vXAI
ot k@t ot }

Thelight gauges onesigndifferentfrom the Lorenzgaugebut its generatois a simpleasit gets.
The Maxwell Equationsin the Light Gauge
Note: subsequeniork hassuggestedhatthe scalarin theseequationgs partof a unifiedfield theory
9 = o =~ N
even ((a_t V), odd ((a_t V), (¢, A)))+
a = o - -
odd ((a_t V), even ((a_t —V), (¢, -A))) =

The StressTensorof the ElectromagneticField

1 [ [even (Ua, Ub) .| o. e)2 + (0, B)?)
Erl 3 B 2 B

-even (e, Ua)even (e, Ub) - even (B, Ua)even (B, Ub)-
- even (odd (e, B), Ua) - even (odd (e, B), Ub) =

= (-ExEy - EXEz - EyEz - BxBy - BxBz - ByBz
+EyBz - EzBy + EzBx - EXBz + EXBy - EyBx, 0)/ 2«

Quantum Mechanics

Quaternions in Polar Coordinate Form

g =119l Exp [eT] = q*q(Cos[e] + 1 Sin [e])

Multiplying Quaternion Exponentials

9, g1* ]

- {0, @'} + Abs[g, 4’1" Exp [F Abs[d, q'1*

Commutators of Observable Operators

- DU dq dag
[A, B]q= (AB—BA)q:-aI da * ' da
_ dq dq da _
—alﬁ+al—a+lqﬁ_lq
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The Uncertainty Principle
[A Bl |

— <= 6A% 6B?
2 2

Unifying the Representationof Spin and Angular Momentum

For smallrotations:

[Re,00 Re,-01 =2(Re, o (67) ~R(0))

Automorphic Commutator Identities

*1

[a, 9’1 = [g* a’*1 = [g*}, g*'1"

{9, A’} = (9%, 9*}* = -{g*}, g"*1}

The Schrodinger Equation

Y oo
m:ExpL (wt—K.X)J
V.V
a2
Hy = -i BE = S 920+ V(0, Xy

The Klein-Gordon Equation

7 (F(B),) -7 T (B), - () X(P),) - ((B), - (B) Jon et G
Sx(3x(B). ) +x(Fen) + (B) X((®) X(). ) + ((F) X(P) )en -5

104

It takessomeskilled staringto assurehatthis equationcontainghe Klein-Gordonequationalongwith vectoridenti-

ties.

Time Reversal Transformations for Inter vals

(t. X)-> (-t. X) - R(t, ¥

R=(-t, Xt X" = (124 XX 2t X) /(124 XX
Classically

if p<<1then R= (-1, 2t E)

R= (-$ 1, 0, o)
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Gravity

The 3Fields: g,E& B

(&%) (o A) = (- 5.3 R - T+ 9xR) - (0. £+ )

Field Equations: Almost Maxwell and a Dynamic g

W=($.E+$.§+Q,E—$x§+§—$xﬁ—$g)
Mirror ((W+ U)/2) + (W-U)*/2 =

(_V\_E\+_V\T3\ +0, _E+ $X§ +B +$XE +$g)

Unified Field Equations

-A —_v‘2p+77\xlﬁ -V + VY. A+ XA 4 VXV - ;X_V\X_A‘) =
< (6 (3)%6- 2. A, -R 4 (3)7A - 270+ 29xA) -

axfau (3))
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Consewation Laws

- [

<an((6)y+ (o) -7 (3), -7 (3),0 (3), + (3), +Fog + oo +3x (3], +3x(3),)

Therearetwo conserationlaws here,chaige conserationfor electromagnetisrin the scalar anda vectorconsera-
tion for gravity.

(b)e - V. (J)e =0

(J)g + Vpg + VX (J)g =0
GaugeTransformations

(0. %) = (¢ %) -

(6-2- 3.8 Ao %2R0 %) - 0. B) + (- 2. 5) (2. 3)

Equations of Motion
(v, ¥B) (0. E+B) -

= (yg - )'B._é— ¥B. _E:, 7E + 1/3X§+ y_E: + YBXE + 7/39) =

[w
= |-+
m

oo}

+

('D_\E
3|
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Unified Equations of Motion

Repeathe exercisefrom above, but this time, look to the potentials.

-

- Io) N - =\ 7. N LA a o a
(v 4%) (o %) (¢ -2) = (v 38) (6 - 3.3 - - Fo + ) -
= (Yit - )’3. 7& + YB- _A + 77.;. 305 —YE. _V\XT&,
—1_A\ - 7$¢ + )'_V‘X'_Ak + ¢77§ -V _AyE —775Xf& —7EX $¢ +77§X _V‘XT&)
Thatis prettycomplicated!The key to simplifying this equatioris to seewhathappendor light, wheredt/dx = dx/dt.
Gammablows up, but if theequationis overgammathatproblembecomes scalingfactor With betaequalto one,a
numberof termscancelwhich canbe seemmoreclearlyif thetermsarewritten out explicitly.
o oA oX oA X o  oX
E

C 20
= - = — + —. — + -

8 -
. —XA,
X ot ot ot ot 6X aX

i_ 000 0o OA 040X

axot T ox ot T oot at
9 o
aX Ot T ax 9t T aX aX  aX X

It would take a real mathematiciaro statethe properconstrainton thethreepairsof cancellationghathappenwvhen
velocitiesgetflipped. Therearealsoa pair of vectoridentities,presumingsimple connectednessThis leadsto the

following equation:

[ = &8 20X 5 @ 5
=126, -A - 2 277, T x CxAl
\ ax ot T ox" ox J

Thescalarchangen enegy depend®nly onthescalarpotential,andthe 3-vectorchangén momenturronly depends
onthe 3-vectorA.

Strings

( 2 €, 2 ,e 2
dg? Lda(J ey2 +da,? 9 +da,? T+da3 %

e; e, es)
2dayda e, 3 2dayda,e, -2 3 2daydaze,— B J =
= (interval 2, 3-string )

DimensionlessStrings

2
283
9c?’

cs |

2
&

2 )2
dag2ey? + da; ﬁ+da2 g— +dag

dg? =
e, e, e
2dayda, e03 , 2da,da,e =2 30 2dagdage, 33 J

As farastheunitsareconcernedthisis relatistic (c) quantum(h) gravity (G). Take this constant$o zeroor infinity,
andthedifferenceof a quaterniorblows up or disappears.



Behaving Lik e a Relativistic Quantum Gravity Theory

Casel: ConstantIntervals and Strings

T : dg- >dg’ such that scalar (dg?) =
scalar (dg’?)and vector (dg?) = vector (dq’?)

Case2: ConstantInter vals

T :dg- >dg’ such that scalar (dg?) =
scalar (dg’?)and vector (dg?)! =vector (dq’?)

Case3: Constant Strings

T : dg- >dg’ such that scalar (dg?) ! = scalar (dq’?)and vector (dq?) =
vector (dq’?)

Case4: No Constants

T : dg- > dg’ such that scalar (dg?)! =
scalar (dg’?)and vector (dg?)! =vector (dq’?)

In this proposal,changesn the referenceframe of aninertial obsener arelogically independenfrom changingthe
massdensity Thetwo effectscanbe measuredeparatelyThe changean thelength-timeof thestringwill involve the
inertial referencdrame,andthe changen theinterval will involve changesn themassdensity
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