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1 Unifying Two Viewsof Events

An experimentalistcollectseventsabouta physicalsystem.A theoristsbuilds a modelto describewhat patternsof
eventswithin asystemmightgeneratetheexperimentalist’sdataset.With hardwork andluck, thetwo will agree!

Eventsarehandledmathematicallyas4-vectors. They canbe addedor subtractedfrom another, or multiplied by a
scalar. Nothing elsecanbe done. A theoristcanimport very powerful tools to generatepatterns,like metricsand
grouptheory. Theoristsin physicshavebeenableto constructthemostaccuratemodelsof naturein all of science.

I hopeto bring the full power of mathematicsdown to the level of the eventsthemselves. This may be doneby
representingeventsasthemathematicalfield of quaternions.All thestandardtoolsfor creatingmathematicalpatterns
- multiplication, trigonometricfunctions,transcendentalfunctions,infinite series,the specialfunctionsof physics-
shouldbeavailablefor quaternions.Now atheoristcancreatepatternsof eventswith events.Thismayleadto abetter
unificationbetweenthework of a theoristandthework of anexperimentalist.

An Overview of Doing Physicswith Quaternions

It hasbeensaid that one reasonphysicssucceedsis becauseall the termsin an equationare tensorsof the same
rank. This work challengesthat assumption,proposinginsteadan integratedset of equationswhich are all based
on the same4-dimensionalmathematicalfield of quaternions.Mostly this documentshows in cookbookstyle how
quaternionequationsareequivalentto approachesalreadyin use.As Feynmanpointedout, ”whateverweareallowed
to imaginein sciencemustbeconsistentwith everythingelseweknow.” Freshperspectivesarisebecause,in essence,
tensorsof differentrankcanmix within thesameequation.Thefour Maxwell equationsbecomeonenonhomogeneous
quaternionwave equation,andthe Klein-Gordonequationis partof a quaternionsimpleharmonicoscillator. There
is hopeof integratinggeneralrelativity with the restof physicsbecausethe affine parameternaturallyariseswhen
thinking aboutlengthsof intervals wherethe origin moves. Sinceall of the tools usedare woven from the same
mathematicalfabric,theinterrelationshipsbecomemoreclearto my eye. Hopeyou enjoy.
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2 A Brief History of Quaternions

Complex numberswerea hot subjectfor researchin the early eighteenhundreds.An obvious questionwasthat if
a rule for multiplying two numberstogetherwasknown, whataboutmultiplying threenumbers?For over a decade,
this simplequestionhadbotheredHamilton,thebig mathematicianof his day. Thepressureto find a solutionwasnot
merelyfrom within. Hamiltonwroteto hisson:

”Everymorningin theearlypartof theabove-citedmonth[Oct. 1843]onmy comingdown to breakfast,yourbrother
William Edwinandyourselfusedto askme,’Well, Papa,canyoumultiply triplets?’ WheretoI wasalwaysobligedto
reply, with a sadshakeof thehead,’No, I canonly addandsubtractthem.’”

We canguesshow Hollywoodwould handletheBroughamBridgescenein Dublin. Strolling alongtheRoyal Canal
with Mrs. H-, herealizesthesolutionto theproblem,jots it down in a notebook.Soexcited,hetook out a knife and
carvedtheanswerin thestoneof thebridge.

Hamilton had found a long sought-aftersolution, but it was weird, very weird, it was4D. One of the first things
Hamiltondid wasgetrid of thefourth dimension,settingit equalto zero,andcalling theresulta ”properquaternion.”
Hespenttherestof his life trying to find ausefor quaternions.By theendof thenineteenthcentury, quaternionswere
viewedasanoversoldnovelty.

In theearlyyearsof this century, Prof. Gibbsof Yale founda usefor properquaternionsby reducingtheextra fluid
surroundingHamilton’swork andaddingkey ingredientsfrom Rodriguesconcerningtheapplicationto therotationof
spheres.Heendedupwith thevectordotproductandcrossproductweknow today. Thiswasausefulandpotentbrew.
Our investmentin vectorsis enormous,eclipsingtheir placeof birth (Harvardhad>1000referencesunder”vector”,
about20 under”quaternions”,mostof thosewrittenbeforetheturnof thecentury).

In the early yearsof this century, Albert Einsteinfound a usefor four dimensions.In order to make the speedof
light constantfor all inertial observers,spaceandtime hadto beunited. Herewasa topic tailor-madefor a 4D tool,
but Albert wasnot a mathbuff, andbuilt a machinethat worked from locally availableparts. We cansaynow that
EinsteindiscoveredMinkowski spacetimeand the Lorentz transformation,the tools requiredto solve problemsin
specialrelativity.

Today, quaternionsare of interestto historiansof mathematics.Vector analysisperformsthe daily mathematical
routinethatcouldalsobedonewith quaternions.I personallythink thattheremaybe4D roadsin physicsthatcanbe
efficiently traveledonly by quaternions,andthatis thepathwhich is laid out in thesewebpages.
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3 Multiplying Quaternions the EasyWay

Multiplying two complex numbersa � b I andc � d I is straightforward.
�
a, b � �

c,d ��� �
ac � bd, ad � bc �

For two quaternions,b I andd I becomethe 3-vectorsB andD, whereB � x I � y J � z K andsimilarly for D.
Multiplication of quaternionsis like complex numbers,but with theadditionof thecrossproduct.

a,
�
B c,

�
D � ac � �

B.
�
D, a

�
D � �

B c � �
B x

�
D

Notethatthelastterm,thecrossproduct,wouldchangeits signif theorderof multiplicationwerereversed(unlikeall
theotherterms).Thatis why quaternionsin generaldo not commute.

If a is the operatord/dt, andB is the del operator, or d/dx I � d/dy J � d/dz K (all partial derivatives),thenthese
operatorsacton thescalarfunctionc andthe3-vectorfunctionD in thefollowing manner:

d

dt
,
�	

c,
�
D �


����� dc

dt
� �	

.
�
D,

d
�
D

dt
� �	

c � �	
x
�
D


 �����
This onequaternioncontainsthetime derivativesof thescalarand3-vectorfunctions,alongwith thedivergence,the
gradientandthecurl. Densenotation:-)
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4 Scalars,Vectors,Tensorsand All That

Accordingto my mathdictionary, a tensoris ...

”An abstractobjecthaving adefinitelyspecifiedsystemof componentsin everycoordinatesystemunderconsideration
andsuchthat, undertransformationof coordinates,the componentsof the objectundergoesa transformationof a
certainnature.”

To make this introductionlessabstract,I will confinethe discussionto the simplesttensorsunderrotationaltrans-
formations.A rank-0tensoris known asa scalar. It doesnot changeat all undera rotation. It containsexactly one
number, nevermoreor less.Thereis azeroindex for ascalar. A rank-1tensoris avector. A vectordoeschangeunder
rotation.Vectorshaveoneindex which canrun from 1 to thenumberof dimensionsof thefield, sothereis no way to
know a priori how many numbers(or operators,or ...) arein a vector. n-ranktensorshave n indices.Thenumberof
numbersneededis thenumberof dimensionsin thevectorspaceraisedby therank.Symmetrycanoftensimplify the
numberof numbersactuallyneededto describea tensor.

Therearea variety of importantspin-offs of a standardvector. Dual vectors,whenmultiplied by its corresponding
vector, generatea real number, by systematicallymultiplying eachcomponentfrom the dual vectorandthe vector
togetherandsummingthetotal. If thespacea vectorlivesin is shrunk,a contravariantvectorshrinks,but a covariant
vectorgetslarger. A tangentvectoris, well, tangentto a vectorfunction.

Physicsequationsinvolve tensorsof the samerank. Therearescalarequations,polar vectorequations,axial vector
equations,andequationsfor higherranktensors.Sincethesameranktensorsareonbothsides,theidentityis preserved
underarotationaltransformation.Onecoulddecideto arbitrarilycombinetensorequationsof differentrank,andthey
wouldstill bevalid underthetransformation.

Thereare ways to switch ranks. If thereare two vectorsandonewantsa result that is a scalar, that requiresthe
interventionof a metric to broker thetransaction.This processin known asan inner tensorproductor a contraction.
The vectorsin questionmusthave the samenumberof dimensions.The metric defineshow to form a scalarasthe
indicesareexaminedone-by-one.Metricsin mathcanbeanything,but natureimposesconstraintson which onesare
importantin physics.An aside:mathematiciansrequirethedistanceis non-negative,but physicistsdo not. I will be
usingthephysicsnotionof ametric. In lookingateventsin spacetime(a4-dimensionalvector),theaxiomsof special
relativity requiretheMinkowski metric,which is a4x4realmatrixwhichhasdown thediagonal1, -1, -1, -1 andzeros
elsewhere.Somepeoplepreferthesignsto beflipped,but to beconsistentwith everythingelseon this site,I choose
this convention.Anotherpopularchoiceis theEuclideanmetric,which is thesameasanidentity matrix. Theresult
of generalrelativity for asphericallysymmetric,non-rotatingmassis theSchwarzschildmetric,which has”non-one”
termsdown thediagonal,zeroselsewhere,andbecomestheMinkowski metric in the limit of themassgoingto zero
or theradiusgoingto infinity.

An outertensorproductis a way to increasetherankof tensors.The tensorproductof two vectorswill bea 2-rank
tensor. A vectorcanbeviewedasthetensorproductof a setof basisvectors.

What Ar eQuaternions?

Quaternionscould be viewed asthe outer tensorproductof a scalaranda 3-vector. Underrotationfor an event in
spacetimerepresentedby a quaternion,time is unchanged,but the3-vectorfor spacewould berotated.Thetreatment
of scalarsis thesameasabove,but thenotionof vectorsis far morerestrictive,asrestrictive asthenotionof scalars.
Quaternionscanonly handle3-vectors. To thosefamiliar to playing with higherdimensions,this may appeartoo
restrictive to beof interest.Yet physicson boththequantumandcosmologicalscalesis confinedto 3-spatialdimen-
sions.Note that the infinite Hilbert spacesin quantummechanicsa functionof theprinciplequantumnumbern, not
thespatialdimensions.An infinite collectionof quaternionsof theform (En,Pn)couldrepresentaquantumstate.The
Hilbert spaceis formedusingtheEuclideanproduct(q* q’).
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A dualquaternionis formedby takingtheconjugate,becauseq* q � (tˆ2 � X.X, 0). A tangentquaternionis created
by having anoperatoracton aquaternion-valuedfunction

��
t
,
�	 �

f
�
q � , �F �

q �����

�����
�
f�
t

� �	
.
�
F,

� �
F�
t

� �	
f � �	

X
�
F


 �����
Whatwouldhappento thesefivetermsif spacewereshrunk?The3-vectorF wouldgetshrunk,aswouldthedivisorsin
theDel operator, makingfunctionsactedonby Del getlarger. Thescalartermsarecompletelyunaffectedby shrinking
space,becausedf/dt hasnothingto shrink,andtheDel andF canceleachother. The time derivative of the 3-vector
is a contravariantvector, becauseF would getsmaller. Thegradientof thescalarfield is a covariantvector, because
of the work of theDel operatorin thedivisor makesit larger. The curl at first glancemight appearasa draw, but it
is a covariantvectorcapacitybecauseof theright-anglenatureof thecrossproduct.Notethatif time whereto shrink
exactlyasmuchasspace,nothingin thetangentquaternionwould change.

A quaternionequationmustgeneratethesamecollectionof tensorsonbothsides.Considertheproductof two events,
q andq’:

t ,
�
X t � , �

X� � t t ��� �
X.

�
X� , t

�
X� � �

X t ��� �
Xx

�
X�

scalars � t , t � , tt � � �
X.

�
X�

polar vectors � �
X,

�
X� , t

�
X� � �

X t �
axial vectors � �

Xx
�
X�

Whereis theaxial vectorfor theleft handside?It is imbeddedin themultiplicationoperation,honest:-)

t � , �
X� t ,

�
X � t � t � �

X� . �X, t � �X � �
X� t � �

X� x �X
� t t ��� �

X.
�
X� , t

�
X� � �

X t ��� �
Xx

�
X�

Theaxial vectoris theonethatflips signsif theorderis reversed.

Termscancontinueto getmorecomplicated.In aquaterniontriple product,therewill betermsof theform (XxX’).X”.
This is calleda pseudo-scalar, becauseit doesnot changeundera rotation,but it will changesignsundera reflection,
dueto the crossproduct. You canconvinceyourselfof this by noting that the crossproductinvolvesthe sineof an
angleandthedot productinvolvesthecosineof anangle.Neitherof thesewill changeundera rotation,andaneven
functiontimesanoddfunctionis odd.If theorderof quaterniontriple productis changed,thisscalarwill changesigns
for ateachstepin thepermutation.

It hasbeenmy experiencethatany tensorin physicscanbeexpressedusingquaternions.Sometimesit takesa bit of
effort, but it canbedone.

Individualpartscanbeisolatedif onechooses.Combinationsof conjugationoperatorswhichflip thesignof avector,
andsymmetricandantisymmetricproductscanisolateany particularterm.Hereareall thetermsof theexamplefrom
above

t ,
�
X t � , �

X� � t t � � �
X.

�
X� , t

�
X� � �

X t � � �
Xx

�
X�

scalars � t � q � q �
2

, t � � q � � q � �
2

, tt � � �
X.

�
X� � qq � � �

qq � ���
2

polar vectors � �
X � q � q �

2
,

�
X� � q � � q � �

2
,

t
�
X� � �

X t � � �
qq � � �

q � q ����� �
qq � � �

q � q ��� �
4

axial vectors � �
Xx

�
X� � qq � � �

q � q �
2

Themetricfor quaternionsis imbeddedin Hamilton’s rule for thefield.
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�
i

2 � �
j

2 � �
k

2 � �
i
�
j
�
k ��� 1

This lookslikea way to generatescalarsfrom vectors,but it is morethanthat. It alsosaysimplicitly thati j � k, j k �
i, andi, j, k musthaveinverses.This is animportantobservation,becauseit meansthatinnerandoutertensorproducts
canoccurin thesameoperation.Whentwo quaternionsaremultiplied together, a new scalar(inner tensorproduct)
andvector(outertensorproduct)areformed.

How canthemetricbegeneralizedfor arbitrarytransformations?Thetraditionalapproachwould involveplayingwith
Hamilton’s rulesfor thefield. I think thatwould bea mistake, sincethat rule involvesthe fundamentaldefinitionof
a quaternion.Changethe rule of what a quaternionis in onecontext and it will not be possibleto compareit to a
quaternionin anothercontext. Instead,consideranarbitrarytransformationT which takesq into q’

q � q � � T q

T is alsoaquaternion,in factit is equalto q’ qˆ-1. Thisis guaranteedto work locally, within neighborhoodsof q andq’.
Thereis nopromisethatit will work globally, thatoneT will work for any q. Undercertaincircumstances,T will work
for any q. Theimportantthingto know is thatatransformationT necessarilyexistsbecausequaternionsareafield. The
two mostimportanttheoriesin physics,generalrelativity andthestandardmodel,involve local transformations(but
thetechnicaldefinitionof local transformationis differentthantheideapresentedherebecauseit involvesgroups).

Thisquaterniondefinitionof atransformationcreatesaninterestingrelationshipbetweentheMinkowskiandEuclidean
metrics.

Let T � I , the identity matrix

I q I q � �
I q I q ���

2
� t 2 � �

X.
�
X, 0

�
I q � � I q � t 2 � �

X.
�
X, 0

In orderto changefrom wrist watchtime(theinterval in spacetime)to thenormof aHilbert spacedoesnotrequireany
changein thetransformationquaternion,only a changein themultiplicationstep.Thereforea transformationwhich
generatestheSchwarzschildinterval of generalrelativity shouldbeeasilyportableto a Hilbert space,andthatmight
bethestartof a quantumtheoryof gravity.

SoWhat Is the Differ ence?

I think it is subtlebut significant. It goesbackto somethingI learnedin a graduatelevel classon thefoundationsof
calculus.To make calculusrigorousrequiresthat it is definedover a mathematicalfield. Physicistsdo this besaying
thatthescalars,vectorsandtensorsthey work with aredefinedover thefield of realor complex numbers.

Whatarethenumbersusedby nature?Thereareevents,which consistof the scalartime andthe 3-vectorof space.
Thereis mass,which is definedby the scalarenergy andthe 3-vectorof momentum.Thereis the electromagnetic
potential,which hasa scalarfield phi anda 3-vectorpotentialA.

To do calculuswith only informationcontainedin eventsrequiresthata scalaranda 3-vectorform a field. Accord-
ing to a theoremby Frobeniuson finite dimensionalfields, the only fields that fit areisomorphicto the quaternions
(isomorphicis a sophisticatednotionof equality, whosesubtletiesareappreciatedonly by peoplewith a deepunder-
standingof mathematics).To docalculuswith amassor anelectromagneticpotentialhasanidenticalrequirementand
anidenticalsolution.This is thelogical foundationfor doingphysicswith quaternions.

Canphysicsbedonewithout quaternions?Of courseit can! Eventscanbedefinedover thefield of realnumbers,and
thentheMinkowski metricandtheLorentzgroupcanbedeployedto getevery resultever confirmedby experiment.
Quantummechanicscanbedefinedusinga Hilbert spacedefinedover thefield of complex numbersandreturnwith
every resultmeasuredto date.
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Doing physicswith quaternionsis unnecessary, unlessphysicsrunsinto a compatibility issue.Constraininggeneral
relativity andquantummechanicsto work within thesametopologicalalgebraicfield maybe theway to unite these
two separatelysuccessfulareas.
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5 Inner and Outer Productsof Quaternions

A goodfriendof minehaswonderedwhatis meansto multiply two quaternionstogether(thisquestionwasahot topic
in thenineteenthcentury).I caremoreaboutwhatmultiplying two quaternionstogethercando. Therearetwo basic
waysto do this: just multiply onequaternionby another, or first take the transposeof onethenmultiply it with the
other. Eachof theseproductscanbeseparatedinto two parts:asymmetric(innerproduct)andanantisymmetric(outer
product)components.Thesymmetriccomponentwill remainunchangedby exchangingtheplacesof thequaternions,
while the antisymmetriccomponentwill changeits sign. Togetherthey addup to the product. In this section,both
typesof innerandouterproductswill beformedandthenrelatedto physics.

The GrassmanInner and Outer Products

Therearetwo basicwaysto multiply quaternionstogether. Thereis thedirectapproach.

t ,
�
X t � , �

X� � t t ��� �
X.

�
X� , t

�
X� � �

Xt ��� �
Xx

�
X�

I call this theGrassmanproduct(I don’t know if anyoneelsedoes,but I needa label). Theinnerproductcanalsobe
calledthesymmetricproduct,becauseit doesnot changesignsif thetermsarereversed.

even t ,
�
X , t � , �

X� �
� t ,

�
X t � , �

X� � t � , �
X� t ,

�
X

2
� t t � � �

X.
�
X� , t

�
X� � �

Xt �
I havedefinedtheanticommutator(thebold curly braces)in a non-standardway, includinga factorof two soI do not
have to keeprememberingto write it. The first term would be the Lorentzinvariantinterval if the two quaternions
representedthesamedifferencebetweentwo eventsin spacetime(i.e. t1� t2� deltat,...). The invariantinterval plays
a centralrole in specialrelativity. Thevectortermsarea frame-dependent,symmetricproductof spacewith time and
doesnot appearon thestageof physics,but is still a valid measurement.

TheGrassmanouterproductis antisymmetricandis formedwith a commutator.

odd t ,
�
X , t � , �

X� �
� t ,

�
X t � , �

X� � t � , �
X� t ,

�
X

2
� 0,

�
Xx

�
X�

This is thecrossproductdefinedfor two 3-vectors.It is unchangedfor quaternions.

The Euclidean Inner and Outer Products

Anotherimportantway to multiply a pair of quaternionsinvolvesfirst takingthetransposeof oneof thequaternions.
For a real-valuedmatrix representation,this is equivalentto multiplicationby the conjugatewhich involvesflipping
thesignof the3-vector.

t ,
�
X � t � , �

X� � t , � �X t � , �
X�

� t t ��� �
X.

�
X� , t

�
X� � �

Xt ��� �
Xx

�
X�

FormtheEuclideaninnerproduct.

t ,
�
X � t � , �

X� � t � , �
X� � t ,

�
X

2
� t t � � �

X.
�
X� , �

0

Thefirst term is theEuclideannorm if the two quaternionsarethe same(this wasthe reasonfor usingthe adjective
”Euclidean”).TheEuclideaninnerproductis alsothestandarddefinitionof a dot product.
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FormtheEuclideanouterproduct.

t ,
�
X � t � , �

X� � t � , �
X� � t ,

�
X

2
� 0, t

�
X� � �

Xt � � �
Xx

�
X�

Thefirst termis zero.Thevectortermsareanantisymmetricproductof spacewith time andthenegativeof thecross
product.

Implications

Whenmultiplying vectorsin physics,onenormallyonly considersthe Euclideaninnerproduct,or dot product,and
the Grassmanouterproduct,or crossproduct. Yet, the Grassmaninner product,becauseit naturallygeneratesthe
invariantinterval, appearsto play a role in specialrelativity. What is interestingto speculateaboutis the role of the
Euclideanouterproduct.It is possiblethattheantisymmetric,vectornatureof thespace/timeproductcouldberelated
to spin. Whatever theinterpretation,theGrassmanandEuclideaninnerandouterproductsseemdestineto do useful
work in physics.
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6 Quaternion Analysis

Complex numbersareasubfieldof quaternions.My hypothesisis thatcomplex analysisshouldbeself-evidentwithin
thestructureof quaternionanalysis.

Thechallengeis to definethederivativein anon-singularway, sothata left derivativealwaysequalsaright derivative.
If quaternionswould only commute...Well, thescalarpartof a quaterniondoescommute.If, in the limit, thediffer-
entialelementconvergedto a scalar, thenit would commute.This ideacanbedefinedprecisely. All that is required
is that themagnitudeof thevectorgoesto zerofasterthanthescalar. This might initially appearsasanunreasonable
constraint.However, thereis animportantapplicationin physics.Considera setof quaternionsthat representevents
in spacetime.If the magnitudeof the 3-spacevectoris lessthanthe time scalar, eventsareseparatedby a timelike
interval. It requiresa speedlessthanthespeedof light to connecttheevents.This is trueno matterwhatcoordinate
systemis chosen.

Defining a Quaternion

A quaternionhas4 degreesof freedom,soit needs4 real-valuedvariablesto bedefined:

q � �
a0, a1, a2, a3 �

Imaginewewantto doasimplebinaryoperationsuchassubtraction,withouthaving to specifythecoordinatesystem
chosen. Subtractionwill only work if the coordinatesystemsare the same,whetherit is Cartesian,sphericalor
otherwise.Let e0,e1,e2,ande3betheshared,but unspecified,basis.Now wecandefinethedifferencebetweentwo
quaternionq andq’ thatis independentof thecoordinatesystemusedfor themeasurement.

dq �
q � � q � ���

a0 � � a0 � e0,
�
a1 � � a1 � e1/3,

�
a2 � � a2 � e2/3,

�
a3 � � a3 � e3/3 �

Whatis unusualaboutthis definitionarethefactorsof a third. They will benecessarylater in orderto definea holo-
nomicequationlaterin thissection.Hamiltongaveeachelementparitywith theothers,avery reasonableapproach.I
have foundthatit is importantto give thescalarandthesumof the3-vectorparity. Without this ”scale” factoron the
3-vector, changein thescalaris not givenits properweight.

If dq is squared,thescalarpartof theresultingquaternionformsametric.

dqˆ2 �

����� da0

2e0
2 � da1

2 e1
2

9
� da2

2 e2
2

9
� da3

2 e3
2

9
,

2 da0da1e0
e1

3
, 2 da0da2e0

e2

3
, 2 da0da3e0

e3

3


 �����
Whatshouldtheconnectionbebetweenthesquaresof thebasisvectors?Theamountof intrinsic curvatureshouldbe
equal,so thata transformationbetweentwo basis3-vectorsdoesnot containa hiddenbump. Shouldtime betreated
exactly like space?The Schwarzschildmetric of generalrelativity suggestsotherwise.Let e1, e2, ande3 form an
independent,dimensionless,orthogonalbasisfor the3-vectorsuchthat:

� 1

e1
2 ��� 1

e2
2 ��� 1

e3
2 � e0

2

This unusualrelationshipbetweenthebasisvectorsis consistentwith Hamilton’s choiceof 1, i, j, k if e0ˆ2 � 1. For
thatcase,calculatethesquareof dq:

dq2 �

����� da0

2e0
2 � da1

2

9e0
2 � da2

2

9e0
2 � da3

2

9e0
2 , 2 da0

da1

3
, 2 da0

da2

3
, 2 da0

da3

3


 �����
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Thescalarpart is known in physicsastheMinkowski interval betweentwo eventsin flat spacetime.If e0ˆ2doesnot
equalone,thenthemetricwouldapplyto anon-flatspacetime.A metricthathasbeenmeasuredexperimentallyis the
Schwarzchildmetricof generalrelativity. Sete0ˆ2 � (1 - 2 GM/cˆ2 R), andcalculatethesquareof dq:

dq2 �

������� da0

2 1 � 2 GM

c2R
� dA.dA

9 1 � 2 GM
c2R

, 2 da0
da1

3
, 2 da0

da2

3
, 2 da0

da3

3


 �������
This is the Schwarzchildmetric of generalrelativity. Notice that the 3-vectoris unchanged(this may be a defining
characteristic).Therearevery few opportunitiesfor freedomin basicmathematicaldefinitions. I have chosenthis
unusualrelationshipsbetweenthesquaresof thebasisvectorsto make a resultfrom physicseasyto express.Physics
guidesmy choicesin mathematicaldefinitions:-)

An Automorphic Basisfor Quaternion Analysis

A quaternionhas4 degreesof freedom.To completelyspecifya quaternionfunction, it mustalsohave four degrees
of freedom. Threeotherlinearly-independentvariablesinvolving q canbe definedusingconjugatescombinedwith
rotations:

q � � �
a0e0, � a1 e1/3, � a2 e2/3, � a3 e3/3 �

q � 1 � � � a0e0, a1 e1/3, � a2 e2/3, � a3 e3/3 ��� �
e1 q e1 � �

q � 2 � � � a0e0, � a1 e1/3, � a2 e2/3, � a3e3/3 ��� �
e2 q e2 � �

Theconjugateasit is usuallydefined(q*) flips thesignof all but thescalar. Theq*1 flips thesignsof all but thee1
term,andq*2 all but thee2term. Thesetq, q*, q*1, q*2 form thebasisfor quaternionanalysis.Theconjugateof a
conjugateshouldgivebacktheoriginalquaternion.

�
q � � � � q,

�
q � 1 � � 1 � q,

�
q � 2 � � 2 � q

Somethingsubtlebut perhapsdirectly relatedto spinhappenslooking athow theconjugateseffectproducts:
�
q q � � � � q � � q �
�
q q � � � 1 ��� q � � 1 q � 1,

�
q q � � � 2 ��� q � � 2 q � 2

�
q q � q q � � � 1 � q � � 1 q � 1q � � 1 q � 1

Theconjugateappliedto a productbringsthe resultdirectly backto the reverseorderof theelements.Thefirst and
secondconjugatespoint thingsin exactly theoppositeway. Thepropertyof going”half way around”is reminiscent
of spin.A tighterlink will needto beexamined.

Future Timelike Derivative

Insteadof the standardapproachto quaternionanalysiswhich focuseson left versusright derivatives,I concentrate
on theratio of scalarsto 3-vectors.This is naturalwhenthinking aboutthestructureof Minkowski spacetime,where
the ratio of the changein time to the changein 3-spacedefinesfive separateregions: timelike past,timelike future,
lightlike past,lightlike future,andspacelike. Thereareno continuousLorentztransformationsto link theseregions.
Eachregionwill requirea separatedefinitionof thederivative,andthey will eachhave distinctproperties.I will start
with thesimplestcase,andlook ata seriesof examplesin detail.

Definition: Thefuturetimelikederivative:

Considera covariantquaternionfunction f with a domainof H anda rangeof H. A future timelike derivative to be
defined,the 3-vectormustapproachzerofasterthanthe positive scalar. If this is not the case,then this definition
cannotbeused. Implementingtheserequirementsinvolvestwo limit processesappliedsequentiallyto a differential
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quaternionD. First the limit of the threevectoris takenasit goesto zero,(D - D*)/2 -> 0. Second,the limit of the
scalaris taken,(D � D*)/2 -> � 0 (thepluszeroindicatesthat it mustbeapproachedwith a time greaterthanzero,in
otherwords,from thefuture).Theneteffectof thesetwo limit processesis thatD->0.�

f
�
q,q � , q � 1, q � 2 ��

q
�

� limit as d,
�
0 � >

� 0 limit as d,
�
D � >

d,
�
0 f q � d,

�
D , q � , q � 1, q � 2 � f

�
q, q � , q � 1, q � 2 � d,

�
D � 1

Thedefinitionis invariantundera passive transformationof thebasis.

The4 realvariablesa0,a1,a2,a3canberepresentedby functionsusingtheconjugatesasabasis.

f
�
q,q � , q � 1, q � 2 ��� a0 � e0

�
q � q � �
2

f � a1 � e1
�
q � q � 1 �� � 2/3 � � �

q � q � 1 � e1� � 2/3 �
f � a2 � e2

�
q � q � 2 �� � 2/3 � � �

q � q � 2 � e2� � 2/3 �
f � a3 � e3

�
q � q �!� q � 1 � q � 2 ��

2/3 � � �
q � q �"� q � 1 � q � 2 � e3�

2/3 �
Begin with a simpleexample:

f
�
q,q � , q � 1, q � 2 ��� a0 � e0

�
q � q � �
2�

a0�
q

��
a0�
q � � lim lim e0 q � d,

�
D � q � � �

q � q � � 2 d,
�
D � 1 � e0

2�
a0�
q � 1 � �

a0�
q � 2 � 0

Thedefinitiongivestheexpectedresult.

A simpleapproachto a trickier example:

f � a1 � e1
�
q � q � 1 �� � 2/3 ��

a1�
q

� �
a1�
q � 1 �

lim lim e1 q � d,
�
D � q � 1 � �

q � q � 1 � � � 2/3 � d,
�
D � 1 ��� 3 e1

2�
a1�
q � � �

a1�
q � 2 � 0

Sofar, thefancy doublelimit processhasbeenirrelevantfor theseidentity functions,becausethedifferentialelement
hasbeeneliminated.Thatchangeswith thefollowing example,a tricky approachto thesameresult.

f
�
q,q � , q � 1, q � 2 ��� a1 � �

q � q � 1 � e1� � 2/3 ��
a1�
q

� �
a1�
q � 1 �

� lim lim q � d,
�
D � q � 1 � �

q � q � 1 � e1
� � 2/3 � d,

�
D � 1 �

� lim lim d,
�
D e1

� � 2/3 � d,
�
D � 1 �
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� lim d,
�
0 e1

� � 2/3 � d,
�
0 � 1 ��� 3 e1

2

Becausethe 3-vectorgoesto zerofasterthanthe scalarfor the differentialelement,after the first limit process,the
remainingdifferentialis a scalarsoit commuteswith any quaternion.This is whatis requiredto dancearoundthee1
andleadto thecancellation.

Theinitial hypothesiswasthatcomplex analysisshouldbeaself-evidentsubsetof quaternionanalysis.Sothisquater-
nionderivativeshouldmatchup with thecomplex case,which is:

z � a � b i , b � �
Z � Z � � /2i�

b�
z

�#� i

2
��� �

b�
z �

Thesearethesameresultupto two subedits.Quaternionshavethreeimaginaryaxes,whichcreatesthefactorof three.
Theconjugateof a complex numberis really doingthework of thefirst quaternionconjugateq*1 (whichequals-z*),
becausez* flips thesignof thefirst 3-vectorcomponent,but noothers.

Thederivativeof a quaternionappliesequallywell to polynomials.

let f � q2�
f�
q

� lim lim q � d,
�
D

2 � q2 d,
�
D � 1 �

� lim lim q2 � q d,
�
D � d,

�
D q � d,

�
D

2 � q2 d,
�
D � 1 �

� lim lim q � d,
�
D q d,

�
D � 1 � d,

�
D �

� lim 2q � d,
�
0 � 2q

This is the expectedresult for this polynomial. It would be straightforward to show that all polynomialsgave the
expectedresults.

Mathematiciansmightbeconcernedby this result,becauseif the3-vectorD goesto -D nothingwill changeaboutthe
quaternionderivative. This is actuallyconsistentwith principlesof specialrelativity. For timelike separatedevents,
right andleft dependon theinertial referenceframe,soa timelikederivativeshouldnot dependon thedirectionof the
3-vector.

Analytic Functions

Thereare4 typesof quaternionderivativesand4 componentfunctions.Thefollowing tabledescribesthe16derivatives
for thisset

a0 a1 a2 a3��
q

e0

2

e1� 2/3

e2� 2/3

e3

2/3��
q � e0

2
0 0

e3

2/3��
q � 1 0

e1� 2/3
0

e3

2/3��
q � 2 0 0

e2� 2/3

e3

2/3

This tablewill beusedextensively to evaluateif a function is analyticusingthe chainrule. Let’s seeif the identity
functionw � q is analytic.

Let w � q � a0 e0, a1
e1

3
, a2

e2

3
, a3

e3

3

Usethechainrule to calculatethederivativewill respectto eachterm:�
w�
a0

�
a0�
q

� e0
e0

2
� 1

2



6 QUATERNIONANALYSIS 16

�
w�
a1

�
a1�
q

� e1

3

e1� � 2/3 � � 1

2�
w�
a2

�
a2�
q

� e2

3

e2� � 2/3 � � 1

2�
w�
a3

�
a3�
q

� e3

3

e3�
2/3 � ��� 1

2

Usecombinationsof thesetermsto calculatethefour quaternionderivativesusingthechainrule.�
w�
q

��
w�
a0

�
a0�
q

� �
w�
a1

�
a1�
q

� �
w�
a2

�
a2�
q

� �
w�
a3

�
a3�
q

� 1

2
� 1

2
� 1

2
� 1

2
� 1

�
w�
q � � �

w�
a0

�
a0�
q � � �

w�
a3

�
a3�
q � � 1

2
� 1

2
� 0

�
w�

q � 1 � �
w�
a1

�
a1�
q � 1 � �

w�
a3

�
a3�
q � 1 � 1

2
� 1

2
� 0

�
w�

q � 2 � �
w�
a2

�
a2�
q � 2 � �

w�
a3

�
a3�
q � 2 � 1

2
� 1

2
� 0

Thishasthederivativesexpectedif w � q is analyticin q.

AnothertestinvolvestheCauchy-Riemannequations.Thepresenceof thethreebasisvectorschangesthingsslightly.

Let u � �
a0e0, 0, 0, 0 � , �

V � 0, a1
e1

3
, a2

e2

3
, a3

e3

3�
u�
a0

e1

3
� � �

V�
a1

e0,
�

u�
a0

e2

3
� � �

V�
a2

e0,
�

u�
a0

e3

3
� � �

V�
a3

e0

Thisalsosolvesa holonomicequation.

Scalar


�����

�����
�

u�
a0

,
� �

V�
a1

,
� �

V�
a2

,
� �

V�
a3


 ����� �
e0, e1, e2, e3 �


 ����� �
e0 e0 � e1

3
e1 � e2

3
e2 � e3

3
e3 � 0

Thereareno off diagonaltermsto compare.

Thisexercisecanberepeatedfor theotheridentity functions.Onenoticeablechangeis thattherole thattheconjugate
mustplay. Considertheidentity functionw � q*1. To show thatthis is analyticin q*1 requiresthatonealwaysworks
with basisvectorsof theq*1 variety.

Let u � � � a0e0, 0,0, 0 � , �
V � 0, a1

e1

3
, � a2

e2

3
, � a3

e3

3�
u�
a0

� e1

3
� � �

V�
a1

e0,
�

u�
a0

e2

3
� � �

V�
a2

e0,
�

u�
a0

e3

3
� � �

V�
a3

e0

Thisalsosolvesa first conjugateholonomicequation.

Scalar


�����

�����
�

u�
a0

,
� �

V�
a1

,
� �

V�
a2

,
� �

V�
a3


 ����� �
e0, e1, e2, e3 � � 1


 ����� �
� e0

� � e0 �$� e1

3
e1 � � e2

3
e2 � � e3

3
e3 � 0

Power functionscanbeanalyzedin exactly thesameway:

Let w � q2 �

����� a0

2e0
2 � a1

2 e1
2

9
� a2

2 e2
2

9
� a3

2 e3
2

9
,

2 a0a1e0
e1

3
, 2 a0a2e0

e2

3
, 2 a0a3e0

e3

3


 �����
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u �

����� a0

2e0
2 � a1

2 e1
2

9
� a2

2 e2
2

9
� a3

2 e3
2

9
,0, 0, 0


 �����
�
V � 0, 2 a0a1e0

e1

3
, 2 a0a2e0

e2

3
, 2 a0a3e0

e3

3�
u�
a0

e1

3
� 2 a0e0

2e1

3
� � �

V�
a1

e0

�
u�
a0

e2

3
� 2 a0e0

2e2

3
� � �

V�
a2

e0

�
u�
a0

e3

3
� 2 a0e3

2

3
� � �

V�
a3

This time therearecrosstermsinvolved.
�

u�
a1

e0 � 2 a1e0e1
2

9
�

� �
V

1�
a0

e1

3

�
u�
a2

e0 � 2 a2e0e2
2

9
�

� �
V

2�
a0

e2

3

�
u�
a3

e0 � 2 a3e0e3
2

9
�

� �
V

3�
a0

e3

3

At first glance,one might think theseare incorrect,sincethe signsof the derivativesare supposeto be opposite.
Actually they are,but it is hiddenin an accountingtrick :-) For example,the derivative of u with respectto a1 has
a factorof e1ˆ2,which makesit negative. The derivative of the first componentof V with respectto a0 is positive.
Keepingall theinformationaboutsignsin thee’smakesthingslook non-standard,but they arenot.

Notethatthesearethreescalarequalities.TheotherCauchy-Riemannequationsevaluateto asingle3-vectorequation.
This representsfour constraintson thefour degreesof freedomfoundin quaternionsto find out if a functionhappens
to beanalytic.

Thisalsosolvesa holonomicequation.

Scalar


�����

�����
�

u�
a0

,
� �

V�
a1

,
� �

V�
a2

,
� �

V�
a3


 ����� �
e0, e1, e2, e3 �


 ����� �
� 2 a0e0

3 � 2 a0e0e1

3
e1 � 2 a0e0e2

3
e2 � 2 a0e0e3

3
e3 � 0

Sincepower seriescanbe analytic,this shouldopenthe door to all formsof analysis.(I have donethe casefor the
cubeof q, andit too is analyticin q).

4 Other Derivatives

Sofar, thiswork hasonly involvedfuturetimelikederivatives.Therearefiveotherregionsof spacetimeto cover. The
simplestnext caseis for pasttimelike derivatives. Theonly changeis in the limit, wherethescalarapproacheszero
from below. Thiswill makemany derivativeslook timesymmetric,which is thecasefor mostlawsof physics.

A morecomplicatedcaseinvolvesspacelike derivatives. In the spacelike region, changesin time go to zerofaster
thanthe absolutevalueof the 3-vector. Thereforethe orderof the limit processesis reversed.This time the scalar
approacheszero,thenthe3-vector. Thiscreatesaproblem,becauseafterthefirst limit process,thedifferentialelement
is (0, D), whichwill notcommutewith mostquaternions.Thatwill leadto thedifferentialelementnotcancelling.The
wayaroundthis is to take its norm,which is ascalar.

A spacelikedifferentialelementis definedby takingtheratioof adifferentialquaternionelementD to its 3-vector, D -
D*. Let thenormof D approachzero.To bedefined,thethreevectormustapproachzerofasterthanits corresponding
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scalar. To make thedefinitionnon-singulareverywhere,multiply by theconjugate.In the limit D D*/((D - D*)(D -
D*))* approaches(1, 0), ascalar.�

f
�
q,q � , q � 1, q � 2 ��

q

�
f
�
q,q � , q � 1, q � 2 � ��

q
�

� limit as 0,
�
D � > 0 limit as d,

�
D � > 0,

�
D

f q � d,
�
D , q � , q � 1, q � 2 � f

�
q, q � , q � 1, q � 2 � d,

�
D � 1

f q � d,
�
D , q � , q � 1, q � 2 � f

�
q, q � , q � 1, q � 2 � ˆ % d,

�
D � 1 �

To make this concrete,considerasimpleexample,f � qˆ2. Apply thedefinition:

Norm


�����
�

q2�
q


 ����� � limit 0,
�
D � > 0 limit as d,

�
D � > 0,

�
D

a,
�
B � d,

�
D

2 � a,
�
B

2

d,
�
D � 1

a,
�
B � d,

�
D

2 � a,
�
B

2 �
d,

�
D � 1 � �

� lim a,
�
B � 0,

�
D a,

�
B 0, � �D norm 0,

�
D � 0,

�
D

a,
�
B � 0,

�
D a,

�
B 0, � �D norm 0,

�
D � 0,

�
D ˆ %����

Thesecondandfifth termsareunitary rotationsof the3-vectorB. SincethedifferentialelementD couldbepointed
anywhere,this is anarbitraryrotation.Define:

a,
�
B� � 0,

�
D a,

�
B 0, � �D norm 0,

�
D

Substitute,andcontinue:

� lim a,
�
B � a,

�
B� � 0,

�
D a,

�
B � a,

�
B� � 0,

�
D � �

� lim 4aˆ2 � 2
�
B.

�
B � 2

�
B.

�
B� � 2

�
D.

�
B � 2

�
D.

�
B� , �

0

� 4aˆ2 � 2
�
B.

�
B � 2

�
B.

�
B� , �

0 < � 2q & 2
Look athow wonderfullystrangethis is! Thearbitraryrotationof the3-vectorB meansthatthisderivativeis boundby
aninequality. If D is in directionof B, thenit will beanequality, but D couldalsobein theoppositedirection,leading
to a destructionof a contribution from the3-vector. Thespacelike derivative canthereforeinterferewith itself. This
is quitea naturalthing to do in quantummechanics.Thespacelikederivative is positivedefinite,andcouldbeusedto
defineaBanachspace.

Defining the lightlike derivative, wherethe changein time is equalto the changein space,will requiremorestudy.
It may turn out that this derivative is singulareverywhere,but it will requiresomeskill to find a technicallyviable
compromisebetweenthespacelikeandtimelikederivative to synthesisthelightlikederivative.
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7 TopologicalPropertiesof Quaternions

(sectionunderdevelopment)

TopologicalSpace

If wechooseto work systematicallythroughWald’s ”GeneralRelativity”, thestartingpoint is ”AppendixA, Topolog-
ical Spaces”.Roughly, topologyis thestructureof relationshipsthatdonotchangeif aspaceis distorted.Someof the
resultsof topologyarerequiredto makecalculusrigorous.

In this section,I will work consistentlywith thesetof quaternions,Hˆ1, or just H for short. Thedifferencebetween
therealnumbersR andH is thatH is notatotally orderedsetandmultiplicationis notcommutative.Thesedifferences
arenot importantfor basictopologicalproperties,sostatementsandproofsinvolving H areoftenidenticalto thosefor
R.

Firstanopenball of quaternionsneedsto bedefinedto setthestagefor anopenset.Defineanopenball in H of radius
(r, 0) centeredarounda point (y, Y) [note: small lettersarescalars,capitallettersare3-vectors]consistingof points
(x, X) suchthat

���
x � y,X � Y� � � x � y,X � Y��� < �

r ,0 �
An opensetin H is any setwhich canbeexpressedasa unionof openballs.

[p. 423translated]A quaterniontopologicalspace(H,T) consistsof thesetH togetherwith a collectionT of subsets
of H with theseproperties:

1.Theunionof anarbitrarycollectionof subsets,eachin T, is in T

2.Theintersectionof a finite numberof subsetsof T is in T

3.TheentiresetH andtheemptysetarein T

T is the topologyon H. The subsetsof H in T areopensets. Quaternionsform a topologybecausethey arewhat
mathematicianscall a metric space,sinceq* q evaluatesto a real positive numberor equalszeroonly if q is zero.
Note: this is not themeaningof metricusedby physicists.For example,theMinkowski metriccanbenegativeor zero
even if a point is not zero. To keepthesameword with two meaningsdistinct, I will refer to oneasthe topological
metric,theotherasanintervalmetric.Thesedescriptivelabelsarenotusedin generalsincecontext usuallydetermines
which oneis in play.

An importantcomponentto standardapproachesto generalrelativity is productspaces.This is how atopologyfor Rˆn
is created.Eventsin spacetimerequireRˆ4,oneplacefor time, threefor space.Mathematiciansgetto make choices:
whatwould changeif work wasdonein Rˆ2,Rˆ3, or Rˆ5? Theprecisionof this notion,togetherwith thefreedomto
makechoices,makesexploring thesedecisionsfun (for thosefew who canunderstandwhatis goingon :-)

By working with H, productspacesareunnecessary. Eventsin spacetimecanbemembersof anopensetin H. Time
is thescalar, spacethe3-vector. Thereis no choiceto bemade.

OpenSets

Theedgesof setswill beexaminedby definingboundaries,openandclosedsets,andtheinteriorandclosureof a set.

I am a practicalguy who likespragmaticdefinitions. Let the real numbersL andU representarbitrary lower and
upperboundsrespectively suchthatL < U. For thequaterniontopologicalspace(H, T), consideranarbitraryinduced
topology(A, t) wherex anda areelementsof A. Useinequalitiesto define:
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an open set � �
L,0 � < �

x � a � � � x � a � < �
U,0 �

a closed set � �
L,0 � < � �

x � a � � � x � a � < � �
U, 0 �

a half open set � �
L, 0 � < � �

x � a � � � x � a � < �
U,0 �

or
�
L, 0 � < �

x � a � � � x � a � < � �
U, 0 �

a boundary � �
L, 0 ��� �

x � a � � � x � a �
Theunionof anarbitrarycollectionof opensetsis open.

Theintersectionof a finite numberof opensetsis open.

Theunionof afinite numberof closedsetsis closed.

Theintersectionof anarbitrarynumberof closedsetsis closed.

Clearlythereareconnectionsbetweentheabovedefinitions

open set union boundary � > closed set

Thiscreatescomplementaryideas.[Wald,p.424]

Theinteriorof A is theunionof all opensetscontainedwithin A.

TheinteriorequalsA if andonly if A is open.

Theclosureof A is theintersectionof all closedsetscontainingA.

Theclosureof A equalsA if andonly if A is closed.

Definea point setasthesetwherethe lower boundequalsthe upperbound. Theonly opensetthat is a point setis
thenull set.Theclosedpoint setis H. A point setfor therealnumbershasonly oneelementwhich is identicalto the
boundary. A point setfor quaternionshasaninfinite numberof elements,oneof themidenticalto theboundary.

Whataretheimplicationsfor physics?

With quaternions,theexistenceanopensetof eventshasnothingto do with thecausalityof thatcollectionof events.

an open set � �
L, 0 � <

�
x � a � � � x � a � < �

U,0 �
timelike events � scalar

���
x � a � 2 � > �

0,0 �
lightlike events � scalar

���
x � a � 2 ��� �

0,0 �
spacelike events � scalar

���
x � a � 2 � < �

0, 0 �
A propertime canhave exactly thesameabsolutevalueasa purespacelike separation,sothesetwo will beincluded
in thesamesets,whetheropen,closedor on aboundary.

Thereis no correlationthereverseway either. Take for examplea collectionof lightlikeevents.Eventhoughthey all
shareexactly thesameinterval - namelyzero- theirabsolutevaluecanvaryall overthemap,notstayingwithin limits.

Althoughindependent,thesetwo ideascanbecombinedsynergistically. ConsideranopensetS of timelike intervals.

S �(' x,a e H, a fixed ) U,

L e R & � L,0 � < �
x � a � � � x � a � < �

U,0 � , and scalar
���

x � a � 2 � > 0 *
ThesetScoulddepictaclassicalworld historysincethey arecausallylinkedandhavegoodtopologicalproperties.A
closedsetof lightlike eventscouldbea focusof quantumelectrodynamics.Topologypluscausalitycouldbethekey
for subdividing differentregionsof physics.

Hausdorff Topology
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This propertyis usedto analyzecompactness,somethingvital for rigorouslyestablishingdifferentiationandintegra-
tion.

[Wald p424]Thequaterniontopologicalspace(H, T) is Hausdorff becausefor eachpair of distinctpointsa,b E H, a
notequalto b, onecanfind opensetsOa,ObE T suchthataE Oa,b I Obandtheintersectionof OaandObis thenull
set.

For example,find thehalf-waypointbetweenaandb. Let thatbetheradiusof anopenball aroundthepointsaandb:

let
�
r , 0 ��� �

a � b � � � a � b � /4

Oa �+' a, x e H, a is fixed , r e R & � a � x � � � a � x � < r *
Ob �+' b, x e H, b is fixed , r e R & � b � x � � � b � x � < r *

Neithersetquitereachestheother, sotheir intersectionis null.

CompactSets

In this section,I will begin aninvestigationof compactsetsof quaternions.I hopeto sharesomeof my insightsinto
this subtlebut significanttopic.

First we needthedefinitionof a compactsetof quaternions.

[Translationof Wald p. 424] Let A bea subsetof the quaternionsH. SetA couldbe opened,closedor neither. An
opencoverof A is theunionof opensets, Oa- thatcontainsA. A unionof opensetsis openandcouldhaveaninfinite
numberof members.A subsetof , Oa- thatstill coversA is calleda subcover. If thesubcoverhasa finite numberof
elementsit is calleda finite subcover. ThesetA subsetof H is compactif everyopencoverof A hasa finite subcover.

Let’s find anexampleof a compactsetof quaternions.Considera setS composedof pointswith a finite numberof
absolutevalues:

S �(' x1, x2,..., xn e H) a1, a2,..., an e R,

n is finite & � x1 % x1 � ˆ0 .5 � �
a1, 0 � , �

x2 % x2 � ˆ0 .5 � �
a2, 0 � ,... *

ThesetS hasaninfinite numberof members,sincefor any of theequalities,specifyingtheabsolutevaluestill leaves
threedegreesof freedom(if thedomainhadbeenx E R, thenS would havehada finite numberof elements).Theset
S canbecoveredby anopenset , O - which couldhave aninfinite numberof members.Thereexistsa subset, C - of, O - thatis finite andstill coversS.Thesubset, C - wouldhaveonememberfor eachabsolutevalue.

C � y e ' O* ,e e R, e > 0
�
a1 � e � < y � y <

�
a1 � e, 0 � ,�

a2 � e � < y � y <
�
a2 � e, 0 � ,...,one y exists for each inequality

Everysetof quaternionscomposedof a finite numberof absolutevalueslike thesetS is compact.

NoticethatthesetS is closedbecauseit consistsof aboundarywithoutaninterior. Thelink betweencompact,closed
andboundsetis important,andwill beexaminednext

A compactset is a statementaboutthe ability to find a finite numberof opensetsthat cover a set,given any open
cover. A closedsetis theinterior of a setplustheboundaryof thatset.A setis boundif thereexistsa realnumberM
suchthatthedistancebetweenapoint andany memberof thesetis lessthanM.

For quaternionswith thestandardtopology, in orderto haveafinite numberof opensetsthatcovertheset,thesetmust
necessarilyincludeits boundaryandbebound.In otherwords,to becompactis to beclosedandbound,to beclosed
andboundis to becompact.

[Wald p. 425]Theorem1 (Heine-Borel).A closedinterval of quaternionsS:
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S � x e H,a, b e R, a < b
�
a, 0 � < � x � x < � �

b, 0 �
with thestandardtopologyonH is compact.

Wald doesnot provide a proof since it appearsin many bookson analysis. Invariably the Heine-BorelTheorem
employs thedomainof therealnumbers,x E R. However, nothingin thatproof changesby usingquaternionsasthe
domain.

[Wald p. 425] Theorem2. Let thetopology(H, T) beHausdorff andlet thesetA subsetof H becompact.ThenA is
closed.

Theorem3. Let thetopology(H, T) becompactandlet thesetA subsetof H beclosed.ThenA is compact.

Combinethesetheoremsto createa strongerstatementon thecompactnessof subsetsof quaternionsH.

Theorem4. A subsetA of quaternionsis compactif andonly if it is closedandbounded.

Thepropertyof compactnessis easilyprovedto bepreservedundercontinuousmaps.

Theorem5. Let (H, T) and(H’, T’) betopologicalspaces.Suppose(H, T) is compactandthefunctionf: H -> H’ is
continuous.Thef[H] �., h’ E H’ / h’ � f(h) - is compact.Thiscreatesacorollaryby theorem4.

Theorem6. A continuousfunctionfrom a compacttopologicalspaceinto H is boundandits absolutevalueattainsa
maximumandminimumvalues.

[endtranslationof Wald]

Rˆ1 versusRˆn

It is importantto note that thesetheoremsfor quaternionsarebuild directly on top of theoremsfor real numbers,
Rˆ1. Only the domainneedsto be changedto Hˆ1. Wald continueswith theoremson productspaces,specifically
Tychonoff ’sTheorem,sothattheabovetheoremscanbeextendedto Rˆn. In particular, theproductspaceRˆ4 should
have thesametopologyasthequaternions.

Hopefully, subtletymattersin thediscussionof the logical foundationsof generalrelativity. Both Rˆ1 andHˆ1 have
a rule for multiplication, but Hˆ1 hasan antisymmetriccomponent.This is a descriptionof a difference.Rˆ4 does
not comeequippedwith a rule for multiplication, so it is qualitatively different,even if topologicallysimilar to the
quaternions.
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Part II

ClassicalMechanics
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8 Newton’s SecondLaw

The form of Newton’s secondlaw for threeseparatecaseswill be generatedusingquaternionoperatorsactingon
positionquaternions.In classicalmechanics,timeandspacearedecoupled.Onewaythatcanbeachievedalgebraically
is by having a time operatorcatonly on space,or by spaceoperatoronly acton a scalarfunction. I call this the ”2
zero” rule: if therearetwo zerosin thegeneratorof a law in physics,thelaw is classical.

Newton’s 2nd Law for an Inertial ReferenceFrame in CartesianCoordinates

Definea positionquaternionasa functionof time.

R � t ,
�
R

Operateon this oncewith thedifferentialoperatorto getthevelocityquaternion.

V � d

dt
,
�
0 t ,

�
R � 1,

.�
R

Operateon thevelocity to gettheclassicalinertial accelerationquaternion.

A � d

dt
,
�
0 1,

.�
R � 0,

����
R

This is thestandardform for accelerationin Newton’ssecondlaw in aninertial referenceframe.Becausethereference
frameis inertial, thefirst termis zero.

Newton’s 2nd Law in Polar Coordinatesfor a Central Forcein a Plane

Repeatthis process,but this time startwith polarcoordinates.

R � �
t , r Cos 02143 , r Sin 02143 , 0 �

Thevelocity in a plane.

V � d

dt
,
�
0

�
t , r Cos 02143 , r Sin 02143 , 0 ���

� �
1,

.
r Cos 021435� r Sin 02143 .1 ,.r Sin 021435� r Cos 02143 .1 , 0 �

Accelerationin a plane.

A � d

dt
,
�
0

�
1,

.
r Cos 021436� r Sin 02143 .1 ,.r Sin 021435� r Cos 02143 .1 , 0 ���

� 0, � 2
.
r Sin 02143 .17� r Cos 02143 .1 2 � ���

r Cos 021436� r Sin 02143 ���1 ,

2
.
r Cos 02143 .17� r Sin 02143 .1 2 � ���

r Sin 02143�� r Cos 02143 ���1 , 0

Not a prettysight. For a centralforce,
.8 � L/ 9;: 2, and <=<8 � 0. Make thesesubstitutionandrotatethequaternionto

getrid of thethetadependence.

A � �
Cos 02143 , 0, 0, � Sin 02143�� d

dt
,
�
0

2 �
t , r Cos 02143 , r Sin 02143 , 0 ���

�

����� 0, L2

m2r 3 � ���
r ,

2 L
.
r

mr 2 , 0


 �����
Thesecondtermis theaccelerationin theradialdirection,thethird is accelerationin thethetadirectionfor a central
forcein polarcoordinates.
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Newton’s 2nd Law in a Noninertial, Rotating Frame

Considerthe”noninertial” case,with theframerotatingat anangularspeedomega. Thedifferentialtime operatoris
put into thefirst termof thequaternion,andthethreedirectionsfor theangularspeedareput in thenext terms.This
quaternionis thenmultiplied by thepositionquaternionto get thevelocity in a rotatingreferenceframe. Unlike the
previousexampleswheret did not interferewith thecalculations,this time it mustbesetexplicitly to zero(I wonder
whatthatmeans?).

V � d

dt
,
�> 0,

�
R � � �> . �R,

.�
R � �> x

�
R

Operateon thevelocity quaternionwith thesameoperator.

A � d

dt
,
�> � �> . �R,

.�
R � �> x

�
R �

� � .�> . �R,
����
R � 2

�> x
.�
R � .�> x

�
R � �> . �R�>

Thefirst threetermsof the3-vectorarethetranslational,coriolis,andazimuthalalterationsrespectively. Thelastterm
of the3-vectormaynot look like thecentrifugalforce,but usingavectoridentity it canberewritten:

� �> . �R�> ��� �> x
�> x

�
R � �> 2 �

R

If theangularvelocityantheradiusareorthogonal,then�> x
�> x

�
R � �> 2 �

R iff
�> . �R � 0

Thescalarterm is not zero. What this implies is not yet clear, but it maybe relatedto the fact that the frameis not
inertial.

Implications

Threeformsof Newton’ssecondlaw weregeneratedby choosingappropriateoperatorquaternionsactingon position
quaternions.Thedifferentialtime operatorwasdecoupledfrom any differentialspaceoperators.This maybeviewed
asanoperationaldefinitionof ”classical”physics.
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9 Oscillators and Waves

A professorof mineoncesaidthateverythingin physicsis a simpleharmonicoscillator. Thereforeit is necessaryto
geta handleon everything.

The SimpleHarmonic Oscillator (SHO)

Thedifferentialequationfor asimpleharmonicoscillatorin onedimensioncanbeexpresswith quaternionoperators.

d

dt
,
�
0

2 �
0, x, 0, 0 �;� 0,

k

m
x, 0, 0 �


����� 0, d2 x

dt 2 � k x

m
, 0, 0


 ����� � 0

Thisequationcanbesolveddirectly.

x � > C 0 2 3 Cos
k t

m
� C 0 1 3 Sin

k t

m

Find thevelocityby takingthederivativewith respectto time.

.
x � > k C 0 1 3 Cos k t

m

m
� k C 0 2 3 Sin k t

m

m

The DampedSimpleHarmonic Oscillator

Generatethedifferentialequationfor a dampedsimpleharmonicoscillatorasdoneabove.

d

dt
,
�
0

2 �
0, x, 0, 0 �;� d

dt
,
�
0

�
0,b x, 0, 0 �$� 0,

k

m
x, 0, 0 �

�

����� 0, d2 x

dt 2 � b d x

dt
� k x

m
, 0, 0


 ����� � 0

Solve theequation.

x � > C 0 1 3 e


�����@? b m? ? 4 k mA b2 m2


 ����� t

2 m � C 0 2 3 e


�����B? b mA ? 4 k mA b2 m2


 ����� t

2 m

The WaveEquation

Considerawave travelingalongthex direction.Theequationwhich governsits motionis givenby

d

v dt
,

d

dx
, 0, 0

2 �
0, 0, f 0 t v � x 3 , 0 ���

�

����� 0, 0,


����� � d2

dx 2 � d2

dt 2 v2


 ����� f 0 t v � x 3 , 2 d2 f 0 t v � x 3
dt dx v


 �����
The third term is the onedimensionalwave equation.The forth term is the instantaneouspower transmittedby the
wave.
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Implications

Usingtheappropriatecombinationsof quaternionoperators,theclassicalsimpleharmonicoscillatorandwave equa-
tion werewrittenoutandsolved.Thefunctionaldefinitionof classicalphysicsemployedhereis thatthetimeoperator
is decoupledfrom any spaceoperator. Thereis noreasonwhy asimilarcombinationof operatorscannotbeusedwhen
time andspaceoperatorsarenot decoupled.In fact, the four Maxwell equationsappearto beonenonhomogeneous
quaternionwaveequation,andthestructureof thesimpleharmonicoscillatorappearsin theKlein-Gordonequation.
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10 Four Testsfor a ConservativeForce

Therearefour well-known,equivalentteststo determineif a forceis conservative: thecurl is zero,apotentialfunction
whosegradientis theforceexists,all closedpathintegralsarezero,andthepathintegralbetweenany two pointsis the
samenomatterwhatthepathchosen.In thisnotebook,quaternionoperatorsperformthesetestsonquaternion-valued
forces.

1. The Curl Is Zero

To make thediscussionconcrete,definea forcequaternionF.

F � �
0, � k x, � k y, 0 �

Thecurl is thecommutatorof thedifferentialoperatorandtheforce. If this is zero,theforceis conservative.

d

dt
,
�	

,
�
F � 0

Let thedifferentialoperatorquaternionacton theforce,andtestif thevectorcomponentsequalzero.

d

dt
,
	

F � �
2 k, 0, 0, 0 �

2. There Exists a Potential Function for the Force

Operateon forcequaternionusingintegration. Take the negative of the gradientof the first component.If the field
quaternionis thesame,theforceis conservative.

F � F
�
dt , dx, dy, dz ���

� �
k x dx � k y dy, � k x dt � k y dz, � k y dt � k x dz, 0 ���

�

����� k x2

2
� k y2

2
, � k t x � k y z, � k t y � k x z, 0


 ����� �
d

dt
,
�	 
����� k x2

2
� k y2

2
,
�
0


 ����� � �
0, � k x, � k y, 0 �

This is thesameforceaswestartedwith, sothescalarinsidetheintegral is thescalarpotentialof thisvectorfield. The
vectortermsinsidetheintegralariseasconstantsof integration.They arezeroif t � z� 0. Whatrole thesevectorterms
in thepotentialquaternionmayplay, if any, is unknown to me.

3. The Line Integral of Any ClosedLoop Is Zero

Useany parameterizationin theline integral,makingsureit comesbackto go.

path � �
0, r Cos

�
t � , r Sin

�
t � , 0 �

2 C
0

F dt � 0
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4. The Line Integral Along Differ ent Paths Is the Same

Chooseany two parameterizationsfrom A to B, andtestthatthey arethesame.Thesepathsarefrom (0, r, 0, 0) to (0,
-r, 2 r, 0).

path1 � 0, r Cos
�
t � , 2 r Sin

t

2
, 0

2 C
0

dt ��� 2 k r 2

path2 � �
0, � t r � r , t r , 0 �

2

0
F dt ��� 2 k r 2

Thesame!

Implications

The four standardtestsfor a conservative forcecanbe donewith operatorquaternions.Onenew avenueopenedup
is for doingpathintegrals. It would beinterestingto attemptfour dimensionalpathintegralsto seewherethatmight
lead!
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Part III

SpecialRelativity
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11 Rotationsand Dilations Createthe Lor entzGroup

In 1905,Einsteinproposedtheprinciplesof specialrelativity withoutadeepknowledgeof themathematicalstructure
behindthework. He hadto rely on his old mathteacherMinkowski to learnthe theoryof transformations(I do not
know thedetailsof Einstein’seducation,but it couldmakeaninterestingdiscussion:-) Eventually, Einsteinunderstood
generaltransformations,embodiedin thework of Riemann,well enoughto formulategeneralrelativity.

A. W. ConwayandL. Silbersteinproposedadifferentmathematicalstructurebehindspecialrelativity in 1911and1912
respectively (a copy of Silberstein’s work is on theweb. HenryBaker hasmadeit availableat ftp://ftp.netcom.com/-
pub/hb/hbaker/quaternions/).Cayley hadobservedbackin 1854thatrotationsin 3D couldbeachievedusinga pairof
quaternionswith a normof one:

q � � a q b where a � a � b � b � 1

If this works in 3D space,why not do the4D transformationsof specialrelativity? It turnsout thata andb mustbe
complex-valuedquaternions,or biquaternions.Is thissobad?Let mequoteP.A.M. Dirac (Proc.Royal Irish Academy
A, 1945,50,p. 261):

”Quaternionsthemselvesoccupy auniqueplacein mathematicsin thatthey arethemostgeneralquantitiesthatsatisfy
the division axiom–thatthe productof two factorscannotvanishwithout eitherfactorvanishing. Biquaternionsdo
notsatisfythisaxiom,anddonothaveany fundamentalpropertywhichdistinguishesthemfrom otherhyper-complex
numbers.Also, they haveeightcomponents,which is rathertoomany for asimpleschemefor describingquantitiesin
space-time.”

Justfor therecord:plentyof fine work hasbeendonewith biquaternions,andI do not deny thevalidity of any of it.
Mucheffort hasbeendirectedtoward”otherhyper-complex numbers”,suchasClifford algebras.For therecord,I am
makingachoiceto focuson quaternionsfor reasonsoutlinedby Dirac.

Dirac tooka Mobiustransformationfrom complex analysisandtried to developaquaternionanalog.Theapproachis
toogeneral,andmustberestrictedto graft theresultsto theLorentzgroup.I personallyhavefoundthisapproachhard
to follow, andhaveyet to build aworking modelof it in Mathematica.I neededsomethingsimpler:-)

Rotation D Dilation

Multiplication of complex numberscanbethoughtof asa rotationandadilation. ConwayandSilberstein’sproposals
only have therotationcomponent.An additionaldilation termmight allow quaternionsto do thenecessarywork.

C. Möller wrotea generalform for a Lorentztransformationusingvectors(”The Theoryof Relativity”, QC6 F521,
1952,eq.25). For fixedcollinearcoordinatesystems:

�
X� � �

X � �2E � 1 � �
V.

�
X

�
V

& �V & 2 � E
t
�
V

t � � E
t � E �

V.
�
X

where c � 1,
E � 1

1 � �
v/c � 2

If V is only in thei direction,then�
X� � E �

X � E
t
�
V

ˆ
i � y

ˆ
j � z

ˆ
k

t � � E
t � E �

V.
�
X

Theadditionalcomplicationto theX’ equationhandlesvelocitiesin differentdirectionsthani.
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This hasa vectorequationanda scalarequation. A quaternionequationthat would generatethesetermsmustbe
devoid of any termsinvolving crossproducts.Thesymmetricproduct(anti-commutator)lacksthecrossproduct;

even
�
q, q � �#� q q � � q � q

2
� t t � � �

X.
�
X� , t

�
X � �

X t �
Möller’sequationlookslike it shouldinvolve two terms,oneof theform AqA (a rotation),theotherBq (adilation).

q � � q � �2E � 1 � even even
�
V � , q ,

�
V

& �V & 2 � E
even

�
V � , q � �

� q � �2E � 1 � even
�
V.

�
X, � t V , 0,

�
V

& �V & 2 � E
even 0, � �V , t , � �X �

� t ,
�
X � �2E � 1 �


����� t , �
V.

�
X

�
V

& �V & 2

 ����� � E �

V.
�
X , t

�
V

This is the generalform of the Lorentztransformationpresentedby Möller. Realquaternionsareusedin a rotation
andadilation to performthework of theLorentzgroup.

Implications

Is this resultat all interesting?A straightrewrite of Möller’s equationwould have beendull. What is interestingis
the equationwhich generatesthe Lorentz transformation.Notice how the Lorentz transformationdependslinearly
on q, but thegeneratordependson q andq*. Thatmayhave interestinginterpretations.Thegeneratorinvolvesonly
symmetricproducts.Therehasbeensomequestionin theliteratureaboutwhetherspecialrelativity handlesrotations
correctly. This is probablyoneof themoreconfusingtopicsin physics,soI will just let theobservationstandby itself.

Two waysexist to usequaternionsto do Lorentztransformations(to be discussedin the next web page).Theother
techniquerelieson thepropertyof a divisionalgebra.ThereexistsaquaternionL suchthat:

q �F� L q such that

scalar
�
q � , q �G�#� scalar

�
q, q �#� t 2 � �

X.
�
X

For aboostalongthei direction,

L � q �
q

� ���2E
t � E

v x, � E v t � E
x, y, z � �

t , � x, � y, � z ����
t 2 � x2 � y2 � z2 � �

� �2E
t 2 � 2

E
t v x � E

x2 � y2 � z2,
E

v
� � t 2 � x2 � ,

t y � x z � E
t
�
y � v z �$� E

x
�
v y � z � ,

t z � xy � E
t
�
v y � z �H� E

x
� � y � v z ��� �

t 2 � x2 � y2 � z2 �
if x � y � z � 0, then L � �2E

, � E v, 0, 0 �
if t � y � z � 0, then L � �2E

,
E

v, 0, 0 �
The quaternionL dependson the velocity andcandependon location in spacetime(85% of the type of problems
assignedundergraduatesin specialrelativity usean L thatdoesnot dependon locationin spacetime).Somepeople
view thatasa bug, but I seeit asa modernfeaturefound in thestandardmodelandgeneralrelativity asthedemand
thatall symmetryis local. Theexistenceof two approachesmaybeof interestin itself.
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12 An Alter nativeAlgebra for Lor entzBoosts

Many problemsin physicsareexpressedefficiently asdifferentialequationswhosesolutionsaredictatedby calculus.
The foundationsof calculuswereshown in turn to rely on thepropertiesof fields (themathematicalvariety, not the
onesin physics). According to the theoremof Frobenius,thereare only threefinite dimensionalfields: the real
numbers(1D), thecomplex numbers(2D), andthequaternions(4D). Specialrelativity stressesthe importanceof 4-
dimensionalMinkowski spaces:spacetime,energy-momentum,andtheelectromagneticpotential. In this notebook,
eventsin spacetimewill betreatedasthe4-dimensionalfield of quaternions.It will beshown thatproblemsinvolving
boostsalonganaxisof a referenceframecanbesolvedwith this approach.

The Toolsof SpecialRelativity

Threemathematicaltools are requiredto solve problemsthat arisein specialrelativity. Eventsare representedas
4-vectors,which canbe addor subtracted,or multiplied by a scalar. To form an innerproductbetweentwo vectors
requirestheMinkowski metric,which canberepresentedby thefollowing matrix (wherec � 1).

g IKJ��

�������
1 0 0 0
0 � 1 0 0
0 0 � 1 0
0 0 0 � 1


 �������
' t , x, y, z * .g IBJ . ' t , x, y, z *(� t 2 � x2 � y2 � z2

TheLorentzgroupis definedasthe setof matricesthatpreservesthe innerproductof two 4-vectors.A memberof
this groupis for boostsalongthex axis,whichcanbeeasilydefined.

E � 1

1 �FL 2

M
x �


�������
E 02L43 � L E 02L43 0 0� L E 02L43 E 02L43 0 0

0 0 1 0
0 0 0 1


 �������
heboosted4-vectoris

M
x. ' t , x, y, z *N� t

1 �!L 2
� x L

1 �"L 2
,

x

1 �"L 2
� t L

1 �"L 2
, y, z

To demonstratethattheinterval hasbeenpreserved,calculatetheinnerproduct.
M

x . ' t , x, y, z * . g IKJ .
M

x . ' t , x, y, z *O� t 2 � x2 � y2 � z2

Startingfrom a 4-vector, this is the only way to boosta referenceframe along the x axis to another4-vectorand
preserve theinnerproduct.However, it is notclearwhy onemustnecessarilystartfrom a 4-vector.

UsingQuaternions in SpecialRelativity

Eventsaretreatedasquaternions,a skew field or division algebrathat is 4 dimensional.Any tool built to manipulate
quaternionswill alsobea quaternion.In this way, althougheventsplay a differentrole from operators,they aremade
of identicalmathematicalfabric.

a squaredquaternionis

t ,
�
X

2 � t 2 � �
X.

�
X, 2 t

�
X
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Thefirst termof squaringa quaternionis theinvariantinterval squared.Thereis implicitly, a form of theMinkowski
metricthat is partof therulesof quaternionmultiplication. Thevectorportionis frame-dependent.If a setof quater-
nionscanbefoundthatdo not alter the interval, thenthatsetwould serve thesamerole astheLorentzgroup,acting
on quaternions,not on 4-vectors. If two 4-vectorsx andx’ areknown to have the propertythat their intervals are
identical,thenthefirst termof squaringq[x] andq[x’] will beidentical.Becausequaternionsareadivisionring, there
mustexist a quaternionL suchthatL q[x] � q[x’] sinceL � q[x’] q[x]ˆ-1. Theinverseof a quaternionis its transpose
over thesquareof thenorm(which is thefirst termof transposeof a quaterniontimesitself). Apply this approachto
determineL for 4-vectorsboostedalongthex axis.

L � �2E
t �!L E

x, �"L E
t � E x, y, z � �

t , x, y, z � � 1 �
� �2E

t 2 � E
x2 � 2

E L t x � �
y2 � z2 � , E L � � t 2 � x2 � ,

t
� L E

z � y
�
1 � E ���5� x

�2E L y � z
�
1 � E ��� ,

t
�2E L y � z

�
1 � E ���5� x

�2E L z � y
�
1 � E ������

t 2 � x2 � y2 � z2 �
DefinetheLorentzboostquaternionL alongx usingthis equations.L dependson therelative velocity andposition,
makingit ”local” in a sense.Seeif L q[x] � q[x’].

L 0 t , x, y, z, L43 �
t , x, y, z ��� �2E

t � E L x , � E L t � E
x, y, z �

This is a quaternioncomposedof the boosted4-vector. At this point, it canbe saidthat any problemthat canbe
solvedusing4-vectors,theMinkowski metricandaLorentzboostalongthex axiscanalsobesolvedusingtheabove
quaternionfor boostingtheeventquaternion.This is becausebothtechniquestransformthesamesetof 4 numbersto
thesamenew setof 4 numbersusingthesamevariablebeta.To seethis work in practice,pleaseexaminetheproblem
sets.

Confirmtheinterval is unchanged.
�
L
�
t , x, y, z ��� 2 �

�

������� t 2 � x2 � y2 � z2,

2
�
t 2 L7� x2 L7� t x

�
1 �!L 2 ���� 1 �!L 2 ,

2 y
�
t � x L4�
1 �"L 2

,
2 z

�
t � x L4�
1 �"L 2


 �������
Thefirst termis conservedasexpected.Thevectorportionof thesquareis framedependent.

UsingQuaternions in Practice

The boostquaternionL is too complex for simplecalculations.Mathematicadoesthe grungework. A greatmany
problemsin specialrelativity donot involveangularmomentum,which in effectsetsy � z � 0. Further, it is oftenthe
casethat t � 0, or x � 0, or for Dopplershift problems,x � t. In thesecases,theboostquaternionL becomesa very
simple.

If t � 0, then

L � E��
1, L , 0, 0 �

q � > q � � Lq

�
0, x, 0, 0 �5� > �

t � , x � , 0, 0 �#� � � E L x,
E

x, 0, 0 �
If x � 0, then

L � E��
1, � L , 0, 0 �

q � > q � � Lq

t ,
�
0 � > �

t � , x � , 0, 0 ��� �2E
t , � E L t , 0, 0 �
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If t � x, then

L � E��
1 �"L , 0, 0, 0 �

q � > q � � Lq

�
t , x, 0, 0 ��� > �

t � , x � , 0, 0 ��� E��
1 �4L4� �

t , x, 0, 0 �
Note: this is for blueshifts.Redshiftshavea plusinsteadof theminus.

Over50problemsin asophomore-level relativistic mechanicsclasshavebeensolvedusingquaternions.90%required
this verysimpleform for theboostquaternion.

Implications

Problemsin specialrelativity can be solved either using 4-vectors,the Minkowski metric and the Lorentz group,
or usingquaternions.No experimentaldifferencebetweenthe two methodshasbeenpresented.At this point the
differenceis in themathematicalfoundations.

An immenseamountof work hasgoneinto the studyof metrics,particularin thefield of generalrelativity. A large
effort hasgoneinto grouptheoryandits applicationsto particlephysics.Yetattemptsto unitethesetwo areasof study
have failed.

Thereis no division betweenevents,metricsandoperatorswhensolving problemsusingquaternions.Onemustbe
judicious in choosingquaternionsthat will be relevant to a particularproblemin physicsandthereinlies the skill.
Yet this createshopethatby usingquaternions,the long division betweenmetrics(theGrassmaninnerproduct)and
groupsof transformations(setsof quaternionsthatpreservetheGrassmaninnerproduct)maybebridged.
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Part IV

Electromagnetism
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13 ClassicalElectrodynamics

Maxwell speculatedthatsomedayquaternionswould beusefulin theanalysisof electromagnetism.Hopefully aftera
130yearwait, in thisnotebookwecanbegin thatprocess.Thisapproachreliesona judicioususeof commutatorsand
anticommutators.

The Maxwell Equations

The Maxwell equationsare formed from a combinationsof commutatorsand anticommutatorsof the differential
operatorandtheelectricandmagneticfieldsE andB respectively (for isolatedchargesin a vacuum.

even
��
t
,
�	

, 0,
�
B � odd

��
t
,
�	

, 0,
�
E �


����� � �	QP �
B ,

�	
X
�
E � � �

B�
t


 ����� � 0,
�
0

odd
��
t
,
�	

, 0,
�
B � even

��
t
,
�	

, 0,
�
E �


����� �	RP �
E ,

�	
X
�
B � � �

E�
t


 ����� � 4 S T , �J
where even

�
A, B�#� AB � BA

2
, odd

�
A, B�#� AB � BA

2

Thefirst quaternionequationembodiesthehomogeneousMaxwell equations.Thescalartermsaysthat thereareno
magneticmonopoles.Thevectortermis Faraday’slaw. Thesecondquaternionequationis thesourceterm.Thescalar
equationis Gauss’law. Thevectortermis Ampere’s law, with Maxwell’s correction.

The 4-Potential A

Theelectricandmagneticfieldsareoftenviewedasarisingfrom thesame4-potentialA. Thesecanalsobeexpressed
easilyusingquaternions.

e � vector even
��
t
, � �	 , U , � �A �


����� 0, � �
�
A�
t

� �	 U

 �����

B � odd
��
t
, � �	 , U , � �A � 0,

�	
x
�
A

The electricfield E is the vectorpart of the anticommutatorof the conjugatesof the differentialoperatorand the
4-potential.Themagneticfield B involvesthecommutator.

Theseformscanbedirectlyplacedinto theMaxwell equations.

even
��
t
,
�	

, odd
��
t
, � �	 , U , � �A �

odd
��
t
,
�	

, vector even
��
t
, � �	 , U , � �A �

�

����� � �	RP �	

x
�
A ,

� �	
x
�
A�

t
� �	

X
� �

A�
t

� �	
x
�	 U


 ����� �

����� � �	�P �

B,
� �

B�
t

� �	
x
�
E


 ����� � 0,
�
0

odd
��
t
,
�	

, odd
��
t
, � �	 , U , �

A �
even

��
t
,
�	

, vector even
��
t
, � �	 , U , � �A �
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�

����� � �	RP �	 UV� �	RP � �

A�
t
,

�	
X

�	
X
�
A � � 2

�
A�

t 2 � � �	 U�
t


 ����� �

����� �	WP �

E ,
�	

X
�
B � � �

E�
t


 ����� � 4 S T , �
J

Thehomogeneoustermsareformedfrom thesumof bothordersof thecommutatorandanticommutator. Thesource
termsarisefrom thedifferenceof two commutatorsandtwo anticommutators.

The Lor entz Force

TheLorentzforceis generatedsimilarly to thesourcetermof theMaxwell equations,but thereasmallgamerequired
to getthesignscorrectfor the4-force.

odd
E
,
E �L , 0,

�
B � even � E , E �L , 0,

�
E � E �L P �

E ,
E �

E � E �L X
�
B

This is thecovariantform of theLorentzforce.Theadditionalminussignrequiredmaybeaconventionhandeddown
throughtheages.

Conservation Laws

Thecontinuityequation–conservationof charge–isformedby applyingtheconjugateof thedifferentialoperatorto the
sourcetermsof theMaxwell equations.

scalar


�����
��
t
, � �	


����� �	�P �
E,

�	
X
�
B � � �

E�
t


 �����

 ����� �


�����
��
t

�	RP �
E � �	�P � �

E�
t

� �	�P �	
X
�
B, 0


 ����� �
� scalar

��
t
, � �	 , 4 S T , �

J � 4S �	RP �
J � � T�

t
, 0

Theupperis zero,sothedotproductof theE field andthecurrentdensityplustherateof changeof thechargedensity
mustequalzero.Thatmeansthatchargeis conserved.

Poynting’s theoremfor energy conservationis formedin a verysimilar way, exceptthattheconjugateof electricfield
is usedinsteadof theconjugateof thedifferentialoperator.

scalar


����� 0, � �E

����� �	�P �

E,
�	

X
�
B � � �

E�
t


 �����

 ����� �


����� �E P �	
X
�
B � �

E
P � �

E�
t
, 0


 �����
� scalar 0, � �E , 4 S T , �

J � 4 S �	RP �
J, 0

Additional vectoridentitiesarerequiredbeforethefinal form is reached.�
E

P �	
X
�
B � �

B
P �	

X
�
E � �	QP �

B X
�
E

�	
X
�
E ��� � �

B�
t

�
E.

� �
E�
t

� 1

2


�����
� �

E�
t


 �����
2

�
B

P � �
B�
t

� 1

2


�����
� �

B�
t


 �����
2

Usetheseequationsto simplify to thefollowing.

4 S �
E

P �
J, 0 �


������� �
�	QP �

E X
�
B � 1

2


�����
� �

E�
t


 �����
2 � 1

2


�����
� �

B�
t


 �����
2

, 0


 �������
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This is Poynting’sequation.

Implications

The foundationsof classicalelectrodynamicsare the Maxwell equations,the Lorentz force, and the conservation
laws. In this notebook,thesebasicelementshave beenwritten as quaternionequations,exploiting the actionsof
commutatorsandanticommutators.Thereis an interestinglink betweenthe E field anda differentialoperatorfor
generatingconservation laws. More importantly, the meansto generatetheseequationsusingquaternionoperators
hasbeendisplayed.Thisapproachlooksindependentfrom theusualmethodwhich relieson anantisymmetric2-rank
field tensorandaU(1) connection.
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14 Electromagneticfield gauges

A gaugeis ameasureof distance.Gaugesareoftenchosento makesolvingaparticularproblemeasier. A few arewell
known: the Coulombgaugefor classicalelectromagnetism,the Lorenzgaugewhich makeselectromagnetismlook
like a simpleharmonicoscillator, andthegaugeinvariantform which is usedin theMaxwell equations.In all these
cases,theE andB field is thesame,only theway it is measuredis different.In this notebook,theseareall generated
usingadifferentialquaternionoperatorandaquaternionelectromagneticpotential.

The Field TensorF in Differ ent Gauges

Theanti-symmetric2-rankelectromagneticfield tensorF has3 properties:its traceis zero,it is antisymmetric,and
it containsall thecomponentsof theE andB fields. Thefield usedin deriving theMaxwell equationshadthesame
informationwrittenasaquaternion:

��
t
, � �	 U , � �A � U , �

A
��
t
,
�	 �


����� 0, � �
�
A�
t

� �	 UX� �	
X
�
A


 �����
What makes this form gauge-invariant,so no matterwhat the choiceof gauge(involving dphi/dt and Del.A), the
resultingequationis identical?It is thework of thezero! Whatever thescalarfield is in thefirst termof thegenerator
getssubtractedaway in thesecondterm.

A mathematicalaside:a friend of minecalls this a ”conjugator”. Thewell-known commutatorinvolvescommuting
two termsandthensubtractingthemfrom the startingterms. In this case,the two termswereconjugatedandthen
subtractedfrom theoriginal. Any quaternionexpressionthatgetsactedon by a conjugatorresultsin a 0 scalaranda
3-vector. An anti-conjugatordoestheoppositetask.By addingtogethersomethingwith its conjugate,only thescalar
remains.Theconjugatorwill beusedoftenhere.

Generatingthefield tensorF in theLorenzgaugestartingfrom thegauge-invariantfrom involvesswappingthefields
in thefollowing way:

��
t
, � �	


�������
U , �A � U , � �A

2


 ������� �

�������

U , �
A � U , � �A

2


 �������
��
t
,
�	 �

�

�����
� U�
t

� �	
.
�
A, � �

�
A�
t

� �	 UX� �	
X
�
A


 �����
This looksmorecomplicatedthanit is. Thefirst termof thegeneratorinvolvesthescalarfield only, (phi, 0), andthe
secondterminvolvesthe3-vectorfield only, (0, A).

Thefield tensorF in theCoulombgaugeis generatedby subtractingaway thedivergenceof A, which explainswhy
thesecondandthird termsinvolveonly A, eventhoughDel.A is zero:-)��

t
, � �	 U , � �A �

��
t
, � �	


�������
U , �

A � U , � �A
4


 ������� �

�������

U , � �A � U , �A
4


 �������
��
t
,
�	 �

�

�����
� U�
t
, � � �

A�
t

� �	 UX� �	
X
�
A


 �����
Thefield tensorF in thetemporalgaugeis quitesimilar to theCoulombgauge,but someof thesignshavechangedto
targetthedphi/dtterm.
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��
t
, � �	 U , � �A �

��
t
, � �	


�������
U , �

A � U , � �A
4


 ������� �

�������

U , � �A � U , �A
4


 �������
��
t
,
�	 �

�

����� � �	

.
�
A, � �

�
A�
t

� �	 UX� �	
X
�
A


 �����
Whatis thesimplestexpressionthatall of thesegeneratorshare?I call it thefield tensorF in thelight gauge:

��
t
, � �	 U , � �A �


�����
� U�

t
� �	

.
�
A, � �

�
A�
t

� �	 UX� �	
X
�
A


 �����
Thelight gaugeis onesigndifferentfrom theLorenzgauge,but its generatoris a simpleasit gets.

Implications

In the quaternionrepresentation,thegaugeis a scalargeneratedin sucha way asto not alter the3-vector. In a lists
of gaugesin graduate-level quantumfield theorywritten by Kaku, the light gaugedid not make the list of the top 6
gauges.Thereis a reasonfor this. Gaugesarepresentedasa choicefor a physicistto make. The most interesting
gaugeshave to do with a long-runningpopularitycontest.The relationshipbetweengaugesis guessed,not written
explicitly aswasdonehere. The termthatdid not make the cut standsout. Perhapssomeof the technicalissuesin
quantumfield theorymightbetackledin this gaugeusingquaternions.
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15 The Maxwell Equations in the Light Gauge: QED?

Whatmakesatheorynon-classical?Useanoperationaldefinition:aclassicalapproachneatlyseparatesthescalarand
vectortermsof aquaternion.Recallhow theelectricfield wasdefined(where , A, B - is theevenor symmetricproduct
over2, and[A, B] is theodd,antisymmetricproductover two or crossproduct).

e � vector even
��
t
,
�	

, U , � �A �

����� 0, � �	 U7� � �

A�
t


 �����
B � odd

��
t
,
�	

, U , �
A � 0,

�	
X
�
A

Thescalarinformationis explicitly discardedfrom theE field quaternion.In this notebook,thescalarfield thatarises
will beexaminedandshowntobethefield whichgivesriseto gaugesymmetry. Thecommutatorsandanticommutators
of thisscalarandvectorfield donotalterthehomogeneoustermsof theMaxwell equations,but mayexplainwhy light
is a quantized,transversewave.

The E and B Fields,and the Gaugewith No Name

In thepreviousnotebook,theelectricfield wasgenerateddifferentlyfrom themagneticfield, sincethescalarfield was
discard.This time thatwill not bedone.

e � even
��
t
,
�	

, U , � �A �

�����
� U�
t

� �	YP �
A , � �

�
A�
t

� �	 U

 �����

B � odd
��
t
,
�	

, U , �A � 0,
�	

X
�
A

What is the nameof the scalarfield, d phi/dt - Del.A which looks like somesort of gauge?It is not the Lorenzor
Landaugaugewhich hasa plussignbetweenthetwo. It is noneof thepopulargauges:Coulomb(Del.A � 0), axial
(Az � 0), temporal(phi � 0), Feynman,unitary...

[specialnote: I amnow testingtheinterpretationthat this gaugeconstitutesthegravitationalfield. Seethesectionon
Einstein’sVision]

Thestandarddefinitionof agaugestartswith anarbitraryscalarfunctionpsi. Thefollowing substitutionsdonoteffect
theresultingequations.

UX� > U � �OUZ� ��[�
t�

A � > �
A�\� �

A � �	 [
Thiscanbewrittenasonequaterniontransformation.

U , �
A � U�� , �A� � U , �

A � � ��[�
t
,
�	 [

Thegoalhereis to find anarbitraryscalaranda 3-vectorthatdoesthesamework asthescalarfunctionpsi. Let

p �#� ��[�
t

and
�] � �	 [

Look at how thegaugesymmetrychangesby takingits derivative.��
t
,
�	 � ��[�

t
,
�	 [ �


����� � �	WP �	 [ � � 2 [�
t 2 ,

�	
X
�	 [ � �	 ��[�

t
� �	 ��[�

t


 ����� � �
p�
t

� �	YP �] , 0
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This is thegaugewith no name!Call it the”light gauge”.Thatnamewaschosenbecauseif therateof changein the
scalarpotentialphi is equalto thespatialchangeof the 3-vectorpotentialA asshouldbe the casefor a photon,the
distanceis zero.

The Maxwell Equations in the Light Gauge

The homogeneoustermsof the Maxwell equationsareformedfrom the sumof both ordersof the commutatorand
anticommutator.

even
��
t
,
�	

, odd
��
t
,
�	

, U , �
A �

odd
��
t
,
�	

, even
��
t
, � �	 , U , � �A �

� � �	RP �	
X
�
A , � �	 X

�	 U � 0,
�
0

The sourcetermsarisefrom of two commutatorsand two anticommutators.In the classicalcasediscussedin the
previous notebook,this involved a difference. Herea sumwill be usedbecauseit generatesa simplerdifferential
equation.

odd
��
t
,
�	

, odd
��
t
,
�	

, U , �
A �

even
��
t
,
�	

, even
��
t
, � �	 , U , � �A �

�

�����
� 2 U�
t 2 � �	RP �	 U , � � 2

�
A�

t 2 � �	
X

�	
X
�
A � �	 �	�P �

A


 �����
�


�����
� 2 U�
t 2 � �	 2 U , � � 2

�
A�

t 2 � �	 2 �
A


 ����� � 4 S T , �
J

Noticehow thescalarandvectorpartshaveneatlypartitionedthemselves.This is a wave equation,exceptthata sign
is flipped.Hereis theequationfor a longitudinalwave likesound.� 2

�
w�

t 2 � �	 2 �
w � 0

Thesecondtimederivativeof w mustbethesameasDelˆ2w. Thishasasolutionwhichdependsonsinesandcosines
(for simplicity, thedetailsof initial andboundaryconditionsareskipped,andtheinfinite sumhasbeenmadefinite).

�
w �_

n̂ ` 0

Cos 0 n S t 3 Sin 0 n S R3
�

t
�

t

�
w � �

R
�

R

�
w � 0

Hit w with two time derivatives,andout comes-nˆ2piˆ2 w. TakeDelˆ2,andthatcreatesthesameresults.Thusevery
valueof n will satisfythelongitudinalwave equation.

Now to find thesolutionfor thesumof thesecondtime derivative andDelˆ2. Oneof thesignsmustbeswitchedby
doingsomeoperationtwice. Soundslikea job for i! With quaternions,thesquareof anormalized3-vectorequals(-1,
0), andit is i if y � z � 0 . Thesolutionto Maxwell’sequationsin thelight gaugeis

�
w �

n̂ ` 0

Cos 0 n S t 3 Sin n S R
�
V

if
�
V

2 �#� 1, then
�

t
�

t

�
w � �

R
�

R

�
w � 0

Hit this two time derivativesyields-nˆ2piˆ2 w. Delˆ2 w hasall of this andthenormalizedphasefactorVˆ2 � (-1, 0).
V actslike animaginaryphasefactorthatrotatesthespatialcomponent.Thesumfor any n is zero(thedetailsof the
solutiondependon theinitial andboundaryconditions).
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Implications

The solutionto the Maxwell equationsin the light gaugeis a superpositionof waves–eachwith a separatevalueof
n–wherethespatialpartgetsrotatedby the3D analogueof i. That is a quantized,transversewave. That’s fortunate,
becauselight is aquantizedtransversewave. Theequationsweregeneratedby takingtheclassicalMaxwell equations,
andmakingthemsimpler.
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16 The Lor entzForce

TheLorentzforceactson amoving charge.Thecovariantform of this law is, whereW is work andP is momentum:
����� d W

d a , d
�
P

d a

 ����� � E

e
� �L . �E, �

E � �Lcb �
B �

In theclassicalcasefor a point charge,betais zeroandtheE � k e/rˆ2,sotheLorentzforcesimplifiesto Coulomb’s
law. Rewrite this in termsof thepotentialsphi andA.
����� d W

d a , d
�
P

d a

 ����� � E

e


����� L .

����� �

� �
A�
t

� �	 U

 ����� , � �

�
A�
t

� �	 UX� �L X
�	

X
�
A


 �����
In this notebook,I will look for a quaternionequationthat cangeneratethis covariantform of the Lorentzforce in
theLorenzgauge.By usingpotentialsandoperators,it maybepossibleto createotherlaws like theLorentzforce,in
particular, onefor gravity.

A Quaternion Equation for the Lor entz Force

TheLorentzforceis composedof two parts.First, thereis theE andB fields.Generatethosejust aswasdonefor the
Maxwell equations

��
t
,
�	 U , �

A �

�����
� U�

t
� �	RP �

A,
� �

A�
t

� �	 U7� �	
X
�
A


 �����
Anothercomponentis the4-velocity

V � E
,
E �L

Multiplying thesetwo termstogethercreatesthirteenterms,only 5 of whombelongto theLorentzforce.Thatshould
not be surprisingsincea bit of algebrawas neededto selectonly the covariant termsthat appearin the Maxwell
equations.After somesearching,I foundthecombinationof termsrequiredto generatetheLorentzforce.��

t
, � �	 U , � �A E

, � E �L � E
, � E �L ��

t
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 ����� � E
e

�L . �E, �
E � �Lcb �

B

This combinationof differential quaternionoperator, quaternionpotentialand quaternion4-velocity generatesthe
covariantform of theLorentzoperatorin theLorenzgauge,minusa factorof thechargee which operatesasa scalar
multiplier.

Implications

By writing thecovariantform of the Lorentzforceasan operatoractingon a potential,it maybe possibleto create
other laws like the Lorentz force. For point sourcesin the classicallimit, thesenew laws must have the form of
Coulomb’s law, F � k ee’/rˆ2. An obviouscandidateis Newton’s law of gravity, F � - G m m’/rˆ2. Thiswouldrequire
a differenttypeof scalarpotential,onethatalwayshadthesamesign.
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17 The StressTensorof the ElectromagneticField

I will outlineaway to generatethetermsof thesymmetric2-rankstress-momentumtensorof anelectromagneticfield
usingquaternions.Thismethodmayprovidesomeinsightinto whatinformationthestresstensorcontains.

Any equationwrittenwith 4-vectorscanberewrittenwith quaternions.A straighttranslationof termscouldprobably
beautomatedwith a computerprogram.What is moreinterestingis whenanequationis generatedby theproductof
operatorsactingon quaternionfields. I havefoundthatgeneratorequationsoftenyield usefulinsights.

A tensoris a bookkeepingdevice designedto keeptogetherelementsthat transformin a similar way. Peoplecan
choosealternativebookkeepingsystems,solongasthetensorbehavesthesamewayundertransformations.Usingthe
termsasdefinedin ”The classicaltheoryof fields” by LandauandLifshitz, theantisymmetric2-rankfield tensorF is
usedto generatethestresstensorT

Tik � 1

4 S � FiL Fk
L � 1

4 d ik FLMFLM

I have a practicalsenseof an E field (the stuff that makesmy hair standon end)anda B field (the invisible hand
directinga compass),but have little senseof thefield tensorF, a particularcombinationof theothertwo. Therefore,
expressthestresstensorT in termsof theE andB fieldsonly:

Tik �

�������

W Sx Sy Sz
Sx mxx mxy myz
Sy myx myy myz
Sz mzx mzy mzz


 �������
W � 1

8S
�
E

2 � �
B

2

Sa � 1

4S
�
E x

�
B

mab � 1

4S � Ea Eb � Ba Bb � 0.5 d ab

�
E

2 � �
B

2

Together, theenergy density(W),Poynting’svector(Sa)andtheMaxwell stresstensor(m ab)areall thecomponents
of thestresstensorof theelectromagneticfield.

Generatinga Symmetric 2-TensorUsing Quaternions

How shouldonerationallygo aboutto find a generatorequationthatcreatesthesetermsinsteadof usingthemonth-
longhunt-and-pecktechniqueactuallyused?Everythingis symmetric,sousethesymmetricproduct:

even
�
q, q �e�#� q q � � q � q

2
� t t ��� �

X.
�
X� , t

�
X� � �

X t �
ThefieldsE andB arekeptseparateexceptfor thecrossproductin thePoyntingvector. Individualdirectionsof afield
canbeselectedby usingaunit vectorUa:

even
�
E, Ux � � � Ex, 0 � where Ux � �

0,1, 0, 0 �
Thefollowing doublesumgeneratesall thetermsof thestresstensor:

Tik ��f y,z
a ` x f y,z

b ` x
1

4S

����� even

�
Ua,Ub�
3

� 1
���

0,e � 2 � �
0,B� 2 �

2
�

� even
�
e, Ua� even

�
e, Ub�H� even

�
B, Ua� even

�
B, Ub���

� even
�
odd

�
e, B� , Ua�$� even

�
odd

�
e, B� , Ub���

� � � Ex Ey � Ex Ez � Ey Ez � Bx By � Bx Bz � By Bz� Ey Bz � Ez By � Ez Bx � Ex Bz � Ex By � Ey Bx, 0 � /2 S
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Thefirst line generatestheenergy densityW, andpartof the � 0.5 delta(a,b)(Eˆ2 � Bˆ2) termof theMaxwell stress
tensor. The restof that tensoris generatedby the secondline. The third line createsthe Poynting vector. Using
quaternions,thenetsumof thesetermsendsup in thescalar.

Doesthegeneratorequationhave thecorrectproperties?Switchingtheorderof Ua andUb leavesT unchanged,soit
is symmetric.Checkthetrace,whenUa � Ub

trace
�
Tik �#�

��f y,z
a ` x

1

4S

����� even

�
Ua,Ua�
3

� 1
���

0, e � 2 � �
0,B� 2 �

2
�

even
�
e, Ua� 2 � even

�
B, Ua� 2


 ����� � 0

Thetraceequalszero,asit should.

Thegeneratoris composedof threepartsthathavedifferentdependencieson theunit vectors:thosetermsthatinvolve
Ua andUb, thosethat involve Ua or Ub, and thosethat involve neither. Theseare the Maxwell stresstensor, the
Poynting vectorandthe energy densityrespectively. Changingthe basisvectorsUa andUb will effect thesethree
componentsdifferently.

Implications

Sowhatdoesthestresstensorrepresent?It lookslikeeverycombinationof the3-vectorsE andB thatavoidsquadratics
(likeExˆ2) andover-countingcrossterms.I likewhatI will call the”net” stressquaternion:

net
�
Tik ���

� � � Ex Ey � Ex Ez � Ey Ez � Bx By � Bx Bz � By Bz� Ey Bz � Ez By � Ez Bx � Ex Bz � Ex By � Ey Bx, 0 � /2 S
This hasthe samepropertiesas an stresstensor. Sincethe vector is zero, it commuteswith any other quaternion
(this may be a reasonit is so useful). Switchingx termsfor y termswould flip the signsof the termsproducedby
the Poynting vectorasrequired,but not the others.Thereareno termsof the form Exˆ2, which is equivalentto the
statementthatthetraceof thetensoris zero.

On a personalnote,I never thoughtI would understandwhata symmetric2-ranktensorwas,eventhoughI listen in
on a discussionof thetopic. Yes,I couldnodalongwith thealgebra,but without any senseof F, it felt hollow. Now
thatI havea generatorandanetquaternionexpression,it looksquiteelegantandstraightforwardto me.
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Part V

Quantum Mechanics
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18 A CompleteInner Product Spacewith Dirac’ sBracket Notation

A mathematicalconnectionbetweenthe bracket notationof quantummechanicsandquaternionsis detailed. It will
be arguedthat quaternionshave the propertiesof a completeinner-productspace(a Banachspacefor the field of
quaternions).A centralissueis thedefinitionof thesquareof thenorm.In quantummechanics:

&�&2g�&�& 2 � < g�&2g >

In this notebook,thefollowing assertionwill beexamined(* is theconjugate,sothevectorflips signs):

&�& t ,
�
X &�& 2 � t ,

�
X � t ,

�
X t ,

�
X � t ,

�
X

Theinner-productof two quaternionsis definedhereasthetranspose(or conjugate)of thefirst quaternionmultiplied
by thesecond.Theinnerproductof a functionwith itself is thenorm.

The PositiveDefinite Norm of a Quaternion

The squareof the norm of a quaternioncanonly be zeroif every elementis zero,otherwiseit musthave a positive
value.

t ,
�
X � t ,

�
X � t 2 � �

X.
�
X,

�
0

This is thestandardEuclideannormfor a real4-dimensionalvectorspace.

The Euclideaninner-productof two quaternionscan take on any value, as is the casein quantummechanicsfor
<phi/ theta> . The adjective ”Euclidean” is usedto distinguishthis productfrom the Grassmaninner-productwhich
playsa centralrole in specialrelativity (seealternativealgebrafor boosts).

Completeness

With thetopologyof aEuclideannormfor a real4-dimensionalvectorspace,quaternionsarecomplete.

Quaternionsarecompletein amannerrequiredto form aBanachspaceif thereexistsaneighborhoodof any quaternion
x suchthatthereis a setof quaternionsy

&�& x � y &�& 2 < h 4

for somefixedvalueof epsilon.

Constructsuchaneighborhood.

t ,
�
X � h

4
t ,

�
X � t ,

�
X � h

4
t ,

�
X

t ,
�
X � h

4
t ,

�
X � t ,

�
X � h

4
t ,

�
X �

�

����� h 4

16
, 0, 0, 0


 ����� < � h 4, 0, 0, 0 �
An infinite numberof quaternionsexist in theneighborhood.

Any polynomialequationwith quaternioncoefficientshasa quaternionsolutionin x (a proof doneby Eilenberg and
Nivenin 1944,citedin Birkhoff andMacLane’s ”A Survey of ModernAlgebra.”)
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Identities and Inequalities

Thefollowing identitiesandinequalitiesemanatefrom thepropertiesof a Euclideannorm. They areworkedout for
quaternionsherein detailto solidify theconnectionbetweenthemachineryof quantummechanicsandquaternions.

Theconjugateof thesquareof thenormequalsthesquareof thenormof thetwo termsreversed.

< U�&2g > � � < g�&2U >

For quaternions,

t ,
�
X � t � , �

X� � � t t � � �
X.

�
X� , � t

�
X� � �

Xt � � �
Xx

�
X�

t � , �
X� � t ,

�
X � t � t � �

X� . �X, t � �X � �
X� t � �

X� x �X
Theseareidentical,becausethetermsinvolving thecrossproducewill flip signswhentheir orderchanges.

For productsof squaresof normsin quantummechanics,

< g�U�&2g�U > � < g�&2g >< U�&2U >

This is alsothecasefor quaternions.

< t ,
�
X t � , �

X� t ,
�
X t � , �

X� > �
� t ,

�
X t � , �

X� � t ,
�
X t � , �

X�
� t � , �

X� � t ,
�
X � t ,

�
X t � , �

X�
� t � , �

X� � � t 2 � x2 � y2 � z2, 0, 0, 0 � t � , �
X�

� �
t 2 � x2 � y2 � z2, 0, 0, 0 � t � , �

X� � t � , �
X�

� t ,
�
X � t ,

�
X t � , �

X� � t � , �
X�

� < t ,
�
X t ,

�
X >< t � , �

X� t � , �
X� >

Thetriangleinequalityin quantummechanics:

< gZ�FU�&2UZ�ig >2 < � �
< g�&2g > � < U�&2U > � 2

For quaternions,

< t ,
�
X � t � , �

X� t ,
�
X � t � , �

X� >2 �
� t � t � , �

X � �
X� � t � t � , �

X � �
X� 2

� t 2 � t � 2 � �
X

2 � �
X� 2 � 2t t � � 2

�
X.

�
X� , 0

2

j

������� t 2 � �

X
2 � t � 2 � �

X� 2 � 2 t ,
�
X � t ,

�
X t � , �

X� � t � , �
X� ,0


 ������� ˆ2 �
< t ,

�
X t ,

�
X > � < t � , �

X� t � , �
X� >

2

If thesignsof eachpair of componentarethesame,thetwo sideswill beequal.If thesignsaredifferent(a t anda -t
for example),thenthecrosstermswill cancelon theleft handsideof the inequality, makingit smallerthantheright
handsidewheretermsnevercancelbecausethereareonly squaredterms.

TheSchwarzinequalityin quantummechanicsis analogousto dot productsandcosinesin Euclideanspace.
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& < g�&2U > & 2 < � < g�&2g >< U�&2U >

Let a third wave function,chi, bethesumof thesetwo with anarbitraryparameterlambda.

k � gX�!l6U
Thenormof chi will necessarilybegreaterthanzero.

� g��"l6U4� � � gX�"l5U4���mg � gX�!l6g � UZ�il � U � gn�Fl � l5U � U > � 0

Choosethevaluefor lambdathathelpscombineall thetermscontaininglambda.

lX� > � U � gU � U
g � gZ� U!��g6g!�oUU � U > � 0

Multiply throughby thedenominator, separatethetwo resultingtermsanddo someminor rearranging.
� g � U4� � g � U < �Ng � g$U � U

This is now theSchwarzinequality.

Anotherinequality:

2 Re < g�&2U > < � < g�&2g > � < U�&2U >

Examinethe squareof the norm of the differencebetweentwo quaternionswhich is necessarilyequalto or greater
thanzero.

0 < � < t ,
�
X � t � , �

X� t ,
�
X � t � , �

X� >

� �
t � t � � 2 � �

X � �
X� .

�
X � �

X� ,
�
0

Thecrosstermscanbeputontheothersideof inequality, changingthesign,andleaving thesumof two normsbehind.

2 t t ��� �
X.

�
X� ,

�
0 < � t 2 � �

X
2 � t � 2 � �

X� 2
,
�
0

2 Re < t ,
�
X t � , �

X� >< � < t ,
�
X t ,

�
X > � < t � , �

X� t � , �
X� >

Theinequalityholds.

Theparallelogramlaw:

< gX�!U�&2UX�!g > � < g7�"U�&2U��"g > � 2 < g�&2g > � 2 < U�&2U >

Testthequaternionnorm

< t ,
�
X � t � , �

X�
t ,

�
X � t � , �

X� > � < t ,
�
X � t � , �

X� t ,
�
X � t � , �

X� > �
� �

t � t � � 2 � �
X � �

X� .
�
X � �

X� ,
�
0 � �

t � t � � 2 � �
X � �

X� .
�
X � �

X� ,
�
0 �

� 2 t 2 � �
X

2 � t � 2 � �
X� 2

,
�
0 �

� 2 < t ,
�
X t ,

�
X > � 2 < t � , �

X� t � , �
X� >

This is twice thesquareof thenormsof thetwo separatecomponents.
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Implications

In thecasefor specialrelativity, it wasnoticedthatby simply squaringa quaternion,the resultingfirst termwasthe
Lorentzinvariantinterval. Fromthatsolitaryobservation,thepowerof a mathematicalfield washarnessedto solve a
wide rangeof problemsin specialrelativity.

In a similar fashion,it is hopedthat becausethe productof a transposeof a quaternionwith a quaternionhasthe
propertiesof a completeinnerproductspace,thepowerof themathematicalfield of quaternionscanbeusedto solve
a wide rangeof problemsin quantummechanics.This is animportantareafor furtherresearch.

Note: this goal is differentfrom theoneStephenAdler setsout in ”QuaternionicQuantumMechanicsandQuantum
Fields.” He triesto substitutequaternionsin theplaceof complex numbersin thestandardHilbert spaceformulation
of quantummechanics.Theanalyticalpropertiesof quaternionsdo not play a critical role. It is thepropertiesof the
Hilbert spaceover thefield of quaternionsthatis harnessedto solve problems.It is my opinionthatsincetheproduct
of a transposeof a quaternionwith a quaternionalreadyhasthe propertiesof a norm in a Hilbert space,thereis no
needto imbedquaternionsagainwithin anotherHilbert space.I like acloseshavewith Occam’s razor.
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19 Multiplying Quaternions in Polar Coordinate Form

Any quaternioncanbewritten in polarcoordinateform, which involvesa scalarmagnitudeandangle,anda 3-vector
I (which in somecasescanbethemorefamiliar i).

q �Y&�& q &�& Exp 1 �
I � q � q Cos 02143H� �

I Sin 02143
This representationcanbeusefuldueto thepropertiesof theexponentialfunction,cosinesandsines.

Theabsolutevalueof aquaternionis thesquarerootof thenorm,which is thetransposeof aquaternionmultipliedby
itself.

& q &p� q � q

Theangleis thearccosineof theratioof thefirst componentof aquaternionover thenorm.

1q� ArcCos
q � q �
2 & q &

Thevectorcomponentis generatedby normalizingthepurequaternion(thefinal threeterms)to thenormof thepure
quaternion.

I � q � q �
2 & q � q � &

Iˆ2 equals-1 just like iˆ2. Let (0, V) � (q - q*)/2.

I 2 � �
0, V� �

0, V�& � 0, V��&�& � 0, V��& � � � V.V, VxV ��
V2, 0 � ��� 1

It shouldbepossibleto doFourieranalysiswith quaternions,andto form aDiracdeltafunction(or distribution). That
is a projectfor thefuture.Thosetoolsarenecessaryfor solvingproblemsin quantummechanics.

Newmethod for multiplying quaternion exponentials

Multiplying two exponentialsis at the heartof modernanalysis,whetheroneworks with Fourier transformsor Lie
groups.GivenaLie algebraof aLie groupin asufficiently smallareatheidentity, theproductof two exponentialscan
bedefinedusingtheCampbell-Hausdorff formula:

Exp 0 X3 Exp 0 y 3�� �
X � Y�$� 1

2
0 X, Y3 �

X � Y�
� 1

12
� 0�0 X, Y3 ,Y3;�r0�0 X, Y3 ,X3�� �

X � Y�$� ...

This formulais not easyto use,andis only applicablein a smallareaaroundunity. Quaternionanalysisthatrelieson
this formulawould bevery limited.

I have developed(perhapsfor the first time) a simpler and generalway to expressthe productof two quaternion
exponentialsas the sumof two components.The productof two quaternionssplits into a commutingandan anti-
commutingpart. The rulesfor multiplying commutingquaternionsareidenticalto thosefor complex numbers.The
anticommutingpartneedsto bepurely imaginary. TheGrassmanproduct(q q’) of two quaternionexponentialsand
the Euclideanproduct(q* q’) shouldboth have theseproperties.Togetherthesedefinethe needsfor the productof
two quaternionexponentials.

Let q � Exp 0 X3 q �s� Exp 0 Y3
q q �i�c' q, q �t* � � Abs 0 q, q �u3 � Exp

S
2

0 q, q � 3��
Abs 0 q, q � 3 �

where ' q, q � * � � q q � � q � � q �
2

and 0 q, q � 3 � � q q � � q � � q �
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q � q �s� same as above

where ' q, q � *m� q � q � � q � � q and 0 q, q � 3#� q � q � � q � � q

I call theseoperators”conjugators”becausethey involve taking the conjugateof the two elements.Andrew Millard
madethesuggestionfor theGrassmanproductthatunifiestheseapproachesnicely. Whatis happeninghereis thatboth
commutingandanticommutingpartsscalethemselvesappropriately. By usinganexponentialthathaspi/2 multiplied
by anormalizedquaternion,this alwayshasa zeroscalar, asit mustto accuratelyrepresentananticommutingpart.
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20 Commutators and the Uncertainty Principle

Commutatorsandthe uncertaintyprinciple arecentralto quantummechanics.Using quaternionsin theseroleshas
alreadybeenestablishedby others(Horwitz andBiedenharn,Annalsof Physics,157:432,1984).Thefirst proofof the
uncertaintyprincipleI saw reliedsolelyon thepropertiesof complex numbers,not onphysics!In this notebookI will
repeatthatanalysis,showing how commutatorsandanuncertaintyprinciplearisefrom thepropertiesof quaternions
(or theirsubfieldthecomplex numbers).

Commutators

Any quaternioncanbewritten in apolarform.

q � �
s, V�R� q � q Exp

s

q � q

V

V� V

This is identicalto Euler’s formulaexceptthattheimaginaryunit vectori is replacedby thenormalized3-vector. The
two areequivalentif j � k � 0. Any quaternioncouldbethelimit of thesumof aninfinite numberof otherquaternions
expressedin a polar form. I hopeto show that sucha quaternionmathematicallybehaveslike the wave function of
quantummechanics,evenif thenotationis different.

To simplify things,usea normalizedquaternion,sothatq* q � 1. Collect thenormalized3-vectortogetherwith I �
V/(V* V)ˆ.5.

Theangles/(q* q)ˆ.5 is a realnumber. Any realnumbercanbeviewedastheproductof two otherrealnumbers.This
seeminglyirrelevantobservationlendsmuchof theflexibility seenin quantummechanics:-) Hereis therewrite of q.

q � Exp 0 a b I 3
where q � q � 1, a b � s

q � q
, I � V

V � V

Theunit vectorI couldalsobeviewedastheproductof two quaternions.For classicalquantummechanics,this addi-
tional complicationis unnecessary. It may berequiredfor relativistic quantummechanics,so this shouldbe kept in
mind.

A point of clarificationon notation:thesameletterwill beused4 distinctways.Thereareoperators,A hat,which act
on a quaternionwave functionby multiplying by a quaternion,capitalA. If theoperatorA hat is anobservable,then
it generatesa realnumber, (a,0), which commuteswith all quaternions,whatever their form. Thereis alsoa variable
with respectto acomponentof aquaternion,a i, thatcanbeusedto form a differentialoperator.

Definea linearoperatorA hatthatmultipliesq by thequaternionA.

ˆ
A q � A q

If the operatorA hat is an observable,thenthe quaternionA is a real number, (a, 0). This will commutewith any
quaternion. This equationis functionally equivalent to an eigenvalueequation,with A hat asan eigenvectorof q
and(a, 0) astheeigenvalue.However, all of thecomponentsof this equationarequaternions,not separatestructures
suchasan operatorbelongingto a groupanda vector. This might make a subtlebut significantdifferencefor the
mathematicalstructureof thetheory, apoint thatwill not beinvestigatedhere.

Definea linearoperatorB hatthatmultipliesq by thequaternionB. If B hatis anobservable,thenthisoperatorcanbe
definedin termsof thescalarvariablea.

Let
ˆ
B �#� I

d

d a

ˆ
B q �#� I

d Exp 0 a b I 3
d a

� b q

OperatorsA andB arelinear.
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ˆ
A � ˆ

B q � ˆ
A q � ˆ

B q � a q � b q � �
a � b � q

ˆ
A
�
q � q � ��� ˆ

A q � ˆ
A q � � a q � a � q �

Calculatethecommutator[A, B], which involvesthescalara andthederivativewith respectto a.

ˆ
A,

ˆ
B q � ˆ

A
ˆ
B � ˆ

B
ˆ
A q �#� a I

d q

d a
� I

d a q

d a

��� a I
d q

d a
� a I

d q

d a
� I q

d a

d a
� I q

Thecommutatoractingona quaternionis equivalentto multiplying thatquaternionby thenormalized3-vectorI.

The Uncertainty Principle

Usetheseoperatorsto constructthingsthatbehave like averages(expectationvalues)andstandarddeviations.

The scalara–generatedby the observable operatorA hat acting on the normalizedq–canbe calculatedusing the
Euclideanproduct.

q � �
A q �#� q � a q � a q � q � a

It is hardto shuffle quaternionsor theiroperatorsaround.Realscalarscommutewith any quaternionandaretheirown
conjugates.Operatorsthatgeneratesuchscalarscanmove around.Look at waysto expresstheexpectationvalueof
A.

q � ˆ
A q � q � a q � a q � q � a � q � q � ˆ

A q
�

q � a

Definea new operatorA’ basedon A whoseexpectationvalueis alwayszero.

Let A� � A � q � �
A q �

q � �
A� q ��� q � �

A � q � �
A q ��� q ��� a � a � 0

Definethesquareof theoperatorin awaydesignedto link upwith thestandarddeviation.

Let DA� 2 � q � �
Av 2 q �6� �

q � �
Av q ��� 2 � q � �

Av 2 q �
An identicalsetof toolscanbedefinedfor B.

In thesectionon bracketnotation,theSchwarzinequalityfor quaternionswasshown.

Av � Bv � Bv � Av
2

< � Av Bv
TheSchwarzinequalityappliesto quaternions,notquaternionoperators.If theoperatorsA’ andB’ aresurroundedon
bothsidesby q andq*, thenthey will behavelike scalars.

Theleft-handsideof theSchwarzinequalitycanberearrangedto form acommutator.

q � � Av � Bv � Bv � Av � q �
q � Av � Bv q � q � Bv � Av q � q � a v � Bv q � q � � � I � � d

d a
Av q �

� q � a v Bv q � q � � � I � d

d a
Av q � q � � Av Bv � Bv Av � q � q � 0 Av , Bv 3 q

Theright-handsideof theSchwarzinequalitycanberearrangedto form thesquareof thestandarddeviationoperators.

q � & Av &6& Bv & q � q � A� v Av B� v Bv q � q � Av 2 Bv 2q � q � DA� 2 DB� 2 q

Plugbothof thesebackinto theSchwarzinequality, strippingtheprimesandtheq’swhichappearonbothsidesalong
theway.
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0 A, B3
2

< � DA2 DB2

This is theuncertaintyprinciplefor complementaryobservableoperators.

Connectionsto Standard Notation

Thisquaternionexercisecanbemappedto thestandardnotationusedin physics

bra �c& [ > � q

ket � < [ &w� q �
operator � A � A

imaginary � i � I

commutator �x0 A, B3(� 0 A, B3
norm � < [ & [ > � q � q

expectation of A � < [ & A [
> maps to q � A q

A is Hermitian � 0,
�
A is anti � Hermitian q � 0,

�
A q � 0, � �A q � q

The square of the standard deviation � d A2 � < [ & A2 [
> � < [ & A [

>2 � DA2

Onesubtletyto noteis thata quaternionoperatoris anti-Hermitianonly if thescalaris zero.This is probablythecase
for classicalquantummechanics,but quantumfield theorymay requirefull quaternionoperators.The proof of the
uncertaintyprincipleshown hereis independentof this issue.I donot yetunderstandtheconsequenceof this point.

To getto theposition-momentumuncertaintyequation,make thesespecificmaps

A � X

B � P � i y d

dx

I �R0 A,B3m� i y#0 X, P3
0 A, B3

2
� I

2
< � DA2 DB2 � 0 X, P3

2
� i y

2
< � d X2 d P2

Theproductof thesquaresof thestandarddeviation for positionandmomentumin thex-directionhasa lowerbound
equalto half theexpectationvalueof thecommutatorof thoseoperators.Theproof is in thestructureof quaternions.

Implications

Therearemany interpretationsof the uncertaintyprinciple. I comeaway with two strangeobservations. First, the
uncertaintyprincipleis aboutquaternionsof theform q � Exp[ab I]. With this insight,onecanseeby inspectionthata
planewaveExp[((Et - P.X)/hbarI], or wavepacketsthataresuperpositionsof planewaves,will havefour uncertainty
relations,one for the scalarEt andanotherthreefor the three-partscalarP.X. This perspective shouldbe easyto
generalize.

Second,the uncertaintyprinciple and gravity are relatedto the samemathematicalproperties. This proof of the
uncertaintyrelation involved the Schwarz inequality. It is fairly straightforward to convert that inequality to the
triangleinequality. Findinggeodesicswith quaternionsinvolvesthetriangleinequality. If acompletetheoryof gravity
canbebuilt from thesegeodesics(it hasn’t yet beendone:-) thentheinequalitiesmayopenconnectionswherenone
appearedbefore.
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21 Unifying the Representationof Spin and Angular Momentum

I will show how to representboth integral andhalf-integral spin within the samequaternionalgebraicfield. This
involvesusingquaternionautomorphisms.First a sketchof why this might work will be provided. Second,small
rotationsin aplanearoundtwo axeswill beusedto show how theresultingvectorpointsin anoppositeway, depending
on which involution is usedto constructthe infinitesimalrotation. Finally, a generalidentity will beusedto look at
whathappensunderexchangeof two quaternionsin acommutator.

Automorphism, Rotations,and Commutators

Quaternionsareformedfrom the direct productof a scalaranda 3-vector. Rotationaloperatorsthat act on eachof
the 3 componentsof the 3-vectoract like integral angularmomentum.I will show that a rotationoperatorthat acts
differentlyon two of thethreecomponentsof the3-vectoractslike half-integral spin. Whathappenswith thescalar
is irrelevantto this dimensionalcounting.Thesamerotationmatrixactingon thesamequaternionbehavesdifferently
dependingdirectlyon whatinvolutionsareinvolved.

Quaternionshave 4 degreesof freedom. If we want to representquaternionswith automorphisms,4 arerequired:
They aretheidentityautomorphism,theconjugateanti-automorphism,thefirst conjugateanti-automorphism,andthe
secondconjugateanti-automorphism:

I � q � > q

� � q � > q �
� 1 � q � > q � 1

� 2 � q � > q � 2

where

q � 1 � �
e1 q e1 � �

q � 2 � �
e2 q e2 � �

e1,e2,e3areorthogonalbasisvectors

The most importantautomorphismis the identity. Life is stablearoundsmall permutationsof the identity:-) The
conjugateflips the signsof the eachcomponentin the 3-vector. Thesetwo automorphisms,the identity and the
conjugate,treatthe3-vectorasaunit. Thefirst andsecondconjugateflip thesignsof all termsbut thefirst andsecond
terms,respectively. Thereforetheseoperatorsacton only thetwo of thethreecomponentsin the3-vector. By acting
on only two of threecomponents,a commutatorwill behave differently. This small differencein behavior insidea
commutatoris whatcreatestheability to representintegralandhalf-integralspins.

Small Rotations

Small rotationsaboutthe origin will now be calculated.Thesewill thenbe expressedin termsof the four automor-
phismsdiscussedabove.

I will be following the approachusedin J. J. Sakurai’s book ”Modern QuantumMechanics”,chapter3, making
modificationsnecessaryto accommodatequaternions.First,considerrotationsabouttheorigin in thez axis.Define:

Re3 ` 0
� 14� � cos

� 14� e0, 0,0, sin
� 14� e3

3

if q � 0, a1
e1

3
, a2

e2

3
,0
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Re3 ` 0
� 14� q �

q � � 0,
�
a1 cos

� 14�6� a2 sin
� 14��� e0

e1

3
,

�
a2 cos

� 14�5� a1 sin
� 14��� e0

e2

3
, 0

Two technicalpoints.First, Sakuraiconsideredrotationsaroundany point alongthez axis. This analysisis confined
to the z axis at the origin, a significantbut not unreasonableconstraint. Second,theserotationsare written with
generalizedcoordinatesinsteadof the very familiar andcomfortablex, y, z. This extra effort will be usefulwhen
consideringhow rotationsareeffectedbycurvedspacetime.Thismachineryis alsonecessaryto doquaternionanalysis
(pleaseseethatsection,it’sgreat:-)

Therearesimilar rotationsaroundthefirst andsecondaxesat theorigin;

Re1 ` 0
� 14��� cos

� 14� e0, sin
� 14� e1

3
, 0, 0

Re2 ` 0
� 14��� cos

� 14� e0, 0, sin
� 14� e2

3
, 0

Consideraninfinitesimalrotationfor thesethreerotationoperators.To secondorderin theta,

sin
� 14���m1Z� O

� 1 3 � , cos
� 14�#�


����� 1 � 1 2

2


 ����� � O
� 1 3 �

Re1 ` 0
� 1 << 1 ���


�����

����� 1 � 1 2

2


 ����� e0, 1 e1

3
, 0,0


 ����� � O
� 1 3 �

Re2 ` 0
� 1 << 1 ���


�����

����� 1 � 1 2

2


 ����� e0, 0, 1 e2

3
, 0


 ����� � O
� 1 3 �

Re3 ` 0
� 1 << 1 ���


�����

����� 1 � 1 2

2


 ����� e0, 0, 0, 1 e3

3


 ����� � O
� 1 3 �

Calculatethecommutatorof thefirst two infinitesimalrotationoperatorsto secondorderin theta:

0 Re1 ` 0,Re2 ` 0 3��

�����

����� 1 � 1 2

2


 ����� e0, 1 e1

3
, 0, 0


 �����

�����

����� 1 � 1 2

2


 ����� e0, 0, 1 e2

3
, 0


 ����� �

�

�����

����� 1 � 1 2

2


 ����� e0, 0, 1 e2

3
, 0


 �����

�����

����� 1 � 1 2

2


 ����� e0, 1 e1

3
, 0, 0


 ����� �
� �

1 �!1 2 � e0
2, 1 e0e1

3
, 1 e0e2

3
, 1 2 e1e2

9
�

�
1 �!1 2 � e0

2, 1 e0e1

3
, 1 e0e2

3
, �"1 2 e1e2

9
�

� 2 0, 0, 0, 1 2 e1e2

9
� 2

�
Re3 ` 0

� 1 2 ��� R
�
0 ���

To secondorder, the commutatorof infinitesimal rotationsof rotationsabout the first two axes equalstwice one
rotationaboutthethird axisgiventhesquaredangleminusa zerorotationaboutanarbitraryaxis(a fancy way to say
theidentity). Now I wantto write this resultusinganti-automorphicinvolutionsfor thesmallrotationoperators.

0 R� e1 ` 0,R� e2 ` 0 3��

�����

����� 1 � 1 2

2


 ����� e0, �"1 e1

3
, 0, 0


 �����

�����

����� 1 � 1 2

2


 ����� e0, 0, �"1 e2

3
, 0


 ����� �

�

�����

����� 1 � 1 2

2


 ����� e0, 0, �!1 e2

3
, 0


 �����

�����

����� 1 � 1 2

2


 ����� e0, �!1 e1

3
, 0,0


 ����� �
� �

1 �!1 2 � e0
2, �41 e0e1

3
, �"1 e0e2

3
, 1 2 e1e2

9
�

�
1 �!1 2 � e0

2, �!1 e0e1

3
, �"1 e0e2

3
, �"1 2 e1e2

9
�

� 2 0, 0, 0, 1 2 e1e2

9
� 2

�
Re3 ` 0

� 1 2 ��� R
�
0 ���

Nothinghaschanged.Repeatthisexerciseonelasttime for thefirst conjugate:
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0 R� 1e1 ` 0,R� 1
e2 ` 0 3��
����� �


����� 1 � 1 2

2


 ����� e0, 1 e1

3
, 0, 0


 �����

����� �


����� 1 � 1 2

2


 ����� e0, 0, �"1 e2

3
, 0


 ����� �

�

����� �


����� 1 � 1 2

2


 ����� e0, 0, �"1 e2

3
, 0


 �����

����� �


����� 1 � 1 2

2


 ����� e0, 1 e1

3
,0, 0


 ����� �
� �

1 �!1 2 � e0
2, �41 e0e1

3
, �"1 e0e2

3
, 1 2 e1e2

9
�

�
1 �!1 2 � e0

2, �!1 e0e1

3
, �"1 e0e2

3
, �"1 2 e1e2

9
�

� 2 0, 0, 0, 1 2 e1e2

9
��� 2

�
Re3 ` 0

� 1 2 �6� R
�
0 ���

Thispointsexactly theoppositeway,evenfor aninfinitesimalangle!

This is the kernel requiredto form a unified representationof integral andhalf integral spin. Imagineaddingup a
seriesof thesesmall rotations,say2 pi of these.No doubtthe identity andconjugateswill bring you backexactly
whereyoustarted.Thefirst andsecondconjugatesin thecommutatorwill point in theoppositedirection.To getback
on coursewill requireanother2 pi, becausetheminusof aminuswill generateaplus.

Automorphic Commutator Identities

This is a veryspecificexample.Is therea generalidentity behindthis work?Hereit is:

0 q, q � 3��Y0 q � , q � � 3#�W0 q � 1, q � � 1 3 � 1 �z0 q � 2, q � � 2 3 � 2

It is usuallya goodsignif a proposalgetsmoresubtleby generalization:-) In this case,thenegativesignseenon the
z axis for thefirst conjugatecommutatoris dueto theactionof anadditionalfirst conjugate.For thefirst conjugate,
thefirst termwill have thecorrectsignaftera2 pi journey, but thescalar, third andforth termswill point theopposite
way. A similar, but not identicalstoryappliesfor thesecondconjugate.

With theidentity, we canseeexactly whathappensif q changesplaceswith q’ with a commutator. Notice,I stopped
right at thecommutator(not includingany additionalconjugator).In thatcase:

0 q, q � 3�����0 q � , q 3R��0 q � ,q � � 3��#��0 q � � , q � 3��
� 0, a2a3

e2e3

9
� a3a2

e3e2

9
,

a3a1
e3e1

9
� a1a3

e1e3

9
, a1a2

e1e2

9
� a2a1

e2e1

9

0 q � 1, q � � 1 3#����0 q � � 1, q � 1 3��
� 0, a2a3

e2e3

9
� a3a2

e3e2

9
,

� a3a1
e3e1

9
� a1a3

e1e3

9
, � a1a2

e1e2

9
� a2a1

e2e1

9

0 q � 2, q � � 2 3#����0 q � � 2, q � 2 3��
� 0, � a2a3

e2e3

9
� a3a2

e3e2

9
,

a3a1
e3e1

9
� a1a3

e1e3

9
, � a1a2

e1e2

9
� a2a1

e2e1

9

Underanexchange,theidentityandconjugatecommutatorsform adistinctgroupfrom thecommutatorsformedwith
thefirst andsecondconjugates.Thebehavior in a commutatorunderexchangeof theidentity automorphismandthe
anti-automorphicconjugateareidentical.Thefirst andsecondconjugatesaresimilar, but not identical.

Therearealsocorrespondingidentitiesfor theanti-commutator:

' q, q � *(�+' q � , q � � * � ���4' q � 1,q � � 1 * � 1 ���4' q � 2, q � � 2 * � 2
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At this point, I don’t know how to usethem,but again,the identity andfirst conjugatesappearto behave differently
thatthefirst andsecondconjugates.

Implications

This is not a super-symmetricproposal.For thatwork, thereis a super-partnerparticlefor every currentlydetected
particle.At this time,not oneof thoseparticleshasbeendetected,aseriousomission.

Threedifferent operatorshad to be blendedtogetherto perform this feat: commutators,conjugatesand rotations.
Theseinvolve issueof even/oddness,mirrors, androtations. In a commutatorunderexchangeof two quaternions,
the identity andthe conjugatebehave in a unitedway, while the first andsecondconjugatesform a similar, but not
identicalset.Becausethis is ageneralquaternionidentity of automorphisms,this shouldbeverywidely applicable.
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22 Deriving A Quaternion Analog to the Schrödinger Equation

TheSchr̈odingerequationgivesthekinetic energy plusthepotential(a sumalsoknown astheHamiltonianH) of the
wavefunctionpsi,whichcontainsall thedynamicalinformationaboutasystem.Psiis ascalarfunctionwith complex
values.

H
[ �#� i y ��[�

t
� �{y 2

2 m
	 2 [ � V

�
0,X� [

For the time-independentcase,energy is written at theoperator-i hbard/dt, andkinetic energy asthe squareof the
momentumoperator, i hbarDel, over2m. GiventhepotentialV(0, X) andsuitableboundaryconditions,solvingthis
differentialequationgeneratesa wave functionpsiwhich containsall thepropertiesof thesystem.

In this section,the quaternionanalogto the Schr̈odingerequationwill be derived from first principles. What is
interestingaretheconstraintthatarerequiredfor thequaternionanalog.For example,thereis a factorwhich might
serve to damprunaway terms.

The Quaternion WaveFunction

Thederivationstartsfrom a curiousplace:-) Write out classicalangularmomentumwith quaternions.

0,
�
L � 0,

�
Rx

�
P � odd 0,

�
R 0,

�
P

Whatmakesthis ”classical”arethezeroesin thescalars.Maketheseinto completequaternionsby bringingin timeto
go alongwith thespace3-vectorR, andE with the3-vectorP.

t ,
�
R e,

�
P � Et � �

R.
�
P,e

�
R � �

Pt � �
Rx

�
P

Definea dimensionlessquaternionpsi thatis this productoverh bar.

[ � t ,
�
R e,

�
P

y � Et � �
R.

�
P, e

�
R � �

Pt � �
Rx

�
P y

Thescalarpartof psi is alsoseenin planewave solutionsof quantummechanics.Thecomplicated3-vectoris a new
animal,but noticeit is composedof all thepartsseenin thescalar, justdifferentpermutationsthatevaluateto 3-vectors.
Onemightarguethatfor completeness,all combinationsof E, t, R andPshouldbeinvolvedin psi,asis thecasehere.

Any quaternioncanbeexpressedin polarform:

q � q e
arccos s|

q
| �

V| �V |

Expresspsi in polarform. To make thingssimpler, assumethatpsi is normalized,so / psi/}� 1. The3-vectorof psi is
quitecomplicated,sodefineonesymbolto captureit:

I � e
�
R � �

Pt � �
Rx

�
P

e
�
R � �

Pt � �
Rx

�
P

Now rewrite psi in polarform with thesesimplifications:

[ � e
Et �

�
R.

�
P I / ~

This is whatI call thequaternionwave function. Unlike previouswork with quaternionicquantummechanics(seeS.
Adler’s book ”QuaternionicQuantumMechanics”),I seeno needto definea vectorspacewith right-handoperator
multiplication. As wasshown in thesectionon bracket notation,theEuclideanproductof psi (psi* psi) will have all
the propertiesrequiredto form a Hilbert space.The advantageof keepingboth operatorsandthe wave function as
quaternionsis that it will make senseto form an interactingfield directly usinga productsuchaspsi psi’. Thatwill
not bedonehere.Anotheradvantageis thatall theequationswill necessarilybeinvertible.
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Changesin the Quaternion WaveFunction

We cannotderive theSchr̈odingerequationperse,sincethat involvesHermitianoperatorsthatactingon a complex
vectorspace.Instead,the operatorsherewill be anti-Hermitianquaternionsactingon quaternions.Still it will look
very similar, down to the last h bar :-) All that needsto be doneis to studyhow the quaternionwave function psi
changes.Make thefollowing assumptions.

1. Energy andMomentumareconserved.
�
e�
t

� 0 and
� �

P�
t

� 0

2. Energy is evenlydistributedin space�	
e � 0

3. Thesystemis isolated�	
x
�
P � 0

4. Theposition3-vectorX is in thesamedirectionasthemomentum3-vectorP

X.P& X &�& P & � 1 which implies
de

�
I

dt
� 0 and

�	
xe

�
I � 0

The implicationsof this last assumptionare not obvious but can be computeddirectly by taking the appropriate
derivative. Hereis a verbalexplanation.If energy andmomentumareconserved,they will not changein time. If the
position3-vectorwhich doeschangeis alwaysin the samedirectionasthe momentum3-vector, thenI will remain
constantin time. SinceI is in thedirectionof X, its curl will bezero.

This last constraintmay initially appeartoo confining. Contrastthis with the typical classicalquantummechanics.
In thatcase,thereis an imaginaryfactori which containsno informationaboutthesystem.It is a mathematicaltool
tossedin sothattheequationhasthecorrectproperties.With quaternions,I is determineddirectly from E, t, P andX.
It mustbericherin informationcontent.This particularconstraintis a reflectionof that.

Now take thetimederivativeof psi.��[�
t

� e Iy
[

1 � Et �
�
R.

�
P~ 2

Thedenominatormustbeat least1, andcanbegreaterthatthat. It canserveasadamper, agoodthingto tamerunaway
terms.Unfortunately, it alsomakessolvingexplicitly for energy impossibleunlessEt - P.X equalszero.Sincethegoal
is to makea directconnectionto theSchr̈odingerequation,makeonefinal assumption:

5. Et - R.P � 0

Et � �
R.

�
P � 0

Thereareseveralimportantcaseswhenthiswill betrue.In avacuum,E andParezero.If this is usedto studyphotons,
thent �#/R/ andE �#/P/ . If this numberhappensto beconstantin time, thenthis equationwill applyto thewave front.

if
�

Et � �
R.

�
P�

t
� 0, e � � �

R�
t
.
�
P or

� �
R�
t

� e�
P

Now with these5 assumptionsin hand,energy canbedefinedwith anoperator.��[�
t

� e Iy [
� I y ��[�

t
� e

[
or e �#� I y ��

t

Theequivalenceof theenergy E andthis operatoris calledthefirst quantization.
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Take thespatialderivativeof psi usingtheunderthesameassumptions:

�	 [ ���
�
P Iy

[
1 � Et �

�
R.

�
P~ 2

�
I y �	 [ � �

P
[

or
�
P � I y �	

Squarethis operator.
�
P

2 � �
mv� 2 � 2m

mv2

2
� 2mKE ���{y 2

�	 2

TheHamiltonianequalsthekinetic energy plusthepotentialenergy.�
H
[ ��� �I y ��[�

t
���{y 2

�	 2 [ � V
[

Typographically, this looksvery similar to the Schr̈odingerequation.CapitalI is a normalized3-vector, anda very
complicatedoneat that if you review theassumptionsthatgot ushere. phi is not a vector, but is a quaternion.This
give theequationmore,not less,analyticalpower. With all of theconstraintsin place,I expectthatthis equationwill
behaveexactly like theSchrodingerequation.As theconstraintsareremoved,thisproposalbecomesricher. Thereis a
damperto quenchrunaway terms.The3-vectorI becomesquitethenightmareto dealwith, but it shouldbepossible,
givenwearedealingwith a topologicalalgebraicfield.

Implications

Any attemptto shift the meaningof an equationascentralto modernphysicshadfirst be ableto regenerateall of
its results. I believe that thequaternionanalogto Schr̈odingerequationunderthe listedconstraintswill do the task.
Theseis animmenseamountof work neededto seeastheconstraintsarerelaxed,whetherthequaterniondifferential
equationswill behave better. My senseat this time is thatfirst quaternionanalysisasdiscussedearliermustbemade
asmathematicallysolid ascomplex analysis.At thatpoint, it will beworth pushingtheenvelopewith this quaternion
equation. If it standson a foundationasrobust ascomplex analysis,the profoundproblemsseenin quantumfield
theorystanda chanceof fadingaway into thebackground.
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23 Intr oduction to Relativistic Quantum Mechanics

Therelativistic quantummechanicequationfor a freeparticleis theKlein-Gordonequation(h� c� 1)
�����
� 2�
t 2 � 	 2 � m2


 ������� � 0

TheSchr̈odingerequationresultsfrom thenon-relativistic limit of this equation.In this section,themachineryof the
Klein-Gordonequationwill beportedto quaternions.

The WaveFunction

The wave function is the superpositionof all possiblestatesof a system. The productof the conjugateof a wave
functionwith anotherwave functionformsa completeinnerproductspace.In theenergy/momentumrepresentation,
this would involveall possibleenergy levelsandmomenta.

� � the sum from n � 0 to infinity of en,
�
P

n

This infinite sumof quaternionsshouldcontainall theinformationabouta system.Thequaternionwave functioncan
benormalized.

n̂ ` 0 en,
�
P

n

� en,
�
P

n
�q

n̂ ` 0

e2
n � �

P2
n, 0 � 1

The first quaternionis the conjugateor transposeof the second.Sincethe transposeof a quaternionwave function
timesawavefunctioncreatesaEuclideannorm,thisrepresentationof wavefunctionsasaninfinite sumof quaternions
canform a complete,normedproductspace.

The Klein-Gordon Equation

TheKlein-Gordonequationcanbedivided into two operatorsthatacton thewave function: theD’Alembertianand
thescalarmˆ2. Thequaternionoperatorrequiredto createtheD’Alembertian,alongwith vectoridentities,hasalready
beenworkedout for theMaxwell equationsin theLorenzgauge.

n̂ ` 0
��
t
,
�	 2 � ��

t
, � �	 2

en,
�
P

n
2 �

�
n̂ ` 0


�����
� 2en�

t 2 � �	RP �	
en � �	�P �	

X
�
P

n
,

� 2
�
P

n�
t 2 � �	 �	�P �

P
n
� �	

X
�	

X
�
P

n
� �	

X
�	

en


 �����
Thefirst termof thescalar, andthesecondtermof thevector, arebothequalto zero.Whatis left is theD’Alembertian
operatoractingon thequaternionwave function.

To generatethescalarmultiplier mˆ2,substituteEnandPnfor theoperatorsd/dtanddelrespectively, andrepeat.Since
the structureof the operatoris identicalto the previousone,insteadof the D’Alembertiantimesthe wave function,
thereis Enˆ2-Pnˆ2.Thesumof all thesetermsbecomesmˆ2.

Setthesumof thesetwo operatorsequalto zeroto form theKlein-Gordonequation.

n̂ ` 0
��
t
,
�	 2 � ��

t
, � �	 2 � en,

�
P

n

2 � en, � �
P

n

2
en,

�
P

n
2 �

�q
n̂ ` 0


����� � �	�P �	
X

�
P

n
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It takessomeskilled staringto assurethat this equationcontainstheKlein-Gordonequationalongwith vectoridenti-
ties.

Connectionto the Maxwell Equations

If m� 0, thequaternionoperatorsof theKlein-Gordonequationsimplifiesto theoperatorsusedto generatetheMaxwell
equationsin theLorenzgauge.In thehomogeneouscase,thesameoperatoractingontwo differentquaternionsequals
thesameresult.This impliesthat

g , �
A ��

n̂ ` 0 en,
�
P

n

Underthis interpretation,a nonzeromasschangesthe wave equationinto a simpleharmonicoscillator. The simple
relationshipbetweenthequaternionpotentialandthewave functionmayhold for thenonhomogeneouscaseaswell.

Implications

The Klein-Gordonequationis customarilyviewed asa scalarequation(due to the scalarD’Alembertianoperator)
andtheMaxwell equationsarea vectorequation(dueto thepotentialfour vector). In this notebook,thequaternion
operatorthat generatedthe Maxwell equationswasusedto generatethe Klein-Gordonequation. This alsocreated
severalvectoridentitieswhich areusuallynot mentionedin this context. A quaterniondifferentialequationis needed
to performthe work of the Dirac equation,but sincequaternionoperatorsarea field, an operatorthat doesthe task
mustexist.
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24 Time Reversal Transformations for Inter vals

Thefollowing transformationR for quaternionsreversestime:

t ,
�
X � > � t ,

�
X � R t ,

�
X

ThequaternionR exist becausequaternionsarea field.

R will equal(-t, X )(t, X ��� 1. Theinverseof quaternionis thetransposeoverthesquareof thenorm,which is thescalar
termof thetransposeof a quaterniontimesitself.

R � � t ,
�
X t ,

�
X � 1 � � t 2 � �

X.
�
X, 2 t

�
X t 2 � �

X.
�
X

For any giventime,R canbedefinedbasedon theabove.

ClassicalTime Reversal

Examinetheform of thequaternionwhich reversestime undertwo conditions.A interval normalizedto the interval
takes the form (1, beta),a scalaroneanda 3-vector relativistic velocity beta. In the classicalregion, beta<<< 1.
CalculateR in this limit to oneorderof magnitudein beta.

R � � t ,
�L t ,

�L � 1 � � t 2 � �L . �L , 2 t
�L t 2 � �L . �L , 0

if L << 1 then R � � 1, 2 t
�L

TheoperatorR is almostthenegative identity, but thevectoris non-zero,soit would not commute.

Relativistic Time Reversal

For a relativistic interval involving oneaxis,theinterval couldbecharacterizedby thefollowing:
�
T �Hh ,T, 0, 0 �

Findout whatquaternionis requiredto reversetime for this relativistic interval to first orderin epsilon.

R �

����� T2 � �

T �6h�� 2

T2 � �
T �6h�� 2 ,

2 T
�
T �6h��

T2 � �
T �6h�� 2 , 0, 0


 ����� � � h
T

� O 0oh�3 2, 1 � O 0oh�3 2, 0, 0

Thisapproachesq[-e/T, 1, 0, 0], almosta purevector, a resultdistinctfrom theclassicalcase.

Implications

In specialrelativity, theinterval betweeneventsis consideredto be4 vectorareoperatedonby elementsof theLorentz
group.Theelementof thisgroupthatreversestime hasalongits diagonal

, -1, 1, 1, 1 - , zeroeselsewhere. Thereis no dependenceon relative velocity. Thereforespecialrelativity predicts
theoperationof time reversalshouldbe indistinguishablefor classicalandrelativistic intervals. Yet classically, time
reversalappearsto involveentropy, andrelativistically, time reversalinvolvesantiparticles.

In this notebook,a time reversalquaternionhasbeenderived andshown to work. Time reversalfor classicaland
relativistic intervals have distinct limits, but thesetransformationshave not yet beentied explicitly to the laws of
physics.
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Part VI

Gravity
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25 Einstein’s vision I: Classicalunified field equationsfor gravity and elec-
tr omagnetismusing Riemannianquaternions

Abstract

Theequationsgoverninggravity andelectromagnetismshow bothprofoundsimilaritiesandunambiguousdifferences.
Albert Einsteinworked to unify gravity andelectromagnetism,mainly by trying to generalizeRiemanniangeome-
try. Hamilton’s quaternionsarea 4-dimensionaltopologicalalgebraicfield relatedto the realandcomplex numbers
equippedwith a static Euclidean4-basis. Riemannianquaternionsas definedhereinexplicitly allow for dynamic
changesin thebasisvectors.Theequivalenceprincipleof generalrelativity whichappliesonly to massis generalized
becausefor any Riemannianquaterniondifferentialequation,the chainrule meansa changecouldbecausedby the
potentialand/orthe basisvectors.The Maxwell equationsaregeneratedusinga quaternionpotentialandoperators.
Unfortunately, thealgebrais complicated.Theunifiedforcefield proposedis modeledon a simplificationof theelec-
tromagneticfield strengthtensor, beingformedby a quaterniondifferentialoperatoractingon a potential,Box* A* .
This generatesaneven,antisymmetric-matrixforcefield for electricityandanodd,antisymmetric-matrixforcefield
for magnetism,wherethe even field conservesits sign if the orderof the differentialandthe potentialarereversed
unlike theoddfield. Gaugesymmetryis brokenfor massive particlesby theeven,symmetric-matrixterm,which is
interpretedasbeingdueto gravity. In tensoranalysis,adifferentialoperatoractingon thefield strengthtensorcreates
theMaxwell equations.Theunifiedfield equationsfor anisolatedsourcearegeneratedby actingon theunifiedforce
field with anadditionaldifferentialoperator, Box* Box* A* � 4 pi J*. Thiscontainsaquaternionrepresentationof the
Maxwell equations,a classicallink to the quantumAharonov-Bohmeffect, anddynamicfield equationsfor gravity.
Vacuumsolutionsto theunifiedfield equationsarediscussed.Thefield equationsconservebothelectricchargedensity
andmassdensity. Undera Lorentztransformation,thegravitationalandelectromagneticfieldsareLorentzinvariant
andLorentzcovariantrespectively, but thereareresidualtermswhosemeaningis not clearpresently. An additional
constraintis requiredfor gaugetransformationsof amassivefield.

Einstein’s vision usingquaternions

Threeof the four known forcesin physicshave beenunified via the standardmodel: electromagnetism,the weak
and the strongforce. The holdout remainsgravity, the first force characterizedmathematicallyby IsaacNewton.
The parallelsbetweengravity andelectromagnetismareevident. Newton’s law of gravity andCoulomb’s law are
inversesquarelaws. Both forcescanbe attractive, but Coulomb’s law canalsobe a repulsive force. Neitherlaw is
consistentwith specialrelativity, requiringdifferentmodifications.Newton’s law of gravity needsthefield equations
of generalrelativity to beconsistentwith thefinite speedof light.[kraichnan1955]Coulomb’slaw requirestheLorentz
forceterms.A longstandinggoalof modernphysicsis to explain thesimilaritiesanddifferencesbetweengravity and
electromagnetism.

Albert Einsteinhada specificideafor how to formulatean acceptableunified field theory(seeFig. 1, taken from
[pais1982]).Oneunusualaspectof Einstein’s view wasthathebelievedtheunifiedfield would leadto a new foun-
dation for quantummechanics,an idea which is not sharedby someof today’s thinkers.[weinberg1992]Most of
Einstein’s efforts over 40 yearsweredirectedin a searchto generalizeRiemanniandifferentialgeometryin four di-
mensions.

To a degreewhich haspleasantlysurprisedthe author, Einstein’s vision to unify gravity andelectromagnetismhas
beenfollowed.Themathematicaltool usedis afour-dimensionalalgebraicfield known asthequaternions.Hamilton’s
quaternionsmustbemodernizedin two ways. First, they mustbe expressedin a coordinate-independentway. This
propertywill be essentialfor the connectionto a generalizationof the equivalenceprinciple. Second,thederivative
of a quaternionfunction with respectto a quaternionvariableneedsto be defined. Quaternionanalysisleadsto a
new foundationfor quantummechanics,consistentwith the vastbodyof previouswork. That will be includedin a
subsequentpaper. This paperexploresthehypothesisthatRiemannianquaternions,modernizedto dealwith changes
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in basisvectors,is themathematicaltool necessaryfor thegoalssetby Einstein.

Hamilton’squaternions,alongwith thefarbetterknow realandcomplex numbers,canbeadded,subtracted,multiplied
anddivided.Technically, thesethreenumbersaretheonly finite-dimensional,associative,topological,algebraicfields,
up to anisomorphism.[pontryagin1939] Propertiesof thesenumbersaresummarizedin thetablebelow:

Number Dimensions Totally Ordered Commutative
Real 1 Yes Yes

Complex 2 No Yes
Quaternions 4 No No

Hamilton’squaternionshave a Euclidean4-basiscomposedof 1, i, j, andk. Therulesof multiplicationwereinspired
by thosefor complex numbers:1ˆ2� 1, iˆ2 � jˆ2 � kˆ2 � ijk � -1. Quaternionsalsohaveareal4x4 matrix representation:

q
�
t , x, y, z ���


�������
t � x � y � z
x t � z y
y z t � x
z � y x t


 �������
Although written in Cartesiancoordinates,quaternionscanbe written in any linearly-independent4-basisbecause
matrixalgebraprovidesthenecessarytechniquesfor changingthebasis.Therefore,liketensors,aquaternionequation
is independentof thechosenbasis.Onecouldview quaternionsastensorsrestrictedto a4-dimensionalalgebraicfield.

To make thecoordinateindependenceexplicit, a new notationis proposed.Considera quaternion4-function,A n �
(a 0,a 1,a 2,a 3),andanarbitrary4-basis,I n � (i 0,i 1/3,i 2/3,i 3/3). [Thefactorof athird for the4-basisarerequired
to defineregularfunctionsin thepaperonquaternionanalysis.Briefly it is to balancethecontributionsof thescalarin
comparisonto the3-vectorin a differentialequation.]A coordinate-independentRiemannianquaternionis definedto
beA n I n � (a 0 i 0,a 1 i 1/3,a2 i 2/3,a3 i 3/3). The4-basisdoesnot have to bestatic,asillustratedby takingthe
timederivativeof thefirst termandusingthechainrule:�

a0 i 0�
t

� i 0

�
a0�
t

� a0

�
i 0�
t

Any changein aquaternionpotentialfunctioncouldbedueto contributionsfrom achangein potential,thei 0 da 0/dt
term,and/ora changein thebasis,thea 0 di 0/dt term. Is this mathematicalpropertyrelatedto physics?Theequiva-
lenceprincipleof generalrelativity asserts,with experimentstobackit up,thattheinertialmassequalsthegravitational
mass.An acceleratedreferenceframecanbe indistinguishablefrom theeffect of a massdensity. No corresponding
principleappliesto electromagnetism,whichdependsonly ontheelectromagneticfield tensorbuilt from thepotential.
With Riemannianquaternions,everydifferentialtermcouldberepresentedasa changein potentialor a changein the
referenceframe.Take for exampleGauss’law writtenwith Riemannianquaternions:

� i 1
2

9

�
e1�
x1

� i 1e1

9

�
i 1�
x1

� i 2
2

9

�
e2�
x2

�
i 2e2

9

�
i 2�
x2

� i 3
2

9

�
e3�
x3

� i 3e3

9

�
i 3�
x3

� 4S�T
Thedivergenceof theelectricfield might equalthesource,aswell asthedivergenceof thebasisvectors.Thegeneral
equivalenceprinciplemeansthatany measurementcanbedueto achangein thepotentialand/orachangein thebasis
vectors,soit is applicableto bothgravity andelectromagnetism

Thedivergenceof theelectricfield might equalthesource,aswell asthedivergenceof thebasisvectors.Thegeneral
equivalenceprinciplemeansthatany measurementcanbedueto achangein thepotentialand/orachangein thebasis
vectors,soit is applicableto bothgravity andelectromagnetism.

�
a, bi � �

c, di ��� �
ac � bd, ad � bc � ,

with two quaternions,

a, b
�
I c, d

�
I � � ac � bd

�
I

P �
I � , ad

�
I � � bc

�
I � bd

�
I b �

I �



25 EINSTEIN’SVISION I: CLASSICALUNIFIED FIELD EQUATIONSFORGRAVITY AND ELECTROMAGNETISMUSINGRIEMANNIAN QUATERNIONS71

Complex numberscommutebecausethey donothaveacrossproductin theresult.If theorderof quaternionmultipli-
cationis reversed,thenonly thecrossproductwouldchangeits sign.Quaternionmultiplicationdoesnotcommutedue
to thebehavior of thecrossproduct.Thesamemultiplicationrule appliesto quaternionoperatorsactingon functions.
An importantoperatorusedin this paperis thequaterniondifferentialoperator, composedof a time derivative anda
deloperator, (d/dt,Del). Examinehow thedifferentialoperatoractson apotentialfunction:

��
t
,
�	 U , �

A �

�����
� U�

t
� �	

.
�
A,

� �
A�
t

� �	 UZ� �	
x
�
A


 �����
For thesakeof clarity, thenotationintroducedfor Riemannquaternionshasbeensuppress,sothereaderis encouraged
to recognizethat therearealsoa parallelsetof termsfor changesin the basisvectors. The previous equationis a
completeassessmentof thechangein the4-dimensionalpotential/basis,involving two timederivatives,thedivergence,
thegradientandthecurl all in one.A unifiedfield theoryshouldaccountfor all conceivableformsof changein a 4-
dimensionalpotential/basis,asis thecasehere.

Quaternionoperatorsandpotentialshavenotbeenusedto expresstheMaxwell equations.Thereasoncanbefoundin
thepreviousequation,wherethesignof thedivergenceof A is oppositeof thecurl of A. In theMaxwell equations,the
divergenceandthecurl involving theelectricandmagneticfield areall positive. Many others,evenin Maxwell’s time,
have usedcomplex-valuedquaternionsfor the taskbecausetheextra imaginarynumbercanbeusedto get thesigns
correct.However, complex-valuedquaternionsarenotanalgebraicfield. Thenorm,tˆ2� xˆ2� yˆ2� zˆ2,for a non-zero
quaternioncouldequalzeroif thevaluesof t, x, y, andz werecomplex. Thispaperinvolvestheconstraintof working
exclusively with 4-dimensionalalgebraicfields. Therefore,no matterhow salutarythe work with complex-valued
quaternions,it is not relevantto this paper.

Is therea rationalway to constructphysicallyrelevantquaternionequations?Themethodusedherewill beto mimic
tensorequations.Theelectromagneticfield strengthtensoris formedby a differentialoperatoractingon a potential.
The Maxwell equationsareformedby actingon the field with anotherdifferentialoperator. The Lorentz4-forceis
createdby theproductof aelectriccharge,theelectromagneticfield strengthtensor, anda4-velocity. Thispatternwill
berepeatedto createthesamefield andforceequationsusingquaterniondifferentialsandpotentials.Thechallengein
this exerciseis in theinterpretation,to seehow every termconnectsto establishedlawsof physics.

The reasonto hopefor unificationusingquaternionscanbe found in an analysisof symmetryprovided by Albert
Einstein:

”The physicalworld is representedasa four-dimensionalcontinuum.If in this I adopta Riemannianmetric,andlook
for thesimplestlawswhich sucha metriccansatisfy, I arriveat therelativistic gravitation theoryof emptyspace.If I
adoptin this spacea vectorfield, or theantisymmetrictensorfield derivedfrom it, andif I look for thesimplestlaws
which suchafield cansatisfy, I arriveat theMaxwell equationsfor freespace.” [einstein1934]

The”four-dimensionalcontinuum”couldbeviewedasa technicalconstraintinvolving topology. Fortunately, quater-
nionsdo have a topologicalstructuresincethey have a norm. Natureis asymmetric,containingboth a symmetric
metric for gravity andan antisymmetrictensorfor electromagnetism.With this in mind, rewrite out the real 4x4
matrix representationof aquaternion:

q
�
t , x, y, z ���


�������
t 0 0 0
0 t 0 0
0 0 t 0
0 0 0 t


 ������� �

�������
0 � x � y � z
x 0 � z y
y z 0 � x
z � y x 0


 �������
The scalarcomponent(t in representationabove) can be representedby a symmetric4x4 matrix, invariant under
transpositionandconjugation(thesearethe sameoperationsfor quaternions).The 3-vectorcomponent(x, y andz
in the representationabove) is off-diagonalandcanbe representedby an antisymmetric4x4 matrix, becausetaking
thetransposewill flip thesignsof the3-vector. Quaternionsareasymmetricin their matrix representation,a property
which is critical to usingthemfor unifying gravity andelectromagnetism.
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Recreating the Maxwell equations

Maxwell speculatedthathissetof equationsmightbeexpressedwith quaternionssomeday.[maxwell1891]Thediver-
gence,gradient,andcurl wereinitially developedby Hamiltonduringhis investigationof quaternions.For thesakeof
logical consistency, any systemof differentialequations,suchastheMaxwell equations,thatdependson thesetools
musthaveaquaternionrepresentation.

TheMaxwell equationsaregaugeinvariant. How canthis propertybe built into a quaternionexpression?Consider
a commongaugesuchasthe Lorenzgauge,dphi/dt � div A � 0. In quaternionparlance,this is a quaternion-scalar
formedfrom a differentialquaternionactingon a potential.To be invariantunderanarbitrarygaugetransformation,
thequaternion-scalarmustbesetto zero.Thiscanbedonewith thevectoroperator, (q-q*)/2. Searchfor acombination
of quaternionoperatorsandpotentialsthatgeneratetheMaxwell equations:��� � Vector

��� � A� �6� � Vector
���

A��� �
2

�
�


����� �	�P �	 b �
A ,

��
t


�����
� �

A�
t

� �	 U

 ����� � �	 b �	 b �

A


 ����� �
�


����� �	�P �
B, � �

�
E�
t

� �	 b �
B


 ����� �
� 0, 4S �J .

This is Ampere’s law andtheno monopolesvectoridentity (assuminga simply-connectedtopology). Any choiceof
gaugewill not makeacontributiondueto thevectoroperator. If thevectoroperatorwasnot used,thenthegradientof
thesymmetric-matrixforcefield wouldbelinkedto theelectromagneticsourceequation,Ampere’s law.

Generatetheothertwo Maxwell equations:

� ���
Vector

��� � A� �6� � � Vector
���

A��� �
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�
�


����� �	�P 
����� �
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t
� �	 b


����� �
� �

A�
t

� �	 U

 �����

 ����� �

�

����� �	�P �

E,
� �

B�
t

� �	 b �
E


 ����� �
� 4S�T , �

0 .

Thisis Gauss’andFaraday’slaw. Again,if thevectoroperatorhadnotbeenused,thetimederivativeof thesymmetric-
matrix forcefield would beassociatedwith theelectromagneticsourceequation,Gauss’law. To specifytheMaxwell
equationscompletely, two quaternionequationsarerequired,just like the4-vectorapproach.

Although successful,the quaternionexpressionis unappealingfor reasonsof simplicity, consistency andcomplete-
ness.A complicatedcollectionof sumsor differencesof differentialoperatorsactingon potentials- alongwith their
conjugates- is required.Thereis no obviousreasonthis combinationof termsshouldbecentralto thenatureof light.
Onemotivationfor thesearchfor aunifiedpotentialfield involvessimplifying theaboveexpressions.

Whena quaterniondifferentialactson a function, the divergencealwayshasa sign oppositethe curl. The opposite
situationappliesto theMaxwell equations.Of coursethesignsof theMaxwell equationscannotbechanged.However,
it may be worth the effort to exploreequationswith sign conventionsconsistentwith the quaternionalgebra,where
theoperatorsfor divergenceandcurl wereconceived.

Informationaboutthechangein thepotentialis explicitly discardedby thevectoroperator. Justificationcomesfrom
thepleafor gaugesymmetry, essentialfor theMaxwell equations.TheMaxwell equationsapplyto masslessparticles.
Gaugesymmetryis brokenfor massive fields. More informationaboutthe potentialmight beusedin unificationof
electromagnetismwith gravity. A gaugeis alsomatrix symmetric,so it couldprovide a completepictureconcerning
symmetry.
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Oneunified forcefield fr om onepotential field

For masslessparticles,theMaxwell equationsaresufficient to explainclassicalandquantumelectrodynamicphenom-
enain a gauge-invariantway. To unify electromagnetismwith gravity, thegaugesymmetrymustbebroken,opening
the door to massive particles. Becauseof the constraintsimposedby quaternionalgebra,thereis little freedomto
choosethegaugewith a simplequaternionexpression.In thestandardapproachto theelectromagneticfield, a differ-
ential4-vectoractsona4-vectorpotentialin suchawayasto createanantisymmetricsecond-ranktensor. Theunified
field hypothesisproposedinvolvesaquaterniondifferentialoperatoractingon aquaternionpotential:

� � A� �

�����
� U�

t
� �	

.
�
A, � � �

A�
t

� �	 UZ� �	
x
�
A


 �����
This is a naturalsuggestionwith this algebra.Theantisymmetric-matrixcomponentof theunifiedfield hasthesame
elementsasthestandardelectromagneticfield tensor. Definetheelectricfield E astheeventerms,theonesthatwill
not changesignsif the orderof the differentialoperatorandthe potentialarereversed.The magneticfield B is the
curl of A, theoddterm. Thejustificationfor proposingtheunifiedforcefield hypothesisrestson thepresenceof the
electricandmagneticfields.

Define the symmetric-matrixforce field as g. The field hasthe scalarvalue of a gauge,but must transformun-
der a changein basisvectorslike the othersecond-rankterms,so would be written in tensornotationasgˆmu nu
Box*ˆlambdaA* lambda. This term epitomizesthe unificationeffort, combininga metric with the scalarvalueof
a gauge.It will be zeroif the time rateof changein the scalarpotentialphi exactly balancesthe divergenceof the
3-vectorpotentialA. If thesubsequentanalysiscanlink thesymmetric-matrixtermto gravity, thenthis termis very
nearlyequalto zerobecausethestrengthof theelectromagneticfield vastlyexceedsthatof gravity (over42 ordersof
magnitudefor apair of electrons).

A quaternionpotentialfunctionhasfour degreesof freedomrepresentedby thescalarfunctionphi andthe 3-vector
functionA. Acting on this with one[or more]differentialoperatorsdoesnot changethedegreesof freedom.Instead,
thetangentspacesof thepotentialwill offer moresubtleviewson therulesfor how potentialschange.

The threeclassicalforcefields,g, E andB, dependon the samequaternionpotential,so thereareonly four degrees
of freedom. With seven componentsto the threeclassicalforce fields, theremustbe threeconstraintsbetweenthe
fields. Two constraintsarealreadyfamiliar. Theelectricandmagneticfield form a vectoridentity via Faraday’s law.
Assumingspacetimeis simply connected,the no monopolesequationis anotheridentity. A new constraintarises
becauseboth the force fields for gravity andelectricityareeven. It will be shown subsequentlyhow the even force
fieldscanpartiallyconstructively or destructively interferewith eachother.

Unified Field equations

In thestandardapproachto generatingtheMaxwell equations,adifferentialoperatoractson theelectromagneticfield
strengthtensor. A unifiedfield hypothesisfor anisolatedsourceis proposedwhich involvesa differentialquaternion
operatoractingon theunifiedfield:

4 S T , �
J � � ��

t
,
�	 � ��

t
,
�	 � U , �

A � �
�


�����
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� �	 b �	 U

 ����� .
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Thissecondordersetof fourpartialdifferentialequationshasfour unknownssothisis acompletesetof field equations.
Rewrite theequationsabovein termsof theclassicalforcefields:

4 S T , �
J � � �

g�
t

� �	
.
�
E � �	

.
�
B,

� �	 g � � �
E�
t

� �	
x
�
B � � �

B�
t

� �	
x
�
E


 ����� .
The unified field equationscontain threeof the four Maxwell equationsexplicitly: Gauss’law, the no magnetic
monopoleslaw, and Ampere’s law. Faraday’s law is a vector identity, so it is still true implicitly. Therefore,a
subsetof theunifiedfield equationscontainsa quaternionrepresentationof theMaxwell equations.The justification
for investigatingtheunifiedfield equationhypothesisis dueto thepresenceof theMaxwell equations.

Theunifiedfield equationpostulatesapseudo3-vectorcurrentcomposedof thedifferencebetweenthetimederivative
of themagneticfield andthecurl of theelectricfield. TheAharonov-Bohmeffectdependsonthetotalmagneticflux to
createchangesseenin theenergyspectrum.[aharonov1959] Thevolumeintegralof thetimederivativeof themagnetic
field is a measureof the total magneticflux. The pseudo-currentdensityis quite unusual,transformingdifferently
underspaceinversionthantheelectriccurrentdensity. Onemight imaginethata Lorentztransformationwould shift
this pseudo-currentdensityinto a pseudo-chargedensity. This doesnot happenhowever, becausethevectoridentity
involving thedivergenceof a curl still applies.TheAharonov-Bohmphenomenon,first viewedasa purelyquantum
effect,mayhaveaclassicalanaloguein theunifiedfield equations.

The field equationsinvolving the gravitational forcefield aredynamicanddependon four dimensions.This makes
themlikely to be consistentwith specialrelativity. Sincethey aregeneratedalongsidethe Maxwell equations,one
canreasonablyexpectthe differentialequationswill sharemany properties,with the onesinvolving the symmetric-
matrix gravitational force field beingmoresymmetricthanthoseof the electromagneticcounterpart.At this time,
a specificconnectionto Einstein’s field equationsandthe machineryof curvaturehasbeenbeyond the graspof the
author. Subsequentanalysisof therelativistic unified4-forcewill makeaconnectionto metricsandthusexperimental
observationsof gravity.

The unified sourcecanbe definedin termsof more familiar charge andcurrentdensitiesby separatelysettingthe
gravity or electromagneticfield equalto zero.In thesecases,thesourceis dueonly to electricityor massrespectively.
This leadsto connectionsbetweentheunifiedsource,mass,andcharge:

J � Jm iff
�
E � �

B � �
0

J � Je � �
J

AB
iff g � 0.

It would be incorrect- but almosttrue - to saythat the unified charge andcurrentaresimply the sumof the three:
mass,electriccharge,andtheAharanov-Bohmpseudo-current(or total magneticflux over thevolume).Theseterms
constructively interferewith eachother, sothey maynotbeviewedasbeinglinearly independent.

Up to four linearly independentunifiedfield equationscanbe formulated.A differentsetcouldbecreatedby using
thedifferentialoperatorwithout takingits conjugate:
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�
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 ����� .
This is anelliptic equation.Sincethegoalof this work is a completesystemof field equations,this mayturn out to
be an advantage.An elliptic equationcombinedwith a hyperboliconemight morefully describegravitational and
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electromagneticwavesfrom sources.Unlike thefirst setof field equations,thecrosstermsdestructively interferewith
eachother.

The elliptic field equationagaincontainsthreeof four Maxwell equationsexplicitly: Gauss’law, the no magnetic
monopolesvectoridentityandFaraday’slaw. This time,Ampere’s law looksdifferent.Thismaybedueto achangein
handednessfor anequationgoingfrom a propagatinghyperbolicequationto anelliptical equation.If this is thecase,
theequationis a quaternionrepresentationof anelliptical analogof theMaxwell equations.

The only term that doesnot changebetweenthe two field equationsis the oneinvolving the dynamicgravitational
force.Thismight bea cluefor why this forceis only attractive.

Thefield equationsof generalrelativity andtheMaxwell equationsbothhave vacuumsolutions.A vacuumsolution
for theunifiedfield equationis apparentfor theelliptical field equations:

A � U 0e

�
K � �R ��� t ,

�
A

0
e

�
K � �R��� t .

Theunifiedfield equationwill evaluateto zeroif

Scalar
>
c
,
�
K

2 � 0.

Thedispersionrelationis aninverteddistance,soit will dependon themetric. Thesamepotentialcanalsosolve the
hyperbolicfield equationsunderdifferentconstraintsandresultingdispersionequation(not shown). Thereweretwo
reasonsfor not including the customaryimaginarynumber”i” in the exponentialof the potential. First, it wasnot
necessary. Second,it would have createda complex-valuedquaternion,andthereforeis outsidethe domainof this
paper. The importantthing to realizeis that vacuumsolutionsto the unified field equationsexist whosedispersion
equationsdependon the metric. This is an indicationthat unifying gravity andelectromagnetismis an appropriate
goal.

Conservation Laws

Conservationof electricchargeis implicit in theMaxwell equations.Is therealsoa conservedquantityfor thegravi-
tationalfield?Examinehow thedifferentialoperatoractson theunifiedfield equation:
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Noticethat thegravitational forcefield only appearsin thequaternionscalar. Theelectromagneticfieldsonly appear
in the3-vector. This generatestwo typesof constraintson thesources.No changein theelectricsourceappliesto the
quaternionscalar. No changein thegravitationalsourceappliesto the3-vector.
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The first equationis known as the continuity equation,and is the reasonthat electric charge is conserved. For a
differentinertial observer, this will appearasa conservationof electriccurrentdensity. Thereis no sourceterm for
theAharanov-Bohmcurrent,andsubsequentlynoconservationlaw. The3-vectorequationis a constrainton themass
currentdensity, andis thereasonmasscurrentdensityis conserved.For a differentinertial observer, themassdensity
is conserved.
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Transformations of the unified forcefield

Thetransformationpropertiesof theunifiedfield promiseto bemoreintricatethaneithergravity or electromagnetism
separately. Whatmight beexpectedto happenundera Lorentztransformation?Gravity involvesmassthatis Lorentz
invariant,so the field that generatesit shouldbe Lorentz invariant. The electromagneticfield is Lorentzcovariant.
However, a transformationcannotdo bothperfectly. Thereasonis thata Lorentztransformationmixesa quaternion
scalarwith a 3-vector. If a transformationleft the quaternionscalarinvariantand the 3-vectorcovariant, the two
wouldeffectively notmix. Theeffectof unificationmustbesubtle,sincethetransformationpropertiesarewell known
experimentally.

Considera boostalongthex-axis. Thegravitational forcefield is Lorentzinvariant. All the termsrequiredto make
theelectromagneticfield covariantundera Lorentztransformationarepresent,but covarianceof theelectromagnetic
fieldsrequiresthefollowing residualterms:

��� v � Av � � Residual � 0,
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.

At this time, the correctinterpretationof the residualterm is unclear. Most importantly, it wasshown earlier that
charge is conserved. Thesetermscould be a velocity-dependentphasefactor. If so, it might provide a test for the
theory.

Themechanicsof theLorentztransformationitself might requirecarefulre-examinationwhensostrictly confinedto
quaternionalgebra.For a boostalongthe x-axis, if only the differentialtransformationis in the oppositedirection,
thenthe electromagneticfield is Lorentzcovariantwith the residualterm residingwith the gravitational field. The
meaningof this observationis evenlessclear. Only relatively recentlyhasDeLeobeenableto representtheLorentz
groupusingreal quaternions.[deleo1996]The delayappearsodd sincethe interval of specialrelativity is the scalar
of thesquareof thedifferencebetweentwo events. In the real4x4 matrix representation,the interval is a quarterof
the traceof the square.Therefore,any matrix with a traceof onethat doesnot distort the lengthof the scalarand
3-vectorcanmultiply a quaternionwithout effecting the interval. Onesuchclassis 3-dimensional,spatialrotations.
An operatorthataddsnothingto thetracebut distortsthelengthsof thescalarand3-vectorwith theconstraintthatthe
differencein lengthsis constantwill alsosuffice. Theseareboostsin aninertial referenceframe.Boostsplusrotations
form theLorentzgroup.

Threetypesof gaugetransformationswill beinvestigated:ascalar, a 3-vector, andaquaterniongaugefield. Consider
anarbitraryscalarfield transformationof thepotential:

A � Av�� A � � � l .
The electromagneticfields are invariant underthis transformation. An additionalconstrainton the gaugefield is
requiredto leave the gravitational force field invariant, namely that the scalargaugefield solves a homogeneous
elliptical equation.Fromtheperspectiveof this proposal,thefreedomto choosea scalargaugefield for theMaxwell
equationsis dueto theomissionof thegravitationalforcefield.

Transformthepotentialwith anarbitrary3-vectorfield:

A � Av � A � � � �M .
This time thegravitational forcefield is invariantundera 3-vectorgaugefield transformation.Additional constraints
canbeplacedonthe3-vectorgaugefield to preserveachosenelectromagneticinvariant.For example,if thedifference
betweenthetwo electromagneticfieldsis to remaininvariant,thenthe3-vectorgaugefield mustbethesolutionto an
elliptical equation.Otherclassesof invariantscouldbeexamined.

Thescalarand3-vectorgaugefieldscouldbecombinedto form a quaterniongaugefield. This gaugetransformation
would have the sameconstraintsas thoseabove to leave the fields invariant. Is thereany suchgaugefield? The
quaterniongaugefield canberepresentedthefollowing way:
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A � Av � A � � � M .
If aforcefield is createdbyhitting thisgaugetransformationwith adifferentialoperator, thenthegaugefieldbecomesa
unifiedfield equation.Sincevacuumsolutionshavebeenfoundfor thoseequations,aquaterniongaugetransformation
canleave thefield invariant.

Future dir ections

Thefieldsof gravity andelectromagnetismwereunifiedin a way consistentwith Einstein’s vision,not his technique.
Theguidingprinciplesweresimplebut unusual:generateexpressionsfamiliar from electromagnetismusingquater-
nions,striving to interpretany extra termsasbeingdueto gravity. Thefirst hypothesisabouttheunifiedfield involved
only a quaterniondifferentialoperatoractingon a potential,no extra termsaddedby hand. It containedthe typical
potentialrepresentationof theelectromagneticfield, alongwith asymmetric-matrixforcefield for gravity. Thesecond
hypothesisconcernedaunifiedfield equationformedby actingontheunifiedfield with onemoredifferentialoperator.
All theMaxwell equationsareincludedexplicitly or implicitly. Additional termssuggestedtheinclusionof aclassical
representationof theAharanov-Bohmeffect. Four linearly independentunifiedfield equationsexist, but only thehy-
perbolicandelliptic caseswerediscussed.A largefamily of vacuumsolutionsexists,andwill requirefutureanalysis
to appreciate.To work within theguidelinesof this paper, oneshouldavoid solutionsrepresentedby complex-valued
quaternions.

A significantweaknessat this time is the missinglink to the machineryof curvature. Instead,a moreobscurepath
betweenforcesandmetricswasemployed.A unifiedforcewasproposed,a cloneof oneusedin electromagnetism.

Why did this approachwork? The hypothesisthat initiated this line of researchwas that all eventsin spacetime
couldberepresentedby quaternions,nomatterhow theeventsweregenerated.This is abroadhypothesis,attempting
to reachall areascoveredby physics. Basedon the equationspresentedin this paper, a logical structurecan be
constructed,startingfrom events(seeFig. 2). A setof eventsforms a patternthat canbe describedby a potential.
Thechangein a potentialcreatesa field. Thechangein field createsa field equation.Thetermsthatdo not change
underdifferentiationof a field equationform conservationlaws. A forcethatdependslinearly on thefield generates
gravitationalandelectromagneticforces.Assumingadirectionto thislogicwouldbeincorrect,sinceall thedifferential
operatorsusedareinvertible.
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26 Einstein’s vision II: A unified forceequation with constantvelocity pro-
file solutions

Abstract

A unifiedrelativistic forceequationis proposed,createdby theproductof charge,unified forcefield and4-velocity,
c d m beta/dtau � kq Box * A* beta*. The Lorentz4-forceis generatedby this expression.In addition,thereis a
Heaviside-dualpseudo-force,perhapsrelatedto theAharanov-Bohmeffect. Thegravitational forceis theproductof
themass,thegravitationalfield andtherelativistic velocity. To explore thegravitationalaspectsof theunified force
equation,afourthhypothesispostulatesagravitationalfield,Scalar(Box* A*) � - G M/cˆ3 / tau / ˆ2,whichis analogous
to Newton’s field usingthemagnitudeof the interval insteadof theradiusto make it Lorentzinvariant.Thesolution
to thegravitationalforceequationcanberearrangedinto adynamicsecond-orderapproximationof theSchwarzschild
metricof generalrelativity. Theunifiedmetrichasa singularityfor a lightlike interval. A constant-velocity solution
exists for the gravitational force equationfor a systemwith an exponentially-decayingmassdistribution. The dark
matterhypothesisis not neededto explain the constant-velocity profilesseenfor somegalaxies.This solutionmay
alsohave implicationsfor classicalbig bangtheory.

Intr oduction

Gravity wasfirst describedasa forceby IsaacNewton. In generalrelativity, Albert Einsteinarguedthatgravity was
nota forceatall. Rather, gravity wasRiemanniangeometry, curvatureof spacetimecausedby thepresenceof amass-
energy density. Electromagnetismwasfirst describedasa force, modeledon gravity. That remainsa valid choice
today. However, electromagnetismcannotbe depictedin purely geometricterms. A conceptualgapexistsbetween
purelygeometricalandforcelaws.

Thegeneralequivalenceprinciple,introducedin thefirst paperof this series,placesgeometryandforcepotentialson
equalfooting. Riemannianquaternions,(a 0 i 0,a 1 i 1/3,a2 i 2/3,a3 i 3/3), haspairsof (possibly)dynamicterms
for the4-potentialA andthe4-basisI. Gauss’law writtenwith Riemannianquaternionpotentialsandoperatorsleads
to this expression:
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If thedivergenceof theelectricfield E waszero,thenGauss’law would bedueentirelyto thedivergenceof thebasis
vectors. The reversecasecould alsohold. Any law of electrodynamicswritten with Riemannianquaternionsis a
combinationof changesin potentialsand/orbasisvectors.

Thetensorequationfor therelativistic electrodynamic4-forcewill serve asa modelfor a unifiedforceequation.The
unified forceequationcontainsthe Lorentz4-force. In the first paperof this series,a classicalrepresentationof the
quantumAharanov-Bohmeffect appearedin the field equations.The pseudo-forcethat appearsin the unified field
equationsis a manifestationof theAharanov-Bohmeffect in a forcelaw.

A link for a specificgravitational field betweena gravitational force law anda dynamicmetric hasbeenfound. A
Lorentz invariant gravitational field that is a closenumericalapproximationof Newton’s gravitational field. The
equationof motion wassolved. The solutionis of a particularform that canbe rearrangedinto a dynamicmetric.
Under weak,static conditions,the unified metric is a goodapproximationof the Schwarzschildmetric of general
relativity.

Is therean applicationfor the new gravitational force law? Newton’s law of gravity is inadequateto describethe
motionof spiralgalaxies(which arestaticandweakenoughto make Newton’s law anappropriateapproximationfor
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generalrelativity). Spiralgalaxiesareoftencomposedof a sphericalbulgeanda thin disk whosemassfalls off expo-
nentially.[freeman1970]Themaximumvelocityreachesthevelocityexpectedbasedontheusingthemassto light con-
versionratio to calculatethetotalmass.Whathasbeensurprisingis thatthevelocityof thedisk far from thecenteras
seenby viewing neutralhydrogengasspectrallinescontinuesto havethatvelocity.[kent1986][kent1987][albada1985]
Therearetwo problems.First, thevelocity profile shouldshow a Keplariandeclineunlessthereis a largeamountof
darkmatterthatcannotbeseen,but whosepresenceis inferredto createtheflat velocity profile. Second,thedisk is
not stableto axisymmetricdisturbances.[toomre1964]Newtoniantheorypredictsthatgalacticdiskslike the onewe
live in shouldhavecollapsedlong ago.

A relativistic force involvesa changein momentumwith respectto spacetime.For Newton’s law, only a changein
velocity with respectto time is considered.Onecould look at thechangein massdistribution with respectto space.
Using the sameLorentz-invariantgravitational field, a constant-velocity solution is found wherethe massfalls off
exponentially. No darkmatteris neededto explain thevelocityandmassprofile seenin spiralgalaxies.

Relativistic 4-forces

Definethe relativistic 4-forceasthe changein momentumwith respectto the interval. A unifiedfield hypothesisis
proposed,modeledon therelativistic electromagnetic4-force,which involvestheproductof a charge,a unifiedfield
anda4-velocity:

F � k q
� � A � L �

Expandthetermsthatinvolve theelectromagneticfield on theright-handside,groupingthemby their transformation
propertiesunderaspatialinversion:

FEB � k q Vector
��� � A� � L � � kq

E �L P �
E,

E �
E � E �L(b �

B �
� k q

E �L P �
B,

E �
B � E �Lsb �

E

Thefirst termis therelativistic Lorentz4-force. Thereasonthis unifiedforcehypothesisis beinginvestigatedis due
to thepresenceof thiswell-known force.

The secondterm containsa pseudo-scalarand pseudo-3-vector. There is no correspondingclassicalforce. This
presentsseveraloptions.Theleft-handsideof theequationmaybeincomplete,perhapsa pseudo-forceinvolving the
Aharanov-Bohmcurrent. Alternatively, the operatorscould be constructedto remove the pseudo-forceterms. This
wouldnot beconsistentwith thesimplicity mandatefollowedin this paper.

Analysisof thegravitationalforceequationturnsout to bemoredirect.Bothsidesof theforceequationarecomposed
of truescalarsand3-vectors:

Fg � k mg Scalar
��� � A� � L �

This maybewhy gravity is alwaysanattractive force: unlike thecompletesetof termsfor theelectromagneticforce,
all thetermsinvolving gravity forcethesameway undertime or spatialinversion.

Whatgravitationalfield shouldbeusedin theforceequationto generateequationsof motion?Newton’sgravitational
3-vectorfield is goodnumerically. Unfortunately, Newton’s law of gravitation is not consistentwith specialrelativity.
[misner1970,Chapter7] Oneway to derive the field equationsof generalrelativity involvesmakingNewton’s law
of gravity consistentwith the finite speedof light. [kraichnan1955]Testa gravitational field that exploits a close
4-dimensionalapproximationfor aspacelikeseparationR: themagnitudeof theinterval betweentheworldlinesof the
testandgravitationalmasses.A hypothesisfor thegravitationalfield is proposed:

g ��� GM

c3 &oa�& 2
This field is invariantundera Lorentz transformationsinceit is the ratio of two invariantscalarsalongwith some
constants.For aweakfield, theradiusover thespeedof light andtheabsolutevalueof theinterval will numericallybe
thesame,but theirmathematicalbehavior will bedifferent.
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Assumeno relativistic effectsconcerningthemass.Assumetheequivalenceprinciplesothattheinertial massequals
the gravitationalmass.Plug the gravitationalfield into the force law, cancelingthe massesto generatea quaternion
equationof motion:
�����
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�
t� a ,

� 2
�
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Thesolutionfor therelativistic velocity is anexponential:
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Given a real gravitational force, the interval tau evaluatesto a real number. One could explore a solution for an
imaginaryfield, but thatwill not beinvestigatedin this paper.

Generalrelativity is discussedin termsof curvature,not forces. A metric is a function that involvesdifferential
elementsof time,spaceandtheinterval. Noticethattherelativistic velocitythatsolvedthegravitationalforceequation
alsohastheseelements.Look for analgebraiclink. Solvefor theconstants,whichevaluateto a4-velocityin spacetime.
FormaninvariantscalarunderaLorentztransformationof thisconstant,andthereforeconserved,4-velocityby taking
thescalarof thesquare.Multiply throughby the interval squaredto createa functionwith the form of a metric. To
ensurethatthemetricequalstheMinkowski metricin flat spacetime,setthedifferencesof theconstantsequalto one:

� a 2 � e � 2 GM
c3 | ��| 0x1c

�
t 2 � e

2 GM
c3 | ��| 0x1c

� �
R

2

If thegravitationalfield is zero,thisgeneratestheMinkowski metricof flat spacetime.Conversely, if thegravitational
field is non-zero,spacetimeis curved

No formal connectionbetweenthis proposalandcurvaturehasbeenestablished.Insteada mercurialpathbetween
a proposedgravitational forceequationanda metric functionwassketched.Thereis a historicalprecedencefor the
line of logic followed. Sir IsaacNewton in thePrincipiashowedanimportantlink betweenforceslinear in position
andinversesquareforcelaws.[newton1934]Moremoderneffortshaveshown thatthereasonfor theconnectionis due
to theconformalmappingof z rightarrow zˆ , 2 - .[needham1993] This methodwasadaptedto a quaternionforce law
linearin therelativistic velocity to generateametric

For aweakfield, write theTaylor seriesexpansionin termsof thetotal massover theinterval to second-order:
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3

The expansionhasthe sameform asthe Schwarzschildmetric in isotropiccoordinatesexpandedin powersof mass
over theradius.If themagnitudeof theinterval is a closeapproximationto theradiusdividedby thespeedof light, it
will passthesameweakfield testsof generalrelativity.[will1993]

Thetwometricsarenumericallyverysimilarfor weakfields,but mathematicallydistinct.Forexample,theSchwarzschild
metric is static,but theunifiedmetriccontainsa dependenceon time sois dynamic.TheSchwarzschildmetrichasa
singularityat R� 0. Theunifiedgravitational forcemetricbecomesundefinedfor lightlike intervals. This might pose
lessof a conceptualproblem,sincelight hasno restmass.

The constantvelocity profile solution

In theprevioussection,thesystemhadaconstantpoint-sourcemasswith avelocityprofile thatdecayedwith distance.
Heretheoppositesituationis examined,wherethevelocityprofile is aconstant,but themassdistributiondecayswith
distance.Expandthedefinitionof therelativistic forceusingthechainrule:
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c
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m� a
The first term of the force is the onethat leadsto an approximationof the Schwarzschildmetric,andby extension,
Newton’s law of gravity. For a region of spacetimewherethe velocity is constant,this term is zero. In that region,
gravity’seffect is onthedistributionof massoverspacetime.Thisnew gravitationaltermis notdueto theunifiedfield
proposalperse.It is morein keepingwith theprinciplesunderlyingrelativity, looking for changesin all components,
in this casemassdistributionwith respectto spacetime.

Startwith thegravitationalforcein a regionof spacetimewith no velocitychange:

L c
�
mi� a � k mg Scalar

��� � A � � L �
Make thesameassumptionsasbefore: thegravitationalmassis equalto the inertial massandthegravitationalfield
employs the interval betweenthe worldlinesof the testandgravitationalmasses.This generatesanequationfor the
distributionof mass:
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Solve for themassflow:
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As in the previousexamplefor a classicalweakfield, assumethe magnitudeof the interval is an excellentapproxi-
mationto theradiusdividedby thespeedof light. Thevelocity is a constant,soit is themassdistribution thatshows
anexponentialdecaywith respectto theinterval, which is numericallyno differentfrom theradiusover thespeedof
light. This is a stablesolution.If themasskeepsdroppingof exponentially, thevelocityprofilewill remainconstant

Look at theproblemin reverse.Thedistribution of matterhasanexponentialdecaywith distancefrom thecenter. It
mustsolvea differentialequationwith thevelocityconstantover thatregionof spacetimelike theoneproposed.

Theexponentialdecayof themassof a diskgalaxyis only onesolutionto this expandedgravitationalforceequation.
Thebehavior of largersystems,suchasgravitationallensingcausedby clusters,cannotbeexplainedby theNewtonian
term.[bergmann1990][grossman1989][tyson1990] It will remainto beseenif thisproposalis sufficient to work onthat
scale.

Future dir ections

For a spiralgalaxywith anexponentialmassdistribution, darkmatteris no longerneededto explain theflat velocity
profile observed or the long term stability of the disk. Massdistributedover large distancesof spacehasan effect
on the massdistribution itself. This raisesan interestingquestion: is therealsoan effect of massdistributedover
largeamountsof time? If theansweris yes,thenthis might solve two analogousriddlesinvolving largetime scales,
flat velocity profilesandthestability of solutions.Classicalbig bangcosmologytheoryspansthe largesttime frame
possibleand facestwo suchissues.The horizonprobleminvolvesthe extremelyconsistentvelocity profile across
partsof the Universethatarenot casuallylinked.[misner1970,p. 815] Theflatnessproblemindicateshow unstable
the classicalbig bangtheoryis, requiringexceptionalfine tuning to avoid collapse.[dicke1979]Considerableeffort
will be requiredto substantiatethis tenuoushypothesis.Any insight into theorigin of theunifiedenginedriving the
Universeof gravity andlight is worthwhile.
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27 Strings and Quantum Gravity

In thissection,aquaternion3-stringwill bedefined.By makingthisquantitydimensionless,I will arguethatit my be
involvedin a relativistic quantumgravity theory, at leastoneconsistentwith currentexperimentaltests.At thecurrent
time, this is anideain progress,not a theory, sincetheequationsof motionhavenot beendetermined.It is hopedthat
thework in theprevioussectionon unifiedfieldswill providethatsomeday.

Strings

Let usrevisit thedifferencebetweentwo quaternionssquared,asworkedout in thesectionof analysis.A quaternion
has4 degreesof freedom,soit canberepresentedby 4 realnumbers:

q � �
a0, a1, a2, a3 �

Taking the differencebetweentwo quaternionsis only a valid operationif they sharethe samebasis. Work with
definingthederivative with respectto a quaternionhasrequiredthata changein thescalarbeequalin magnitudeto
thesumof changesin the3-vector(insteadof theusualparitywith components).Theseconcernsleadto thedefinition
of thedifferencebetweentwo quaternions:

dq � da0 e0, da1
e1

3
, da2

e2

3
, da3

e3

3

Whattypeof informationmuste0,e1,e2,ande3sharein orderto make subtractiona valid operation?Thereis only
onebasis,sothetwo eventsthatmake up thedifferencemustnecessarilybeexpressedin thesamebasis.If not, then
thestandardcoordinatetransformationneedsto bedonefirst. A moresubtleissueis thatthedifferencemusthave the
sameamountof intrinsiccurvaturefor all threespatialbasisvectors.If this is not thecase,thenit wouldnot longerbe
possibleto do a coordinatetransformationusingthetypical methods.Therewould bea hiddenbumpin anotherwise
smoothtransformation!At this point, I do not yet understandthe technicallink betweenbasisvectorsandintrinsic
curvature.I will proposethefollowing relationshipbetweenbasisvectorsbecauseits form suggestsa link to intrinsic
curvature:

� 1

e1
2 ��� 1

e2
2 ��� 1

e3
2 � e0

2

If e0 � 1, thisis consistentwith Hamilton’ssystemfor 1, i, j, andk. Thedimensionsfor thespatialpartare1/distanceˆ2,
thesameasintrinsic curvature.This is a flat space,so-1/e1ˆ2is somethinglike 1 � k. In effect, I amtrying to merge
thebasisvectorsof quaternionswith toolsfrom topology. In math,I amfreeto definethingsasI choose,andif lucky,
it will proveusefullateron :-)

Formthesquareof thedifferencebetweentwo quaternioneventsasdefinedabove:
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� �

interval 2, 3 � string �
Thescalaris theLorentzinvariantinterval of specialrelativity if e0 � 1.

Why usea work with a powerful meaningin the currentphysicslexicon for the vectordt dX? A string transforms
differently thana spatial3-vector, the former flipping signswith time, the latter inert. A string will alsotransform
differentlyundera Lorentztransformation.

Theunitsfor a stringaretime*distance.For a stringbetweentwo eventsthathave thesamespatiallocation,dX � 0,
sothestringdt dX is zero.For a stringbetweentwo eventsthataresimultaneous,dt � 0 sothestringis againof zero
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length.Only if two eventshappenat differenttimesin differentlocationswill thestringbenon-zero.Sinceastringis
not invariantundera Lorentztransformation,thevalueof astringis

We all appreciatethecritical role playedby the3-velocity, which is theratio of dX by dt. Hopefully we canimagine
anotherrole asimportantfor theproductof thesesametwo numbers.

DimensionlessStrings

Imaginesomesystemthathappensto createa periodicpatternof intervalsandstrings(a seriesof eventsthatwhen
you took the differencebetweenneighboringeventsandsquaredthem,the resultshada periodicpattern). It could
happen:-) Onemightbeableto usea collectionof sinesandcosinesto regeneratethepattern,sincesinesandcosines
cando thatsortof work. However, thedifferenceswould have to first bemadedimensionless,sincetheinfinite series
expansionfor suchtranscendentalfunctionswould not makesense.Thefirst stepis to getall theunitsto bethesame,
usingc. Let a0haveunitsof time,anda1,a2,a3haveunitsof space.Makeall componentshaveunitsof time:

dq2 �

����� da0

2e0
2 � da1

2 e1
2

9 c2 � da2
2 e2

2

9c 2 � da3
2 e3

2

9c 2 ,

2da 0da1e0
e1

3c
, 2da 0da2e0

e2

3c
, 2da 0da3e0

e3

3c


 �����
Now theunitsaretimesquared.Useacombinationof 3 constantsto do thework of makingthisdimensionless.

1

G
� > mass time 2

distance 3

1

h
� > time

mass distance 2 c5 � > distance 5

time 5

Theunitsfor theproductof thesethreenumbersarethereciprocalof time squared.This is thesameasthereciprocal
of the Plancktime squared,and in units of secondsis 5.5x10ˆ85sˆ-2.The symbolsneededto make the difference
betweentwo eventsdimensionlessaresimple:

dq2 � c5

Gh


����� da0
2e0

2 � da1
2 e1

2

9 c2 � da2
2 e2

2

9c 2 � da3
2 e3

2

9c 2 ,

2da 0da1e0
e1

3c
, 2da 0da2e0

e2

3c
, 2da 0da3e0

e3

3c


 �����
As farastheunitsareconcerned,this is relativistic (c) quantum(h) gravity (G). Take thisconstantsto zeroor infinity,
andthedifferenceof a quaternionblowsup or disappears.

Behaving Lik e a Relativistic Quantum Gravity Theory

Althoughtheunitssuggesta possiblerelativistic quantumgravity, it is moreimportantto seethatit behaveslike one.
Sincethis unicornof physicshasnever beenseenI will present4 caseswhich will show that this equationbehaves
like thatmysteriousbeast!

Considera generaltransformationT thatbringsthedifferencebetweentwo eventsdq into dq’. Therearefour cases
for whatcanhappento theinterval andthestringbetweenthesetwo eventsunderthis generaltransformation.

Case1: Constant Inter valsand Strings

T � dq � > dq � such that scalar
�
dq2 �#�

scalar
�
dq � 2 � and vector

�
dq2 ��� vector

�
dq � 2 �
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This lookssimple,but thereis no handleon theoverall signof the4-dimensionalquaternion,a smokesignalof O(4).
Quantummechanicsis constructedarounddealingwith phaseambiguityin a rigorousway. This issueof ambiguous
phasesis truefor all four of thesecases.

Case2: Constant Inter vals

T � dq � > dq � such that scalar
�
dq2 �#�

scalar
�
dq � 2 � and vector

�
dq2 � ! � vector

�
dq � 2 �

Case2 involvesconservingtheLorentzinvariantinterval, or specialrelativity. Stringschangeundersucha transfor-
mation,andthiscanbeusedasa measureof theamountof changebetweeninertial referenceframes.

Case3: Constant Strings

T � dq � > dq � such that scalar
�
dq2 � ! � scalar

�
dq � 2 � and vector

�
dq2 ���

vector
�
dq � 2 �

Case3 involvesconservingthequaternionstring,or generalrelativity. Intervalschangeundersucha transformation,
andthis canbeusedasa measureof theamountof changebetweennon-inertialreferenceframes.All thatis required
to make this simplebut radicalproposalconsistentwith experimentaltestsof generalrelativity is thefollowing:

1 � 2
GM

c2R
��� 1

e1
2 ��� 1

e2
2 ��� 1

e3
2 � e0

2

Thestring,becauseit is theproductof e0e1,e0e2,ande0e3,will not bechangedby this. Thephaseof thestring
maychangehere,sincethis involvestherootof thesquaredbasisvectors.Theinterval dependsdirectlyonthesquares
of thebasisvectors(I think of thisasbeing1� /- theintrinsiccurvature,but donotknow if thatis anaccuratetechnical
assessment).ThisparticularvalueregeneratestheSchwarzschildsolutionof generalrelativity.

Case4: No Constants

T � dq � > dq � such that scalar
�
dq2 � ! �

scalar
�
dq � 2 � and vector

�
dq2 � ! � vector

�
dq � 2 �

In this proposal,changesin the referenceframeof an inertial observer arelogically independentfrom changingthe
massdensity. Thetwo effectscanbemeasuredseparately. Thechangein thelength-timeof thestringwill involve the
inertial referenceframe,andthechangein theinterval will involvechangesin themassdensity.

The Missing Link

At this time I do not know how to usethe proposedunified field equationsdiscussedearlier to generatethe basis
vectorsshown. This will involve determiningthepreciserelationshipbetweenintrinsic curvatureandthequaternion
basisvectors.
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28 Answering Prima Facie Questionsin Quantum Gravity Using Quater-
nions

(Note: this wasapostsentto thenewsgroupsci.physics.researchJune28,1998)

ChrisIsham’spaper”PrimaFacieQuestionsin QuantumGravity” (gr-qc/9310031,October, 1993)detailsthestructure
requiredof any approachto quantumgravity. I will usethatpaperasa templatefor this post,noting the highlights
(but pleasereferto this well-written paperfor details).Wherever appropriate,I will point out how usingquaternions
in quantumgravity fits within this superstructure.I will arguethatall thetechnicalpartsrequiredareall readypartof
quaternionmathematics.Thesetoolsarerequiredto calculatethesmallestnormbetweentwo worldlines,which may
form a new roadto quantumgravity.

What Is Quantum Gravity?

Ishamsortsthe approachesto quantumgravity into four groups. First, thereis the classicalapproach.This begins
with Einstein’s generalrelativity. Systematicallysubstituteself-adjointoperatorsfor classicaltermslike energy and
momentum.This getsfurther subdivided into the ’canonical’ schemewherespacetimeis split into time andspace–
Ashtekar’swork–andacovariantformulation,which is believedto beperturbatively non-renormalizable.

Thesecondapproachtakesquantummechanicsandtransformsit into generalrelativity. Much lesseffort hasgonein
this direction,but therehasbeenwork doneby Haag.

The third anglehasgeneralrelativity as the low energy limit of ideasbasedin conventionalquantummechanics.
Quantumgravity dominatestheworld on thescaleof Planktime, length,or energy, a placewhereonly calculations
cango. This is wheresuperstringtheorylives.

The fourth possibility involvesa radicalnew perspective, wheregeneralrelativity andquantummechanicsareonly
differentapplicationsof the samemathematicalstructure.This would requirea major ”retooling”. Peoplewith the
patienceto have readmany of my post(even if not followed:-) know this is the taskfacingwork with quaternions.
Replacethe tools for doing specialrelativity–4-vectors,metrics,tensors,andgroups–withquaternionsthatpreserve
thescalarof asquaredquaternion.Replacethetoolsfor deriving theMaxwell equations–4-potentials,metrics,tensors,
andgroups–byquaternionoperatorsactingonquaternionpotentialsusingcombinationsof commutatorsandanticom-
mutators. It remainsto be shown in this post whetherquaternionsalso have the structurerequiredfor a quantum
gravity theory.

Why Do WeStudy Quantum Gravity?

Ishamgivessix reasons:theinability to calculateusingperturbationtheoryacorrectionfor generalrelativity, singular-
ities,quantumcosmology(particularlytheBig Bang),Hawking radiation,unificationof particles,andthepossibility
of radicalchange.This lastreasoncouldbea lot of fun, andit is thereasonto readthis post:-)

What Ar ePrima FacieQuestions?

Thefirst questionraisedby Ishamis therelationbetweenclassicalandquantumphysics.Physicswith quaternionshas
a generalguide.Considertwo arbitraryquaternions,q andq’. Theclassicaldistancebetweenthemis theinterval.

t ,
�
X � t � , �

X� 2 � dt 2 � d
�
X.d

�
X, 2 dt d

�
X

This involvesretooling,becausethe distancealsoincludesa 3-vector. Thereis nothing inherentlywrong with this
vector, andit certainlycouldbecomputedwith standardtools. To becomplete,measurethedifferencebetweentwo



28 ANSWERINGPRIMA FACIE QUESTIONSIN QUANTUM GRAVITY USINGQUATERNIONS 86

quaternionswith aquaternioncontainingtheusualinvariantscalarinterval andacovariant3-vector. To distinguishing
collectionsof eventsthatarelightlikeseparatedwheretheinterval is zero,usethe3-vectorwhichcanbeunique.Never
discardusefulinformation!

Quantummechanicsinvolvesa Hilbert space.Quaternionscanbeusedto form aninner-productspace.Thenormof
thedifferencebetweenq andq’ is

t ,
�
X � t � , �

X� � t ,
�
X � t � , �

X� � dt 2 � d
�
X.d

�
X,

�
0

The norm canbe usedto build all the equipmentexpectedof a Hilbert space,including the Schwarz and triangle
inequalities. The uncertaintyprinciple can be derived in the sameway as is donewith the complex-valuedwave
function.

I call q q’ aGrassmanproduct(it hasthecrossproductin it) andq* q’ theEuclideanproduct(it is aEuclideannormif
q � q’). In general,classicalphysicsinvolvesGrassmanproductsandquantummechanicsinvolvesEuclideanproducts
of quaternions.

Ishammovesfrom big questionsto onesfocusedon quantumgravity.Whichclassicalspacetimeconceptsareneeded?
Which standardpartsof quantummechanicsareneeded?Shouldparticlesbe united? With quaternions,all these
conceptsarerequired,but thetoolsusedto build themmorphandbecomeunifiedunderonealgebraicumbrella.

Ishampointsout thedifficulty of clearlymarkingaboundarybetweentheoriesandfact.He writes:

”...what we call a ’f act’ doesnot exist without sometheoreticalschemafor organizingexperimentalandexperiential
data;and,conversely, in constructinga theorywe inevitably imposesomeprior ideaof whatwe meanby a fact.”

My structureis this: the descriptionof eventsin spacetimeusing the topologicalalgebraicfield of quaternionsis
physics.

Curr ent Research Programsin Quantum Gravity

Thereis a list of currentapproachesto quantumgravity. This is solid a descriptionof thefamily of approachesbeing
used,circa1993.Seethetext for details.

Prima FacieQuestionsin Quantum Gravity

Ishamis concernedwith theform of theseapproaches.Hewrites:

”I mean(by backgroundstructure)theentireconceptualandstructuralframework within whoselanguageany partic-
ular approachis couched.Differentapproachesto quantumgravity differ significantlyin theframeworksthey adopt,
which causesno harm–indeedtheselectionof sucha framework is anessentialpre-requisitefor theoreticalresearch–
providedthechoiceis madeconsciously.”

My framework wasstatedexplicitly above, but it literally doesnot appearon the radarscreenof this discussionof
quantumgravity. Momentslatercomesthiscomment:

”In usingrealor complex numbersin quantumtheorywearearguablymakingaprior assumptionaboutthecontinuum
natureof space.”

This statementmakesa hiddenassumption,that quaternionsdo not belongon a list that includesreal andcomplex
numbers.Quaternionshavethesamecontinuumpropertiesastherealandcomplex numbers.Theimportantdistinction
is thatquaternionsdonotcommute.Thispropertyis sharedby quantummechanicssoit shouldnotbanishquaternions
from thelist. Theomissionreflectsthehistoryof work in thefield, not thelogic of themathematicalstatement.

Generalrelativity mayforcenon-linearityinto quantumtheory, which requirea changein theformalism.It is easyto
write non-linearquaternionfunctions.Neartheendof thispostI will do thatin anattemptto find theshortestnormin
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spacetimewhichhappensto benon-linear.

Now we cometo the part of the paperthat got me really excited! Ishamdescribedall the machineryneededfor
classicalgeneralrelativity. Thepropertiesof quaternionsdovetail theneedsperfectly. I will quoteat length,sincethis
is helpful for anyonetrying to getahandleon thenatureof generalrelativity.

”The mathematicalmodelof spacetimeusedin classicalgeneralrelativity is adifferentiablemanifoldequippedwith a
Lorentzianmetric. Someof themostimportantpiecesof substructureunderlyingthis pictureareillustratedin Figure
1.

Thebottomlevel is asetM whoseelementsareto beidentifiedwith spacetime’points’ or ’events’.Thissetis formless
with its only generalmathematicalpropertybeingthe cardinalnumber. In particular, thereareno relationsbetween
theelementsof M andno specialway of labelingany suchelement.

Thenext stepis to imposea topologyon M sothateachpoint acquiresa family of neighborhoods.It now becomes
possibleto talk aboutrelationshipsbetweenpoint, albeit in a rathernon-physicalway. This defectis overcomeby
addingthekey of all standardviewsof spacetime:thetopologyof M mustbecompatiblewith thatof a differentiable
manifold.A point canthenbelabeleduniquelyin M (at leastlocally) by giving thevaluesof four realnumbers.Such
a coordinatesystemalsoprovidesa morespecificway of describingrelationshipsbetweenpointsof M, albeit not
intrinsically in sofarasthesedependon which coordinatesystemsarechosento coverM.

In thefinal stepaLorentzianmetricg is placedonM, therebyintroducingtheideasof thelengthof apathjoining two
spacetimepoints,paralleltransportwith respectto a Riemannianconnection,causalrelationsbetweenpairsof points
etc.Therearealsoavarietyof possibleintermediatestepsbetweenthemanifoldandLorentzianpictures;for example,
assignifiedin Figure1, theideaof causalstructureis moreprimitive thanthatof aLorentzianmetric.”

My hypothesisto treateventsasquaternionslendsmorestructurethanis foundin thesetM. Specifically, Pontryagin
provedthatquaternionsarea topologicalalgebraicfield. Eachpointhasaneighborhood,andlimit processesrequired
for a differentiablemanifold make sense. Label every quaternionevent with four real numbers,using whichever
coordinatesystemonechooses.Earlier in this postI showedhow to calculatethe Lorentzinterval, so the notion of
lengthof a pathjoining two eventsis alwaysthere.As describedby Isham,spacetimestructureis built up with care
from four unrelatedreal numbers.With quaternionsasevents,spacetimestructureis the observedpropertiesof the
mathematics,inheritedby all quaternionfunctions.

Muchwork in quantumgravity hasgoneintoviewinghow flexible thespacetimestructuremightbe.Themostcommon
exampleinvolveshow quantumfluctuationsmight effect the Lorentzianmetric. Physicistshave tried to investigate
how suchfluctuationwould effect every level of spacetimestructure,from causality, to themanifoldto thetopology,
eventhesetM somehow.

Noneof theseavenuesareopenfor quaternionwork. Every quaternionequationinherits this wealthof spacetime
structure.It is thefamilyquaternionfunctionsarebornin. Thereis nothingto stopcombiningGrassmanandEuclidean
products,whichatanabstractlevel, is theway to mergeclassicalandquantumdescriptionsof collectionsof events.If
anon-linearquaternionfunctioncanbedefinedthatis relatedto theshortestpaththroughspacetime,thecastrequired
for quantumgravity would becomplete.

Accordingto Isham,causalstructureis particularlyimportant.With quaternions,thatissueis particularlystraightfor-
ward.Couldeventq havecausedq’? Takethedifferenceandsquareit. If thescalaris positive,thentherelationshipis
timelike,soit is possible.Is it probable?Thatmight dependon the3-vector, which couldbemorelikely if thevector
is small(I don’t understandthedetailsof thissuggestionyet). If thescalaris zero,thetwo havealightlikerelationship.
If thescalaris negative,thenit is spacelike,andonecouldnot havecausedtheother.

This causalstructurealsoappliesto quaternionpotentialfunctions. For concreteness,let q(t) � cos(pi t (2i � 3j �
4k)) andq’(t) � sin( pi t (5i - .1j � 2k). Calculatethesquareof thedifferencebetweenq andq’. Dependingon the
particularvalueof t, this will bepositive,negativeor zero.Thedistancevectorscouldbeanywhereon themap.Even
thoughI don’t know whattheseparticularpotentialfunctionsrepresent,thecausalrelationshipis easyto calculate,but
is complex andnot trivial.
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The Role of the SpacetimeDiffeomorphism Group Diff(M)

Ishamlets me off the hook, saying”...[for type 3 and4 theories]thereis no strongreasonto supposethat Diff(M)
will play any fundamentalrole in [such]quantumtheory.” He is right andwrong. My simpletool collectiondoesnot
includethis group.Yet theconceptthatrequiresthis ideais essential.This groupis partof themachinerythatmakes
possiblecausalmeasurementsof lengthsin varioustopologies.Metricschangedueto local conditions.Theconcept
of a flexible, causalmetricmustbepreserved.

With quaternions,causalityis alwaysfoundin thescalarof thesquareof thedifference.For two eventsin flat space-
time,thatis theinterval. In curvedspacetime,thescalarof thesquareis different,but it still is eitherpositive,negative
or zero.

The Problemof Time

Time playsa differentrole in quantumtheoryandin generalrelativity. In quantum,time is treatedasa background
parametersinceit is not representedby anoperator. Measurementsaremadeat a particulartime. In classicalgeneral
relativity in curvedspacetime,therearemany possiblemetricswhich might work, but no way to pick theappropriate
one.Withoutacleardefinitionof measurement,thedefinitionis non-physical.Fixing themetriccannotbedoneif the
metricis subjectto quantumfluctuations.

Ishamraisesthreequestions:

”How is thenotionof time to beincorporatedin aquantumtheoryof gravity?

Doesit playafundamentalrole in theconstructionof thetheoryor is it a ’phenomenological’conceptthatapplies,for
example,only in somecoarse-grained,semi-classicalsense?

In thelattercase,how reliableis theuseat abasiclevel of techniquesdrawn from standardquantumtheory?”

Threesolutionsarenoted:fix thebackgroundcausalstructure,locateeventswithin functionalsof fields,or make no
referenceto time.

With quaternions,time playsa centralrole, andis in fact thecenterof thematrix representation.Time is isomorphic
to therealnumbers,soit formsa totally orderedsub-fieldof thequaternions.It is not time perse,but thelocationof
time within theeventquaternion(t, x i, y j, z k) thatgivestime its significance.Thescalarslot canbeheldby energy
(E, px i, py j, pz k), thetangentof spacetime,by the interval of classicalphysics(tˆ2 - xˆ2 - yˆ2 - zˆ2, 2 tx i, 2 ty j, 2
tz k) or thenormof quantummechanics(tˆ2 � xˆ2 � yˆ2 � zˆ2,0, 0, 0). Time,energy, intervals,norms,...they all can
take thesamethroneisomorphicto therealnumbers,takingon thepropertiesof a totally orderedsetwithin a larger,
unorderedframework. Eventsarenot totally ordered,but time is. Energy/momentaarenot totally ordered,but energy
is. Squaresof eventsarenot totally ordered,but intervalsare.Normsaretotally orderedandboundedbelow by zero.

Time is theonly elementin thescalarof anevent.Timeappearsin differentguisesfor thescalarsof energy, intervals
andnorms. The richnessof time is in the way it weavesthroughtheseotherscalars,sharingthe centerin different
wayswith space.

Approachesto Quantum Gravity

Ishamsurveys the field. At this point I think I’ ll just explain my approach.It is basedon a conceptfrom general
relativity. A painterfalling from a laddertravelsalongtheshortestpaththroughspacetime.How doesonego about
finding the shortestpath? In Euclidean3-space,that involves the triangle inequality. A proof can be doneusing
quaternionsif thescalaris setto zero. Thatproof canberepeatedwith thescalarsetfree. The resultis theshortest
distancethroughspacetime,or gravity, accordingto generalrelativity.

Whatis theshortestdistancebetweentwo pointsA andB in Euclidean3-space?
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A � �
0, ax, ay, az �

B � �
0, bx, by, bz �

Whatis theshortestdistancebetweentwo worldlinesA(t) andB(t) in spacetime?

A
�
t ��� �

t , ax
�
t � , ay

�
t � , az

�
t ���

B
�
t ��� �

t , bx
�
t � , by

�
t � , bz

�
t ���

TheEuclidean3-spacequestionis a specialcaseof theworldline question.Thesameproof of thetriangleinequality
answersbothquestions.ParameterizethenormN(k) of thesumof A(t) andB(t).

N
�
k ��� �

A � k B� � �
A � k B�

� A� A � k
�
A � B � B� A�H� kˆ2 B� B

Find theextremumof theparameterizednorm.

dN

dk
� 0 � A� B � B� A � 2 k B � B

Theextremumis a minimum
d2 N

dk 2 � 2 B� B > � 0

Theminimumof a quaternionnormis zero.Plugtheextremumbackinto thefirst equation.

0 < � A� A � �
A � B � B� A� 2

2 B� B
� �

A� B � B � A� 2

4 B � B

Rearrange.
�
A � B � B� A� 2 < � 4A � A B � B

Take thesquareroot.

A � B � B� A < � 2 A� A B� B

Add thenormof A andB to bothsides.

A % A � A� B � B � A � B� B < � A� A � 2 A � A B � B � B� B

Factor.

N
�
A � B��� �

A � B� � �
A � B� < � A� A � B� B

2

Thenormof theworldlineof A plusB is lessthanthenormof A plusthenormof B.

List the mathematicalstructuresrequired. To move the triangle inequality from Euclidean3-spaceto worldlines
requiredthe inclusion of the scalartime componentof quaternions.The proof requireddifferentiationto find the
minimum. Thenormis a Euclideanproduct,which playsa centralrole in quaternionquantummechanics.Doubling
A or B doesnot doublethenormof thesumdueto crossterms,sotheminimal functionis not linear.

To addressa questionraisedby generalrelativity with quaternionsrequiredall thestructureIshamsuggestedexcept
causalityusingtheGrassmanproduct.Theaboveproof couldberepeatedusingGrassmanproducts.Theonly differ-
encewouldbethattheextremumwouldbeanintervalwhichcanbepositive,negativeor zero(aminimum,amaximum
or aninflectionpoint).
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Certainty Is Seven for Seven

I thoughtI’ d endthis long postwith a personalstory. At theendof my collegedays,I starteddrinking heavily. Not
alcohol,soda.I’ d buy a Mellow Yellow andsuckit down in undertenseconds.See,I wasthirsty. Guzzlethatmuch
soda,and,well, I alsohadto goto thebathroom,evenin themiddleof thenight. I wastrappedin astrangecycle. Then
I noticedmy tonguewaskind of foamy. Bizarre. I asked a friend with diabeteswhat the symptomsof thatdisease
were.Sherattledoff six: excessive thirst,excessiveurination,foamytongue,badbreath,weightloss,andlow energy.
I concludedon thespotI haddiabetes.Shesaidthat I couldn’t becertain.Six for six is too stringenta match,andI
felt veryconfidentI hadthischronicillness.I got theseventhlaterwhenshetestedmy bloodglucoseonhermeterand
it wasoff-scale.Shegavemesympathy, but I didn’t feel at all sorryfor myself. I wantedfacts:how doesthis disease
work andhow do I cope?

Nothingwasmadeofficial until I visitedthedoctorandheransometests.Thedoctor’sprescriptiongot meaccessto
theinsulin I couldno longerproduce.It was,andstill is today, a lot of work to managethedisease.

WhenI look at Isham’s paper, I seesix constraintson the structureof any approachto quantumgravity: eventsare
setsof 4 numbers,eventshavetopologicalneighborhoods,they liveondifferentialmanifolds,thereis oneof thethree
typesof causalrelationshipsbetweenall events,thedistancebetweeneventsis the interval whoseform canvary and
a Hilbert spaceis requiredfor quantummechanics.Quaternionsaresix for six. Theseventhmatchis thenon-linear
shortestnormof spacetime.I have no doubtin thediagnosisthat thequestionsin quantumgravity will beanswered
with quaternions.Nothinghereis official. Therearemany testthatmustbepassed.I don’t know whenthedoctorwill
show up andmake it official. It will takea lot of work to managethis solution.
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29 Length in Curved Spacetime

The Affine Parameter of GeneralRelativity

Theaffineparameteris definedin Misner, ThorneandWheelerasa multipleof thepropertimeplusadisplacement.

lq� a a$� b

Theaffine parameteris usedto determinelengthin curvedspacetime.In this notebook,thelengthof a quaternionin
curvedspacetimewill beanalyzed.Undercertainapproximations,this lengthwill dependon thesquareof theaffine
parameter, but thetwo measuresareslightly different.

Length in Flat Spacetime

Calculatingthe squareof the interval betweentwo eventsin flat spacetimewasstraightforward: take the difference
betweentwo quaternionsandsquareit.

Lflat � �
q � q � � 2 � dt 2 � d

�
X

2
, 2 dt d

�
X

Thefirst termis thesquareof theinterval. Spacetimeis flat in thesensethatthefirst termis exactly liketheMinkowski
metric in spacetime.Therearequaternionswhich preserve the interval, and thosequaternionswereusedto solve
problemsin specialrelativity.

Althoughnot importantin this context, it is significantthatthevalueof thevectorportiondependsupontheobserver.
Thisgivesa way to distinguishbetweenvariousfrequenciesof light for example.

Length in Curved Spacetime

Considerif the origin is locatedat two different locationsin spacetime.Characterizeeachorigin asa quaternion,
calling theo ando’. In flat spacetime,the two originswould be identical. Calculatethe interval asdoneabove, but
accountfor thechangein theorigin.

Lcurved � ���
q � o �$� �

q ��� o �G��� 2

� d
�
t � t o � 2 � d

�
X � �

X
o

2
, 2 d

�
t � t o � d

�
X � �

X
o

Examinethefirst termmorecloselyby expandingit.

dt 2 � d
�
X

2 � dt o
2 � d

�
X

o

2 � 2 dt dt o � 2 d
�
X d

�
X

o

Thelengthin curvedspacetimeis thesquareof theinterval (invariantunderaboost)betweenthetwo origins,plusthe
squareof theinterval betweenthetwo events,plusacrossterm,which will not beinvariantundera boost.Thelength
is symmetricunderexchangeof theeventwith theorigin translation.

L curvedlookssimilar to thesquareof theaffineparameter:

l 2 � b2 � 2 a b a5� a2 a 2

In thiscase,bˆ2 is theorigin interval squaredanda � 1. Thereis adifferencein thecrossterms.However, in thesmall
curvaturelimit, deltato >> deltaXo, so tau ˜ deltato. Underthis approximation,thesquareof theaffine parameter
andL curvedarethesame.

For a stronggravitationalfield, L curvedwill bedifferentthanthesquareof theaffine parameter. Thedifferencewill
besolelyin thenatureof thecrossterm. In generalrelativity, b andtauareinvariantundera boost.For L curved,the
crosstermshouldbecovariant.Whetherthis hasany effectsthatcanbemeasuredneedsto beexplored.
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Thereexist quaternionswhichpreserveL curvedbecausequaternionsareafield (I haven’t foundthemyetbecausethe
mathis gettingtoughat thispoint!) It is my hopethatthosequaternionswill helpsolveproblemsin generalrelativity,
aswasthecasein specialrelativity.

Implications

A connectionto thecurvedgeometryof generalrelativity wassketched.It shouldbepossibleto solve problemswith
this ”curved” measure.As always,all theobjectsemployedwerequaternions.Thereforeany of thepreviouslyoutline
techniquesshouldbeapplicable.In particular, it will befun in thefutureto think aboutthingslike

���
q � o �$� �

q ��� o �G��� � ��� q � o �H� �
q ��� o �u���

� d
�
t � t o � 2 � d

�
X � �

X
o

2
, 2 d

�
t � t o � d

�
X � �

X
o

� dt 2 � d
�
X

2 � dt o
2 � d

�
X

o

2 � 2 dt dt o � 2 d
�
X d

�
X

o
, ...

which couldopenthedoorto aquantumapproachto curvature.
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30 A New Idea for Metrics

In specialrelativity, theMinkowski metricis usedto calculatetheinterval betweentwo spacetimeintervalsfor inertial
observers.Einsteinrecognizedthatinertialobserveswere”special”,auniqueclass.Thereforehesetout to understand
whatwasthemostgeneralnotionfor transformationsandmetrics.This leadto hisstudyof Riemanniangeometry, and
eventuallyto generalrelativity. In this postI shallstartfrom theLorentzinvariantinterval usingquaternions,thentry
to generalizethis approachusingadifferentwaywhich mightprovecompatiblewith quantummechanics.

For the physicsof gravity, generalrelativity (GR) makes the right predictionsof all experimentaltestsconducted
to date. For the physicsof atoms,quantummechanics(QM) makesthe right predictionsto an even high degreeof
precision.Theproblemof building a quantumtheoryof gravity (QG) hidesbetweengeneralrelativity andquantum
mechanics.Generalrelativity dealswith the measurementsof intervals in curvedspacetime,specialrelativity (SR)
beingadaptedto work in flat space.Quantummechanicsis usedto calculatethe normsof wave functionsin a flat
linearspace.A quantumgravity theorywill beusedto calculatenormsof wave functionsin curvedspace.

measurement

interval norm

diff. flat SRQM

geo.curvedGRQG

This chart suggeststhat the form of measurement(interval/norm)shouldbe independentof differential geometry
(flat/curved).Thatwill betheexplicit goalof this post.

Quaternionscomewith a metric,a meansof taking4 numbersandreturninga scalar. Hamiltondefinedtheroleslike
so: �

i
2 � �

j
2 � �

k
2 �#� 1

�
i
�
j
�
k �#� 1

Thescalarresultof squaringa differentialquaternionin theinterval of specialrelativity:

scalar dt , d
�
X

2 � dt 2 � d
�
X.d

�
X

How can this be generalized?It might seemnaturalto explore variationson Hamilton’s rulesshown above. Rie-
manniangeometryusesthatstrategy. Whenworking with a field like quaternions,thatapproachbothersmebecause
Hamilton’s rulesarefundamentalto thevery definitionof a quaternion.Changetheserulesandit maynot bevalid to
comparephysicsdonewith differentmetrics.It maycausea compatibilityproblem.

Hereis a differentapproachwhich generalizesthescalarof thesquarewhile beingconsistentwith Hamilton’s rules.

interval 2 � scalar
�
g dq g dq �

if g � 1,
�
0 ,

then interval 2 � dt 2 � d
�
X.d

�
X

If g is theidentity matrix. Thenthenresultis theflat Minkowski interval. Thequaterniong couldbeanything. What
if g � i? (whatwould youguess,I wassurprised:-)

scalar
�����

0,1, 0, 0 � �
t , x, y, z ��� 2 ���

� � t 2 � x2 � y2 � z2,
�
0

Now thespecialdirectionx playsthesamerole astime! Doesthis makesensephysically?Hereis oneinterpretation.
Wheng� 1, a time-like interval is beingmeasuredwith a wristwatch.Wheng� i, a space-like interval alongthex axis
is beingmeasuredwith ameterstick alongthex axis.

Examinethemostgeneralcase,wheresmall lettersarescalar, andcapitallettersare3-vectors:
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interval 2 � scalar g,
�
G dt , d

�
X g,

�
G dt , d

�
X �

� g2 dt 2 � d
�
X.d

�
X � 4g dt

�
G.d

�
X � �

G.d
�
X

2 � dt 2d
�
G.d

�
G � �

Gxd
�
X .

�
Gxd

�
X �

In componentform...

� � � g2 � Gx2 � Gy2 � Gz2 � dt 2 �
� � � g2 � Gx2 � Gy2 � Gz2 � dx 2 �
� � � g2 � Gx2 � Gy2 � Gz2 � dy 2

� � � g2 � Gx2 � Gy2 � Gz2 � dz 2 �
� 4 g Gxdt dx � 4 g Gy dt dy � 4 g Gzdt dz

� 4 Gx Gyds dy � 4 GxGz dx dz � 4 Gy Gzdy dz

This hasthe samecombinationof ten differential termsfound in the Riemannianapproach.The differenceis that
Hamilton’s rule imposeanadditionalstructure.

I havenotyetfiguredouthow to representthestresstensor, sothereareno field equationsto besolved.We canfigure
out someof thepropertiesof a static,spherically-symmetricmetric. Sinceit is static,therewill beno termswith the
deferentialelementdt dx, dt dy, or dt dz. Sinceit is sphericallysymmetric,therewill beno termsof theform dx dy,
dx dz,or dy dz. Theseconstraintscanbothbeachievedif Gx � Gy � Gz � 0. This leavesfour differentialequations.

Here I will have to stop. In time, I shouldbe able to figure out quaternionfield equationsthat do the samework
asEinstein’s field equations.I bet it will containthe Schwarzschildsolutiontoo :-) Thenit will be easyto createa
Hilbert spacewith a non-Euclideannorm,a normthatis determinedby thedistribution of mass-energy. Whatsortof
calculationto do is a mysteryto me,but someonewill getto thatbridge...
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31 The Gravitational Redshift

Gravitational redshiftexperimentsaretestsof conservationof energy in a gravitationalpotential.A photonlower in
a gravitational potentialexpendsenergy to climb out, and this energy cost is seenasa redshift. In this notebook,
the differencebetweenweakgravitationalpotentialswill becalculatedandshown to be consistentwith experiment.
Quaternionsarenot of muchuseherebecauseenergy is a scalar, thefirst termof a quaternionthatis a scalarmultiple
of theidentity matrix.

The Pound and Rebka Experiment

ThePoundandRebkaexperimentusedtheMossbauereffect to measurea redshiftbetweenthebaseandthetop of a
toweratHarvardUniversity. Therelevantpotentialsare

U tower � GM

r � h
)

U base � GM

r
)

Theequivalenceprincipleis usedto transformthegravitationalpotentialto aspeed(thisonly involvesdividing phi by
theconstantcˆ2).

L tower � GM

c2 �
r � h � )

L base � GM

c2r
)

Now theproblemcanbeviewedasa relativistic Dopplereffectproblem.A redshiftin a frequency is givenby

� � ��� �2E 02L43��FL E 02L43�� � o

For smallvelocities,theDopplereffect is

Series 0 E 02L43$�iL E 02L43 , 'oL , 0,1 * 3
� 1 �"L7� O 02L43 2

Theexperimentmeasuredthedifferencebetweenthetwo Dopplershifts.

Series 0 ��� 1 �iL tower �5� �
1 �XL base ��� � o, ' h, 0, 1 * 3

��� GM�
o h

c2 r 2 � O 0 h 3 2

Or equivalently,

� � � g h �
o

Thiswasthemeasuredeffect.

EscapeFrom a Gravitational Potential

A photoncanescapefrom a starandtravel to infinity ( or to us,which is a goodapproximation).Theonly partof the
previouscalculationthatchangesis thelimit in thefinal step.

Limit 0 ��� 1 �FL tower �6� �
1 �XL base ��� � o, h � > ��3

��� GM�
o

c2 r

Thisshift hasbeenobservedin thespectrallinesof stars.
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Clocks at different heightsin a gravitational field

C. O. Alley conductedanexperimentwhich involvedflying anatomicclock at high altitudeandcomparingit with an
atomicclockon theground.This is like integratingtheredshiftover thetimeof theflight.

t

0
� GMh

c2 r 2 � t ��� Gh Mt

c2 r 2

Thiswasthemeasuredeffect.

Implications

Conservationof energy involvesthe conservationof a scalar. Consequently, nothingnew will happenby treatingit
asa quaternion.Theapproachusedherewasnot thestandardoneemployed. Theequivalenceprinciplewasusedto
transformtheprobleminto a relativistic Dopplershift effect. Yet the resultsareno different. This is just partof the
work to connectquaternionsto measurableeffectsof gravity.

References

For thePoundandRebkaexperiment,andescape:

Misner, Thorne,andWheeler, Gravitation,1970.

For theclocksat differentheights:

Quantumoptics,experimentalgravitation andmeasurementtheory, Ed. P. Meystre,1983(alsomentionedin Taylor
andWheeler, SpacetimePhysics,section4.10)



97

Part VII

Conclusions



32 SUMMARY 98

32 Summary

ClassicalMechanics

Newton’s2ndLaw in anInertialReferenceFrame,CartesianCoordinates
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ConservationLaws

GaugeTransformations

Equationsof Motion

Unified Equationsof Motion

Strings

DimensionlessStrings

Behaving Likea Relativistic QuantumGravity Theory

Eachof the following laws of physicsaregeneratedby quaternionoperatorsactingon the appropriatequaternion-
valuedfunctions.Thegeneratorsof thesecommonlawsoftenprovide insight.

ClassicalMechanics

Newton’s2nd Law for an Inertial ReferenceFrame in Cartesian Coordinates

A � d

dt
,
�
0 1,

.�
R � 0,

����
R

Newton’s2nd Law in Polar Coordinatesfor a Central Forcein a Plane

A � �
Cos 02143 , 0, 0, � Sin 02143�� d

dt
,
�
0

2 �
t , r Cos 02143 , r Sin 02143 , 0 ���

�

����� 0, L2

m2r 3 � ���
r ,

2 L
.
r

mr 2 , 0


 �����

Newton’s2nd Law in a Noninertial, Rotating Frame

A � d

dt
,
�> � �> . �R,

.�
R � �> x

�
R �

� � .�> . �R,
����
R � 2

�> x
.�
R � .�> x

�
R � �> . �R�>

The SimpleHarmonic Oscillator (SHO)

d

dt
,
�
0

2 �
0, x, 0, 0 �;� 0,

k

m
x, 0, 0 �


����� 0, d2 x

dt 2 � k x

m
, 0, 0


 ����� � 0

The DampedSimpleHarmonic Oscillator

d

dt
,
�
0

2 �
0, x, 0, 0 �;� d

dt
,
�
0

�
0,b x, 0, 0 �$� 0,

k

m
x, 0, 0 �

�

����� 0, d2 x

dt 2 � b d x

dt
� k x

m
, 0, 0


 ����� � 0
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The WaveEquation

d

v dt
,

d

dx
, 0, 0

2 �
0, 0, f 0 t v � x 3 , 0 ���

�

����� 0, 0,


����� � d2

dx 2 � d2

dt 2 v2


 ����� f 0 t v � x 3 , 2 d2 f 0 t v � x 3
dt dx v


 �����
The third term is the onedimensionalwave equation.The forth term is the instantaneouspower transmittedby the
wave.

A ForceIs Conservative If The Curl Is Zero

odd
d

dt
,
�	

,
�
F � 0

A ForceIs Conservative If ThereExists a Potential Function for the Force

F � d

dt
,
�	 U , �

0

A ForceIs Conservative If the Line Integral of Any ClosedLoop Is Zero

F dt � 0

A ForceIs Conservative If the Line Integral Along Differ ent Paths Is the Same
� � F dt � � � F dt

SpecialRelativity

Rotationsand Dilations Createthe Lor entzGroup

q � � q � �2E � 1 � even even
�
V � , q ,

�
V

& �V & 2 � E
even

�
V � , q �

An Alter nativeAlgebra for Lor entzBoosts

scalar
���

t , x, y, z � 2 ��� scalar
���

L
�
t , x, y, z ��� 2 �

For boostsalongthex axis...

If t � 0, then

L � E��
1, L , 0, 0 �

If x � 0, then

L � E��
1, � L , 0, 0 �

If t � x, thenfor blueshifts

L � E��
1 �"L , 0, 0, 0 �

For generalboostsalongthex axis
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L � �2E
t 2 � E

x2 � 2
E L t x � �

y2 � z2 � , E L � � t 2 � x2 � ,
t

� L E
z � y

�
1 � E ���5� x

�2E L y � z
�
1 � E ��� ,

t
�2E L y � z

�
1 � E ���5� x

�2E L z � y
�
1 � E ����� �

t 2 � x2 � y2 � z2 �

Electromagnetism

The Maxwell Equations

even
��
t
,
�	

, 0,
�
B � odd

��
t
,
�	

, 0,
�
E �


����� � �	QP �
B ,

�	
X
�
E � � �

B�
t


 ����� � 0,
�
0

odd
��
t
,
�	

, 0,
�
B � even

��
t
,
�	

, 0,
�
E �


����� �	RP �
E ,

�	
X
�
B � � �

E�
t


 ����� � 4 S T , �J

Maxwell Written with Potentials

Thefields

e � vector even
��
t
, � �	 , U , � �A �


����� 0, � �
�
A�
t

� �	 U

 �����

B � odd
��
t
, � �	 , U , � �A � 0,

�	
x
�
A

Thefield equations

even
��
t
,
�	

, odd
��
t
, � �	 , U , � �A �

odd
��
t
,
�	

, vector even
��
t
, � �	 , U , � �A �

�

����� � �	RP �	

x
�
A ,

� �	
x
�
A�

t
� �	

X
� �

A�
t

� �	
x
�	 U


 ����� �

����� � �	�P �

B,
� �

B�
t

� �	
x
�
E


 ����� � 0,
�
0

odd
��
t
,
�	

, odd
��
t
, � �	 , U , �

A �
even

��
t
,
�	

, vector even
��
t
, � �	 , U , � �A �

�

����� � �	RP �	 UV� �	RP � �

A�
t
,

�	
X

�	
X
�
A � � 2

�
A�

t 2 � � �	 U�
t


 ����� �

����� �	WP �

E ,
�	

X
�
B � � �

E�
t


 ����� � 4 S T , �
J

The Lor entzForce

odd
E
,
E �L , 0,

�
B � even � E , E �L , 0,

�
E � E �L P �

E ,
E �

E � E �L X
�
B
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Conservation Laws

Thecontinuityequation

scalar


�����
��
t
, � �	


����� �	�P �
E,

�	
X
�
B � � �

E�
t


 �����

 ����� �


�����
��
t

�	RP �
E � �	�P � �

E�
t

� �	�P �	
X
�
B, 0


 ����� �
� scalar

��
t
, � �	 , 4 S T , �

J � 4S �
E

P �
J � � T�

t
, 0

Poynting’s theoremfor energy conservation.

scalar


����� 0, � �E

����� �	�P �

E,
�	

X
�
B � � �

E�
t


 �����

 ����� �


����� �E P �	
X
�
B � �

E
P � �

E�
t
, 0


 ����� �

������� �

�	�P �
E X

�
B � 1

2


�����
� �

E�
t


 �����
2 � 1

2


�����
� �

B�
t


 �����
2

, 0


 �������
� scalar 0, � �E , 4 S T , �

J � 4 S �
E

P �
J, 0

The Field TensorF in Differ ent Gauges

Theanti-symmetric2-rankelectromagneticfield tensorF
��
t
, � �	 U , � �A � U , �

A
��
t
,
�	 �


����� 0, � �
�
A�
t

� �	 UX� �	
X
�
A


 �����
F in theLorenzgauge.

��
t
, � �	


�������
U , �A � U , � �A

2


 ������� �

�������

U , �
A � U , � �A

2


 �������
��
t
,
�	 �

�

�����
� U�
t

� �	
.
�
A, � �

�
A�
t

� �	 UX� �	
X
�
A


 �����
F in theCoulombgauge��

t
, � �	 U , � �A �

��
t
, � �	


�������
U , �

A � U , � �A
4


 ������� �

�������

U , � �A � U , �A
4


 �������
��
t
,
�	 �

�

�����
� U�
t
, � � �

A�
t

� �	 UX� �	
X
�
A


 �����
F in thetemporalgauge.��

t
, � �	 U , � �A �

��
t
, � �	


�������
U , �

A � U , � �A
4


 ������� �

�������

U , � �A � U , �A
4


 �������
��
t
,
�	 �

�

����� � �	

.
�
A, � �

�
A�
t

� �	 UX� �	
X
�
A


 �����
F in thelight gauge.
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��
t
, � �	 U , � �A �


�����
� U�

t
� �	

.
�
A, � �

�
A�
t

� �	 UX� �	
X
�
A


 �����
Thelight gaugeis onesigndifferentfrom theLorenzgauge,but its generatoris a simpleasit gets.

The Maxwell Equations in the Light Gauge

Note: subsequentwork hassuggestedthatthescalarin theseequationsis partof a unifiedfield theory.

even
��
t
,
�	

, odd
��
t
,
�	

, U , �
A �

odd
��
t
,
�	

, even
��
t
, � �	 , U , � �A �

� � �	RP �	
X
�
A , � �	 X

�	 U � 0,
�
0

odd
��
t
,
�	

, odd
��
t
,
�	

, U , �
A �

even
��
t
,
�	

, even
��
t
, � �	 , U , � �A �

�

�����
� 2 U�
t 2 � �	RP �	 U , � � 2

�
A�

t 2 � �	
X

�	
X
�
A � �	 �	�P �

A


 ����� �

�����
� 2 U�
t 2 � �	 2 U , � � 2

�
A�

t 2 � �	 2 �
A


 ����� � 4 S T , �J

The StressTensorof the ElectromagneticField

Tik ��f y,z
a ` x f y,z

b ` x
1

4S

����� even

�
Ua,Ub�
3

� 1
���

0,e � 2 � �
0,B� 2 �

2
�

� even
�
e, Ua� even

�
e, Ub�H� even

�
B, Ua� even

�
B, Ub���

� even
�
odd

�
e, B� , Ua�$� even

�
odd

�
e, B� , Ub���

� � � Ex Ey � Ex Ez � Ey Ez � Bx By � Bx Bz � By Bz� Ey Bz � Ez By � Ez Bx � Ex Bz � Ex By � Ey Bx, 0 � /2 S

Quantum Mechanics

Quaternions in Polar Coordinate Form

q �Y&�& q &�& Exp 1 �
I � q � q Cos 02143H� �

I Sin 02143

Multiplying Quaternion Exponentials

q q �i�c' q, q �t* � � Abs 0 q, q �u3 � Exp
S
2

0 q, q � 3 �
Abs 0 q, q � 3 �

Commutators of ObservableOperators
ˆ
A,

ˆ
B q � ˆ

A
ˆ
B � ˆ

B
ˆ
A q �#� a I

d q

d a
� I

d a q

d a

��� a I
d q

d a
� a I

d q

d a
� I q

d a

d a
� I q
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The Uncertainty Principle
0 A, B3

2
� I

2
< � d A2 d B2

Unifying the Representationof Spin and Angular Momentum

For smallrotations:

0 Re1 ` 0,Re2 ` 0 3�� 2
�
Re3 ` 0

� 1 2 �6� R
�
0 ���

Automorphic Commutator Identities

0 q, q � 3��Y0 q � , q � � 3#�W0 q � 1, q � � 1 3 � 1 �z0 q � 2, q � � 2 3 � 2

' q, q � *(�+' q � , q � � * � ���4' q � 1,q � � 1 * � 1 ���4' q � 2, q � � 2 * � 2

The Schrödinger Equation

� � Exp


�������
�
V�
V.

�
V

> t � �
K.

�
X


 �������
H
[ �#� i y ��[�

t
� �{y 2

2 m
	 2 [ � V

�
0,X� [

The Klein-Gordon Equation

n̂ ` 0
��
t
,
�	 2 � ��

t
, � �	 2 � en,

�
P

n

2 � en, � �
P

n

2
en,

�
P

n
2 �

�
n̂ ` 0


����� � �	�P �	
X

�
P

n
� �	RP �	

en � �
P

n

P �
P

n
X

�
P

n
� �

P
n

P �
P

n
en � en

3 � � 2en�
t 2 ,

�	
X

�	
X

�
P

n
� �	

X
�	

en � �
P

n
X

�
P

n
X

�
P

n
� �

P
n
X

�
P

n
en � �	

�	RP �
P

n
� �

P
n
en

2 � �
P

n

�
P

n

P �
P

n
�
� 2

�
P

n�
t 2


 �����
It takessomeskilled staringto assurethat this equationcontainstheKlein-Gordonequationalongwith vectoridenti-
ties.

Time ReversalTransformations for Inter vals

t ,
�
X � > � t ,

�
X � R t ,

�
X

R � � t ,
�
X t ,

�
X � 1 � � t 2 � �

X.
�
X, 2 t

�
X t 2 � �

X.
�
X

Classically

if L << 1 then R � � 1, 2 t
�L

R � � h
T
, 1, 0, 0
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Gravity

The 3 Fields: g, E & B��
t
, � �	 U , � �A � .UZ� �	

.
�
A, � .�A � �	 UZ� �	

x
�
A � g,

�
E � �

B

Field Equations: Almost Maxwell and a Dynamic g��
t
,
�	

g,
�
E � �

B �
.
g � �	

.
�
E � �	

.
�
B,

.�
E � �	

x
�
B � .�B � �	

x
�
E � �	

g � 4 S T g �"T e,
�
J

g
� �

J
e��

t
, � �	 g,

�
E � �

B �
.
g � �	

.
�
E � �	

.
�
B,

.�
E � �	

x
�
B � .�B � �	

x
�
E � �	

g � 4 S T g �"T e,
�
J

g
� �

J
e

RecreatingMaxwell

Let U � � �	
.
�
E � �	

.
�
B � .g ,

.�
E � �	

x
�
B � .�B � �	

x
�
E � �	

g

W � �	
.
�
E � �	

.
�
B � .g ,

.�
E � �	

x
�
B � .�B � �	

x
�
E � �	

g

Mirror
���

W � U� /2 ��� �
W� U� � /2 ��	

.
�
E � �	

.
�
B � .g , � .�E � �	

x
�
B � .�B � �	

x
�
E � �	

g

Unified Field Equations��
t
,
�	 ��

t
, � �	 U , � �A �

� ¨UV� �	
.
.�
A � �	

.
.�
A � �	

.
�	 UZ� �	

.
�	

x
�
A,

� ¨�
A � �	 .U7� �	

x
.�
A � �	 .UX� �	 �	

.
.�
A � �	

x
.�
A � �	

x
�	 U7� �	

x
�	

x
�
A �

� ¨UX� �	 2 U , � ¨�
A � �	 2.�

A � 4 S T u,
�
J

u��
t
, � �	 ��

t
, � �	 U , � �A �

� ¨UV� �	
.
.�
A � �	

.
.�
A � �	

.
�	 UZ� �	

.
�	

x
�
A,

� ¨�
A � �	 .U7� �	

x
.�
A � �	 .UX� �	 �	

.
.�
A � �	

x
.�
A � �	

x
�	 U7� �	

x
�	

x
�
A �

� ¨UX� �	 2 U7� 2
�	
.
.�
A , � ¨�

A � �	 2.�
A � 2

�	 .UX� 2
�	

x
.�
A �

� 4 S T u,
�
J

u
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Conservation Laws��
t
, � �	 ��

t
,
�	

g,
�
E � �

B �
� ¨

g � �	 2
g,

¨�
E � �	

x
.�
B � �	 �	

.
�
E � �	

x
.�
E � �	

x
�	

x
�
B �

� ��
t
, � �	 4 S T g �"T e,

�
J

g
� �

J
e

�
� 4 S .T

g
� .T

e
� �	

.
�
J

g
� �	

.
�
J

e
,

.�
J

g
� .�

J
e
� �	 T g � �	 T e � �	

x
�
J

g
� �	

x
�
J

e

.T e � �	
.

�
J

e
� 0

.�
J

g
� �	 T g � �	

x
�
J

g
� 0

If thedifferentialoperatoractson thehyperbolicequation,analogousresultsareobtained:��
t
,
�	 ��

t
, � �	 g,

�
E � �

B �
� ¨

g � �	 2
g,

¨�
E � ¨�

B � �	 �	
.
�
E � �	

x
�	

x
�
B � �	

x
�	

x
�
E �

� ��
t
,
�	

4 S T g �"T e,
�
J

g
� �

J
e

�
� 4 S .T

g
� .T

e
� �	

.
�
J

g
� �	

.
�
J

e
,

.�
J

g
� .�

J
e
� �	 T g � �	 T e � �	

x
�
J

g
� �	

x
�
J

e

Therearetwo conservationlaws here,chargeconservationfor electromagnetismin thescalar, anda vectorconserva-
tion for gravity.

.T
e
� �	

.
�
J

e
� 0

.�
J

g
� �	 T g � �	

x
�
J

g
� 0

GaugeTransformations

U , �
A � U � , �

A� �
UV� .lX� �	

.
�M
,

�
A � �	 l�� .�M � �	

x
�M � U , �

A � � ��
t
,
�	 l , �M

Equations of Motion
E
,
E �L g,

�
E � �

B �
� E

g � E �L . �E � E �L . �B, E �
E � E �L x

�
B � E �

B � E �L x
�
E � E �L g �

�

�������
.
W

m
� .

W

e
,

.�
P

m
�
.�
P
e
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Unified Equations of Motion

Repeattheexercisefrom above,but this time, look to thepotentials.

E
,
E �L ��

t
, � �	 U , � �A � E

,
E �L .Un� �	

.
�
A, � .�A � �	 UZ� �	

x
�
A �

� E .UZ� E �	
.
.�
A � E �L ..�A � E �L . �	 UZ� E �L . �	

x
�
A,

� E ¨�
A � E �	 .UZ� E �	

x
.�
A � .U E �L(� �	

.
�
A
E �Lc� E �L x

.�
A � E �L x

�	 UZ� E �L x
�	

x
�
A

Thatis prettycomplicated!Thekey to simplifying this equationis to seewhathappensfor light, wheredt/dx � dx/dt.
Gammablowsup,but if theequationis overgamma,thatproblembecomesascalingfactor. With betaequalto one,a
numberof termscancel,which canbeseenmoreclearlyif thetermsarewrittenout explicitly.

�

����� .UV� �

� �
X
.
� �

A�
t

� � �
X�
t
.
� �

A�
t

� � �
X�
t
.

�
� �

X
UV� � �

X�
t
.

�
� �

X
x
�
A,

� .�A � �
� �

X

� U�
t

� �
� �

X
x
� �

A�
t

� � U�
t

� �
X�
t
�

�
� �

X
.
�
A
� �

X�
t

� �
� �

X
x
� �

A�
t

� �
� �

X
x

�
� �

X
UV� �

� �
X

x
�
� �

X
x
�
A
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It would takea realmathematicianto statetheproperconstraintson thethreepairsof cancellationsthathappenwhen
velocitiesget flipped. Therearealsoa pair of vectoridentities,presumingsimpleconnectedness.This leadsto the
following equation:

�

����� 2.U , � .�A � �

� �
X
.
�
A
� �

X�
t

� �
� �

X
x

�
� �

X
x
�
A


 �����
Thescalarchangein energy dependsonly on thescalarpotential,andthe3-vectorchangein momentumonly depends
on the3-vectorA.

Strings

dq2 �

����� da0

2e0
2 � da1

2 e1
2

9
� da2

2 e2
2

9
� da3

2 e3
2

9
,

2da 0da1e0
e1

3
, 2da 0da2e0

e2

3
, 2da 0da3e0

e3

3


 ����� �
� �

interval 2, 3 � string �

DimensionlessStrings

dq2 � c5

Gh


����� da0
2e0

2 � da1
2 e1

2

9 c2 � da2
2 e2

2

9c 2 � da3
2 e3

2

9c 2 ,

2da 0da1e0
e1

3c
, 2da 0da2e0

e2

3c
, 2da 0da3e0

e3

3c
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As farastheunitsareconcerned,this is relativistic (c) quantum(h) gravity (G). Take thisconstantsto zeroor infinity,
andthedifferenceof a quaternionblowsup or disappears.



Behaving Lik e a Relativistic Quantum Gravity Theory

Case1: Constant Inter valsand Strings

T � dq � > dq � such that scalar
�
dq2 �#�

scalar
�
dq � 2 � and vector

�
dq2 ��� vector

�
dq � 2 �

Case2: Constant Inter vals

T � dq � > dq � such that scalar
�
dq2 �#�

scalar
�
dq � 2 � and vector

�
dq2 � ! � vector

�
dq � 2 �

Case3: Constant Strings

T � dq � > dq � such that scalar
�
dq2 � ! � scalar

�
dq � 2 � and vector

�
dq2 ���

vector
�
dq � 2 �

Case4: No Constants

T � dq � > dq � such that scalar
�
dq2 � ! �

scalar
�
dq � 2 � and vector

�
dq2 � ! � vector

�
dq � 2 �

In this proposal,changesin the referenceframeof an inertial observer arelogically independentfrom changingthe
massdensity. Thetwo effectscanbemeasuredseparately. Thechangein thelength-timeof thestringwill involve the
inertial referenceframe,andthechangein theinterval will involvechangesin themassdensity.
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